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Introduction 



Let 6 be an abelian category, and let X be an object of 6. Then the set of endomorphisms Home(X, X) 
is endowed with the structure of an associative ring: the addition on Home(X, X) is determined by the 
additive structure on C, and the multiphcation is given by composition. In the higher categorical setting, 
one should consider not a set of maps Home(X, X), but instead a space of maps Map(D(X, X). In this setting, 
the appropriate analogue of an abelian category is a stable oo-ca,tegory (see [21]). If C is a stable oo-category 
containing an object , then the space Map(=(X, X) should itself be viewed as a kind of ring. There are several 
approaches to making this precise: 

(1) Let J{ denote the homotopy category of topological spaces. If C is an oo-category then the homotopy 
category hC is naturally enriched over CK (see §T.1.2.2). If 6 is stable, then hC is additive; one can then 
use classical reasoning to deduce that for every X € C, the space E — Mape(X, X) has the structure 
of a ring object of IH: that is, there exist addition and multiplication maps E x E ^ E which satisfy 
the axioms for an associative ring, up to homotopy. Unfortunately, the theory of ring objects in the 
homotopy category Ji is not a very useful one, because the category !K is very badly behaved: for 
example, does not admit finite limits or colimits, so it is impossible to carry out even very simple 
algebraic constructions in !K. 

(2) To avoid the difficulties inherent in approach (1), it is tempting to work in a more rigid setting, such as 

the theory of topological rings. A topological ring is simply a ring E equipped with a topology, for which 
the ring operations are continuous. In this case, one can develop a good theory of (homotopy) limits 
and colimits, and carry out a wide variety of constructions which mimic classical algebra. However, 
the setting of topological rings is very restrictive. Typically, if 6 is a stable oc-catcgory containing an 
object X, the space Mapg(X, X) is not homotopy equivalent to a topological abelian group, let alone 
a topological ring. 

To obtain a good theory, it is necessary to find some middle ground between (1) and (2): we cannot 
generally arrange that the space E = Mapg(X, X) satisfies the ring axioms "on the nose", but it is also 
not sufiicient to merely assume that these axioms hold up to homotopy. Fortunately, there is a good theory 
which lies between these two extremes: namely, the theory of associative ring spectra or, as we will call them, 

-rings. The theory of Aoo-rings is a generalization of classical (noncommutative) ring theory, in the same 
sense that stable homotopy theory is a generahzation of the classical theory of abelian groups. The theory of 
Aoo-rings and their modules is a fundamental tool in the study of higher categorical mathematics, which can 
be applied in a great variety of situations. For example, a theorem of Schwede and Shipley asserts that many 
stable oo-categories (and, by extension, many triangulated categories) can be realized as oo-categories of 
modules over suitably chosen yloo-rings (Theorem 4.4.9). We also have a more specific reason to study Moo- 
rings: they are a natural stepping stone towards their commutative cousins, i^oo-i'ings, which are essential 
to the foundations of derived algebraic geometry. 

Our goal in this paper is to introduce the definition of Aoo-rings from an oo-categorical point of view. An 
ordinary associative ring can be viewed as an algebra object of the category of abelian groups A, where A 
is endowed with the structure of a monoidal category via the tensor product. We wish to find an analogue 
of this definition, where the ordinary category A is replaced by the oo-category of spectra. For this, we will 
need a higher-categorical version of the theory of monoidal categories. The construction of this theory will 
occupy the bulk of this paper. 

We will begin in §1 by giving the definition of a monoidal oo-category. Roughly speaking, a monoidal oo- 
category consists of an oo-category C, equipped with a distinguished object le G C (the unit) and a bifunctor 
(g) : e X e ^ 6, which is unital and associative up to coherent homotopy. We will describe several soruces 
of examples of monoidal oo-categories, and various constructions for producing new monoidal oo-catcgories 
from old. We will also introduce the notion of an algebra object of a monoidal oo-category C. Roughly 
speaking, this is an object A & Q equipped with a multiplication A^ A ^ A and a unit map le — » A, which 
are again unital and associative up to coherent homotopy. The collection of all algebra objects of C can itself 
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be organized into an co-category, which we will denote by Alg(C). We will study the oo-category Alg(C) in 
some detail. In particular, we will introduce criteria which imply the existence of a good supply of limits 
and colimits in Alg(e), and which guarantee that the forgetful functor Alg(C) C admits a left adjoint. 

Let C be a monoidal oo-category and A an algebra object of C. In this case, we can speak of A-modules 
in C: that is, objects M e C equipped with a structure map A® M ^ M which is unital and associative up 
to coherent homotopy. In §2, we will study the theory of modules in a slightly more general setting, where 
M is taken to be an object of an oo-category M which is tensored over C (Definition 2.1.1). 

Let M be a fixed oo-category. Then there is a universal example of a monoidal oo-category C such that M 
is tensored over C: namely, one can take C to be the oo-category Fun(M, M) of endofunctors of M. Algebra 
objects of Fim(M, M) are called monads on M. Given a monad T on M, one can define a new oo-category 
ModT(M) of T -modules in M. There is a forgetful functor ModT(M) — * M, which admits a left adjoint 
M ModT(M). In general, given a pair of adjoint functors 

G 

one can canonically associate a monad T on M, such that the functor G : Jsf M factors through some 
functor G' : 'N ^ ModT(M). In classical category theory, the Barr-Beck theorem provides necessary and 
sufficient conditions for G' to be an equivalence. We will prove an oo-categorical version of the Barr-Beck 
theorem in §3 (Theorem 3.4.5). 

In §4 we will specialize to the main situation of interest: the case where C is the oo-category §oo of 
spectra. We will see that Soo admits an essentially unique monoidal structTire with the property that the 
functor (g) : §oo x Soo — Soo preserves colimits in each variable (Corollary 4.2.6). The bifunctor can be 
identified with the classical smash product operation on spectra. We then define an Aoo-ring to be an 
algebra object of Soo- We will then proceed to show that a great deal of classical algebra can be carried out 
in the setting of Aoo-rings and their modules: for example, we will introduce a theory of flat modules, and 
prove an analogue of Lazard's theorem: an ^-module M is flat if and only if M can be obtained as a filtered 
colimit of free ^-modules (Theorem 4.6.19). 

We should emphasize that the theory of Aoo-rings and their modules is not new. There are various 
definitions available in the literature; see, for example, [7]. We have chosen to present the subject using the 
language of oo-categories, which we feel is the natural home for these ideas. 

Notation and Terminology 

For an introduction to the language of higher category theory (from the point of view taken in this paper), 
we refer the reader to [20]. We will use the terminology and results of [20]. We will also use [21] as our 
reference for the theory of stable oo-categories. References to [20] will be indicated by use of the letter T, and 
references to [21] will be indicated by use of the letter S. For example. Theorem T. 6. 1.0.6 refers to Theorem 
6.1.0.6 of [20]. 

For each integer n> —1, we let [n] denote the linearly ordered set {0, . . . ,n} (so that [—1] denotes the 
empty set). Throughout this paper, A will denote the category of combinatorial simplices: the objects of 
A are the linearly ordered sets {[n]}„>o, and the morphisms are (nonstrictly) increasing maps of linearly 
ordered sets. The category A is equivalent to the larger category of all nonempty linearly ordered finite 
sets. We will typically abuse notation by not distinguishing between A and this larger category. In other 
words, if J is a nonempty finite linearly ordered set, we will implicitly identify J with an object [n] G A via 
an isomorphism of linearly ordered sets a : J ~ [n]; we note that there is little risk in doing so, since the 
isomorphism a and the integer n are uniquely determined. 

li p : X ^ S is a. map of simplicial sets and s is a vertex of S, we will typically write Xg to denote the 
fiber X xs {s}. 
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1 Monoidal oo- Categories 



Our main goal in this section is to introduce the definition of a monoidal oo-category and to survey some of 

the basic examples. Wc will begin in §1.1 with a brief review of the classical theory of monoidal categories. 
We will then show how this theory can be reformulated in such a way that it admits a natural oo-categorical 
generalization (Definition 1.1.2). 

Many of the monoidal oo-categories which we study in this paper will arise via one of the following 

constructions: 

(1) Let e be an oo-category which admits finite products. In this case, we can endow C with the Cartesian 
monoidal structure, in which the bifunctor (g) : C x 6 — > C is given by the Cartesian product. We will 
study this example in §1.2. 

(2) Let C be a monoidal oo-category, and let D C C be a full subcategory which contains the unit object 
and is stable under tensor products. Then CD inherits the structure of a monoidal oo-category. In §1.3 
we will study this construction together with a dual procedure, which produces monoidal structures 
on suitable quotients of 6. 

(3) Let C be an ordinary monoidal category. Then the nerve N(e) has the structure of a monoidal oo- 

catcgory. In §1.6 we will describe some variations on this observation. For example, we will show that 
if A is a (simplicial) monoidal model category, then the underlying oo-category N(A°) of A inherits 
the structure of a monoidal oo-category (Proposition 1.6.5). 

If 6 is a monoidal oo-category, then we can construct an oo-category Alg(e) of algebra objects of C; the 
definition will be given in §1.1. Our second goal in this section is to analyze the oo-catcgory Alg(C). In §1.5, 
we will establish existence criteria for limits and colimits in Alg(e). The most difficult step is to prove that 
Alg(e) admits coproducts (given suitable assumptions on C). To prove this, we will need to know that the 
forgetful functor Alg(C) C admits a left adjoint; in other words, we need to be able to construct the free 
algebra generated by an object C G C. We will describe the (rather technical) details of this construction in 
§1.4. Our method requires a reformulation of the definition of monoidal oo-categories, which we will discuss 
in §1.7. 

1.1 Monoidal Structures and Algebra Objects 

Recall that a monoid is a set M equipped with a multiplication M x M ^ M and a unit object 1 G M 
satisfying the identities 

Ix = xl = X x{yz) = {xy)z 

for all X, y,z £ M . Roughly speaking, a monoidal category is a category C equipped with the same kind of 
structures: a unit object 1 G 6, and a bifunctor (g) : C x 6. However, in the categorical setting, it is unnatural 
to require the identities displayed above to hold as equalities. In general, we do not expect X®{Y®Z) to be 
equal to [X ®Y) ® Z . Instead, the associative law should be formulated as the existence of an isomorphism 
r]x,Y,z ■ {X(^Y)(^Z ~ X(8)(y(g)Z). Moreover, the isomorphisms rix,Y,z are taken as additional data, and are 
required to satisfy further conditions (such as naturality in X, Y, and Z); we refer the reader to §T.A.1.3 for 
a detailed definition. If we try to generalize this definition to higher categories, then the equations satisfied 
by the isomorphisms r]x,Y,z should themselves hold only up to isomorphism. It is possible to explicitly 
describe all of the relevant data (for example, using the theory of Stasheff associahedra), but the escalation 
in complexity is somewhat intimidating; it will be more convenient to proceed in another way. 

We begin by considering an example of a monoidal category. Let 6 be the category of complex vector 
spaces, with monoidal structure given by tensor products of vector spaces. Given a pair of vector spaces U and 
V, the tensor product U(E)V is defined by the property that }iome{U (^V, W) can be identified with the set of 
bilinear maps U xV ^ W. In fact, this property really only determines U '^V up to canonical isomorphism: 
in order to build an actual tensor product functor, we need to choose some particular construction of f7 <8) F . 
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Because this requires making certain decision in an ad-hoc manner, it is unreaHstic to expect an equality of 
vector spaces U ^ {V ® W) = {U ^V) $5 W. However, the existence of a canonical isomorphism between 
J7 (y W) and {U (^iV) is easily explained: linear maps from either into a fourth vector space X 
can be identified with trilinear maps U x V x W ^ X . 

The above example suggests that we might reformulate the definition of a monoidal category as follows. 
Rather than give a bifunctor (g) : C x C ^ C, we instead specify, for each n-tuple (Ci, . . . , C„) of objects of 
C and each D G G, the collection of morphisms Ci . . . C„ ^ I?. Of course, we also need to specify how 
such morphisms are to be composed. The relevant data can be encoded in a new category 6®: 

Definition 1.1.1. Let (C, ®) be a monoidal category. We define a new category as follows: 

(i) An object of C® is a finite (possibly empty) sequence of objects of C, which we will denote by 
[Ci, . . . , C„]. 

{a) A morphism from [Ci, . . . , C„] to [C(, . . . , C^] in 6*^ consists of a nonstrictly order-preserving map 
/ : [m] ^ [n], and a collection of morphisms C/(i-i)+i (8 • ■ • (8) ^^/(i) C[ for 1 < z < m. 

{Hi) Composition in 6*^ is determined by composition of order preserving maps, composition in 6, and the 
associativity and unit constraints of the monoidal structure on C. 

Let (6,(8)) be a monoidal category, and let C® be as in Definition 1.1.1. Then there is forgetful functor 
p - Q® ^ A°'', which carries an object [Ci,...,C„] to the linearly ordered set [n]. Moreover, p has the 
following properties: 

(Ml) The fimctor p is an op-fibration of categories. In other words, for every object [Ci, . . . , C„] € and 
every morphism f : [n] ^ [m] in A°p, there exists a morphism / : [Ci, . . . , C„] [C{ , . . . , C^] which 
covers /, and is universal in the sense that composition with / induces a bijection 

Home«([C;, . . . ,C:„], [C'l . . . , C[']) ^ Home« {[C,, C„], [C'{, . . . , C^']) XMap^([fc],N) Map^([fc], [m]) 

for every object [C", . ■ • > C'fe] € C®. To achieve this, it suSices to choose / such that the maps 
C/(i-i)+i ® • • • (8 C/(i) C[ are isomorphisms for 1 < z < m. 

(M2) Let C^j denote the fiber of p over the object [n] G A"^. Then C^j is equivalent to C. More generally, 
C^j is equivalent to an n-fold product of copies of C. The equivalence is induced by functors associated 
to the inclusions [1] ~ {z — 1, i} C [n], 1 <i <n. 

We now observe that the monoidal structure on 6 is determined, up to canonical equivalence, by 6®. 
More precisely, suppose given a functor p : D — > A"^ satisfying conditions (Ml) and (M2). Then: 

(a) Condition (M2) implies that Djoj has a single object, up to equivalence. The projection [1] — > [0] 
determines a functor D[o] — > ~ C, which we can identify with an object 1 e C. 

(6) The inclusion [1] ~ {0,2} C [2] determines a functor C x 6 ~ Dpj ~ C, which we may denote 

by ®. 

(c) The commutative diagram 

{0,3} -{0,1,3} 



{0,2,3} -{0,1,2,3} 
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in A determines a diagram of categories and functors (which commutes up to canonical isomorphism): 

D[2] 



[2] 



■ D 



[3] 



Combining this with the equivalences D[„] ~ 6", we obtain a functorial isomorphism 

VA,B,c : (A O B) (g) C ~ ^ (g) (S C). 
A similar argument can be used to construct canonical isomorphisms 

It is not difficult to see that (a), (b), and (c) endow C with the structure of a monoidal category. For 
example, MacLane's pentagon axiom asserts that the diagram 

((A O B) (8> C) (g) D 




{A^iB(g)C))^D 
^ (8> ((S O C) (g) £») ■ 



idyl ISlTIB.CD 



B) (8> (C (g) D) 

^A,B,C®D 

A(8)(S0(C(8)£»)) 



is commutative. This follows from the fact that all five expressions can be canonically identified with the 
image of {A, B, C, D) under the composite functor 6^ ~ 2)[4] — > D{o,4} — 6 • In the case where C is equipped 
with a monoidal structure and D = 6®, then it is easy to sec that the data provided by (a), (6) and (c) 
recovers the original monoidal structure on C (up to canonical isomorphism) . Conversely, an arbitrary functor 
D — > satisfying (Ml) and (M2) determines a monoidal structure on 6 and an equivalence 2) ~ 6®. 
In other words, specifying a monoidal structure on C is equivalent to specifying the functor C® — > A°^. 
However, the second approach has several advantages over the first: 

• As we saw above in the case of vector spaces, it is sometimes easier to specify the category 6® than to 
specify the bifunctor ®, in the sense that it requires fewer arbitrary choices. 

• Axioms (Ml) and (M2) concerning the functor A°^ are a bit simpler than the usual definition 
of a monoidal category. Complicated statements, such as the commutativity of MacLane's pentagon, 
are consequences of (Ml) and (M2). 

The significance of the latter point becomes more apparent in the cx)-categorical setting, where we expect 
the MacLane pentagon to be only the first step in a hierarchy of coherence conditions of ever-increasing 
complexity. Fortunately, the above discussion suggests an approach which does not require us to formulate 
these conditions explicitly. 

Definition 1.1.2. A monoidal oo-category is a coCartesian fibration of simplicial sets p : 6® — > N(A)°^' 
with the following property: 

(*) For each n > 0, the associated functors C^j C®. determine an equivalence of oo-categories 



*-{0,l} >^ ■■■ >^ ^{n-l,n} 
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Remeirk 1.1.3. Let p : ^ N(A)°p be a monoidal oo-category. We will refer to the fiber G = C®j as the 

underlying oo-category of 6*^; wc will also say that 6® is a monoidal structure on C. Assertion (*) implies 
that Cpj is a contractible Kan complex. The projection [1] [0] in A determines a functor C^j C^j, 

which we can identify with an object le € C^j, well-defined up to equivalence. We will refer to le € 6®] as 
the unit object of C®j . 

The three embeddings of [1] into [2] determine a diagram 

P V- P rv^ V P® A. P® ^ P® P 

X U _ >-{0,l} ^ ^{1,2} ""p] ^ ^{0,2} — ^' 

where is an equivalence. Composing 9' with a homotopy inverse to 0, we obtain a functor (g) : 6 x C ^ 6, 
which is again well-defined up to equivalence. 

RemEtrk 1.1.4. Let p : C® ^ N(A)°J' be a monoidal oo-category in the sense of Definition 1.1.2, and let 
/ : C®j — > 6 be an equivalence of oo-categories. In this situation, we will generally abuse terminology by 

saying that 6 is a monoidal oo-category^ or that p : 6® N(A)°p exhibits C as a monoidal oo-category. 

Informally, we can think of 6® as encoding 6 together with the the tensor operation (g) : C x C ^ 6. Of 
course, Definition 1.1.2 encodes a good deal more structure; this additional structure expresses the idea that 
the operation is associative, up to coherent homotopy. 

Example 1.1.5. Let C be a monoidal category, and let 6® bo as in Definition 1.1.1. Then the induced map 
N(C®) N(A)°P is a monoidal oo-category. We will generalize this construction in §1.6. 

Remeirk 1.1.6. Let C® — > N(A)°^' be a monoidal structure on an oo-category G. Then the induced functor 
he® — > A°P satisfies the axioms (Ml) and (M2), and therefore determines a monoidal structure on the 
homotopy category hC. 

In order to make effective use of the theory of monoidal oo-categories, we will need an associated theory 
of monoidal functors. 

Definition 1.1.7. A morphism / : [m] — > [n] in A is convexif f is injective and the image {/(O), . . . , /(m)} C 

[n] is a convex subset of [n]. 

Definition 1.1.8. Let C® and D® be monoidal oo-categories. We will say that a functor F : C® ^ D® is 
monoidal if the diagram 

g(8J 3^ f£)0 



N(A) 



commutes, and F carries p-coCartesian morphisms to g-coCartesian morphisms. We will say that F is 
lax monoidal if the above diagram commutes, and the following weaker condition is satisfied: for every 
p-coCartesian morphism a in C® such that p{a) is a convex morphism in A, the morphism F{a) is q- 
coCartesian. We let Fun^''''(e®, 2)®) denote the full subcategory of MapN(A)°p(C'^) ^^'^) spanned by the lax 
monoidal functors, and Pun'^°"(e® , D®) the fuU subcategory of Fun^^''(e® , D®) spanned by the monoidal 
functors. 

Remark 1.1.9. Let p : 6® ^ N(A)°p and g : D® ^ N(A)°p be monoidal oo-categorics, and let F e 
MapN(A)°p(e®,I'®). Using the equivalence Df„^ - (D®])", we see that is a (lax) monoidal functor if and 

only if, for every p-coCartesian morphism / in 6® covering a (convex) map [1] [n] in A, the image F[f) 
is a g-coCartesian morphism in D. 
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Remark 1.1.10. Roughly speaking, a lax monoidal functor F : Q D consists of a functor / between the 
underlying oo-categories C and D equipped with a coherently associative collection of natural transformations 

/(Ci) ® . . . ® /(C„) ^ /(Ci ® . . . ® C„). 

The functor F is monoidal if and only if each of these transformations is an equivalence. 

Remark 1.1.11. The notion of a lax monoidal functor as given by Definition 1.1.8 is the oo-categorical 

analogue of what we called a right lax monoidal functor in §T.A.1.3. There is also a dual notion which 
corresponds to left lax monoidal functors, but this notion is not so easily encoded using the formalism 
introduced above; see Remark 1.2.16. 

It follows immediately from the definition that the class of (lax) monoidal functors is stable under 
composition. Consequently, we may define simplicial categories Cat^''^"" C Cat^'^'*'^ as follows: 

(1) The objects of Cat^'"^"" and Cat^'^^^ are monoidal oo-categories 6® ^ N(A)°p. 

(2) Given a pair of monoidal oo-categories and , we let 

Mapg^^A.Mo„(e®,2)®) C Fun^°'^(e®,D®) Mapg^jA,Lax(e®, D®) C Fun^'^'=(e®, D®) 

be the largest Kan complexes contained in Fun'^°"(e®, D®) and Fun^''''(e® , D®), respectively. 

Definition 1.1.12. We let Cat^"" denote the simplicial nerve N(eat^''^°"), and Cat^'' the simplicial nerve 

N(eat^'^''''). Wc will refer to Cat^™ as the oo-category of monoidal oo-categories. 

Remark 1.1.13. Let F : 6® — » D® be a monoidal functor between monoidal oo-categories. Using Corollary 
T. 2. 3. 4. 4, we deduce that F is an equivalence if and only if F induces an equivalence of underlying ordinary 
categories C^j D^j . The analogous assertion for lax monoidal functors is false. 

Our next goal is to introduce the notion of an algebra object of a monoidal oo-category — > N(A)°^'. 
We begin by considering the classical case. Let C be a monoidal category. An algebra object of C is an object 
A G G equipped with maps 

1^ A AigiA^ A 

which satisfy the usual unit and associativity conditions. In this case, we can define for each n > a map 
s„ : A®" A, given by iterated multiplication (or by the imit, in the case n = 0); here A®" denotes the 
n-fold tensor product of A with itself (which is well-defined up to canonical isomorphism, in view of the 
associativity constraint on the tensor product (8>). The associative law can then be reformulated as follows: 
given integers n > and fci , . . . , fc„ > 0, the composition 

coincides with Ski+...+k„- When the definition is phrased in this way, an algebra object of C can be regarded 
as a section A of the projection C® A"^. More precisely, we associate to each [n] € the lifting 
74([n]) = [A, . . . , A] G e® . To a map / : [m] — > [n] in A, we associate the "contraction" map ^([n]) — > y4([m]), 
given by (s/(i)_/(o), • • • ,Sf(^rn)-f{m-i))- The functoriality of this construction encodes the associativity of 
the product on A. 

Of course, not every section of the projection C® A°^ corresponds to an algebra object of 6. If 
A : A°^ — > e® is a general section, then we can view A = A{[1]) G C as our candidate for the "underlying 
algebra". For n > 0, we can view A([n]) as an n-tuple of objects (Ci,...,C„) in C. The inclusions 
[1] ~ {i — 1, z} C [n] induce maps r/i : Ci ^ A for 1 < i < n. It is not difficult to see that A is equivalent 
to the section arising from an algebra object (well-defined up to isomorphism) if and only if each r/i is an 
isomorphism. This observation, together with Remark 1.1.9, motivates the following definition: 
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Definition 1.1.14. Let 6 be a monoidal oo-catogory. An algebra object of C is a lax monoidal functor 
N(A)°J' e®. We let Alg(e) = Fun^^^(N(A)°P, 6®) denote the oo-category of algebra objects of C. 

More concretely, an algebra object of p : 6® ^ N(A)°p consists of a section of p which carries every 
convex niorphism in A to a p-coCartesian morphism in 6®. 

Remark 1.1.15. The notation of Definition 1.1.14 is somewhat abusive: the cx)-category Alg(e) depends 
not only on C, but also on its monoidal structure. There is little risk of confusion; the monoidal structure 
under consideration should always be clear from context. 

Remark 1.1.16. Let 6 be a monoidal category, and let be as in Definition 1.1.1. Then N(C®) can be 
identified with a monoidal structure on the oo-category N(C). The above discussion shows that Alg(N(e)) 
is equivalent to the nerve of the ordinary category of algebra objects of C, interpreted in the classical sense. 

Remark 1.1.17. Let C be an oo-category equipped with a monoidal structure. Evaluation at [1] £ A 
determines a functor Alg(e) — > C, which we will refer to as the forgetful functor. 

Remark 1.1.18. Let C be a monoidal oo-category and K an arbitrary simplicial set. Then Fun(ii', C) 

inherits the structure of a monoidal oo-category, where the tensor product is defined pointwise. More 
precisely, suppose that 6® N(A)°^' exhibits 6 as a monoidal oo-category. Set 

Fun(i^, ef = Fun{K, 6®) XFu„(if,N(A)o.) N(A)°f . 

Then the projection Fun(ii', 6)® N(A)°p exhibits Fmi(/'i:, e)^j ~ Fim(K,e) as a monoidal oo-category. 
Moreover, we have a canonical isomorphism Alg(Fun(iir, 6)) Fun(if, Alg(e)). 

1.2 CEirtesian Monoidal Structures 

Let C be an ordinary category which admits finite products. Then C has the structure of a monoidal category, 
with the bifunctor (g) : 6 x C ^ C given by the Cartesian product. We will refer to this monoidal structure 
on e as the Cartesian monoidal structure. Our goal in this section is to give an analogous construction in 
the oo-categorical setting. 

Definition 1.2.1. Let 6 be an oo-category. We will say that a monoidal structure on C is Cartesian if the 
following conditions are satisfied: 

(1) The unit object le € C is final. 

(2) For every pair of objects C,D € G, the canonical maps 

Cc^C®le^C<»D-^le®Dc^D 
exhibit C ® D as a product of C and D in the oo-category 6. 

If C® — > N(A)°'' is a Cartesian monoidal structme on an oo-category 6 = C®j, then we can construct a 
functor TT : 6^ 6, which is given informally as follows. To an object C E C®j, corresponding to an n-tuple 
(Ci, . . . , C'n) e 6", the functor tt associates the object tt{C) = ni<j<n ^^^^ rigorous construction 

of TT below (Proposition 1.2.4); first, we axiomatize its properties. 

Definition 1.2.2. Let p : C® — > N(A)°p be a monoidal oo-category. A lax Cartesian structure on 6® is a 
functor TT : C® ^ 2) satisfying the following condition: 

(*) Let C be an object of C^j. For each 1 < i < n, choose a p-coCartesian morphism fi : C ^ Ci 
covering the inclusion [1] ~ {i — 1, i} C [n] in A. Then the morphisms 7r{fi) exhibit 7r(C) as a product 
ni<i<„'^(Ci) in the oo-category D. 
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We will say that tt is a weak Cartesian structure if it is a lax Cartesian structure, and the following additional 
condition is satisfied: 

(*') Let / : C ^ C" be a p-coCartesian morphism covering the map [1] ~ {0, n} — » [n]. Then 7r(/) is an 
equivalence in B. 

We will say that a weak Cartesian structure tt is a Cartesian structure if tt induces an equivalence C^j D. 

Example 1.2.3. Let C be an ordinary category which admits finite products. Regard C as endowed with 
the Cartesian monoidal structure, and let 6® be as in Definition 1.1.1. Define ^ : C® — > 6 by the formula 
6{[C-i, C„]) = Ci X . . . C„. The nerve N(6') : N(e®) N(e) is a Cartesian structure on the monoidal 

oo-category N(e®). 

It follows immediately from the definition that if 6 is a monoidal cx)-category and there exists a Cartesian 
structure ^ D, then the monoidal structure on 6 is Cartesian. Our first result is a converse: if 6 is a 
Cartesian monoidal oo-category, then there exists an essentially unique Cartesian structure on 6. 

Proposition 1.2.4. Let p : C® — »■ N(A)°p be a Cartesian monoidal structure on an oo-category C and let D 

be a,n oo-category which admits finite products. Let Fun^(C®,'D) denote the full subcategory o/Fun(C'^,D) 
spanned by the weak Cartesian structures, and let Fun^ (C, D) be the full subcategory of Fun(C, T>) spanned 
by those functors which preserve finite products. The restriction map Fun^(e®,2)) Fun^(C,D) is an 
equivalence of oo- categories. 

Wc will defer the proof until the end of this section. 

Our next goal is to show that, if 6 is an oo-category which admits finite products, then there exists an 
(essentially unique) Cartesian monoidal structure on C. Our strategy is to give an explicit construction of 
this monoidal structure. 

Notation 1.2.5. The category is defined as follows: 

(1) An object of consists of an object [n] e A together with a pair of integers i and j which satisfy 
0<i<j<n. 

(2) A morphism from {[n],i < j) to ([n'],z' < j') in A^ is a map / : [n] — > [n'] of linearly ordered sets, 
with the property that i' < f(i) < f{j) < j' . 

The forgetful functor A ^ — + A°^ is a Grothendieck fibration, so that the induced map of oo-categories 
N(A'')°P N(A)°P is a Cartesian fibration (Remark T.2.3.2.2). 

Remark 1.2.6. The forgetful functor A^ A admits a unique section s, defined by s{[n]) = {[n],0 < n). 

~x ~x 
Notation 1.2.7. Let C be an oo-category. We define a simplicial set C equipped with a map C N(A)°^ 

by the following universal property: for every map of simplicial sets K — > N(A)°p, we have a bijection 

HomN(A)"p(i^,e'') ^ Homset^(/<: Xn(a)op N(A^)°f,e). 

Fix n > 0. We observe that the fiber can be identified with the oo-category of functors / : N(P)°^' 

C, where P is the partially ordered set of intervals in [n]: that is, the collection of all subsets of [n] having 

the form {i, i + 1, . . . , j} C [n] . Wc let 6 be the full simplicial subset of 6 spanned by those vertices which 
correspond to those functors / for which the maps /({z, i-\- 1, . . ■ , j}) k + 1}) exhibit /({i, . . . , j}) 

as a product f{{i,i + 1}) x . . . x /({j - 1, j}). 

Proposition 1.2.8. Let C be an oo-category. 

(1) The projection p : C N(A)°^' is a coCartesian fibration. 
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(2) Let a : F F' be a morphism ofG whose image in N(A)°^' corresponds to a map s : [n] — > [m]. Then 
a is p-coCartesian if and only if the induced map F{{s{i), . . . , s{j)}) F'{{i, . . . is an equivalence 

in C, for every < i < j < m. 

(3) The projection p restricts to a coCartesian fibration ^ N(A)°^' (with the same class of p-co Cartesian 
morphisms) . 

(4) The projection ^ N(A)°p is a monoidal oo-category if and only if G admits finite products. 

(5) Suppose that C admits finite products. Let n : ^ G be the map given by composition with the section 
N(A)°f N(A^)°f (see Remark 1.2.6). Then w is a CaHesian structure on G^ . 

Proof. Assertions (1) and (2) follow immediately from Corollary T. 3. 2. 2. 13, and (3) follows from (2) (since 

is stable under the pushforward functors associated to the coCartesian fibration p). 

We now prove (4). If G has no final object, then Cjqj is empty; consequently, we may assume without loss 

of generality that C has a final object. Then Cj^j is equivalent to the oo-category of diagrams Xq -i— X ^ Xi 
in e, where Xq and Xi are final. It follows that tt induces an equivalence Cj^j ~ 6. Consequently, is a 
monoidal oo-category if and only if, for each n > 0, the natural map (j) : Cj^j C^q ^ x . . . x G^^_-^ is an 
equivalence of oo-categorics. Let P denote the partially ordered set of subintervals of [n], and let Pq Q P 
denote the subset consisting of the intervals {k, k + 1}, where < A; < n. Then Cj^j can be identified with 
the set of functors F : N(P)°'' G which are right Kan extensions of F\'N{Pq)°p , and (j) coincides with 
the restriction map from P to Pq. According to Proposition T. 4. 3. 2. 15, (j) is fully faithful, and is essentially 
surjective if and only if every functor Fq : N(Po)°^ C admits a right Kan extension to N{P)°p. Unwinding 
the definitions, we see that this is equivalent to the assertion that every finite collection of objects of 6 admits 
a product in G. This completes the proof of (4). Assertion (5) follows immediately from the construction of 
(and the description of the p-coCartesian morphisms supplied by Corollary T. 3. 2. 2. 13). □ 

Proposition 1.2.9. Let p : C*^ ^ N(A)°p be a monoidal oo-category and let D be an oo-category which 
admits finite products. Let Fun^''"'*'^(e®, D) denote the full subcategory o/Fun(e®,I') spanned by the lax 

Cartesian structures and Fun^ (6®, D) C Fun^''^'''^(C'^, D) the full subcategory spanned by the weak Cartesian 
structures. Let it : ^ T) be the Cartesian structure of Proposition 1.2.8. Then composition with it induces 
trivial Kan fibrations 

e : Fun^'''=(e®, 2)^) ^ Fun^'^^'=(e® , B) 6»o : Fun'^°"(e®, D^) ^ Fun^ (C®, D). 

Proof. Unwinding the definitions, we can identify Fun'^'*'^(C® , ) with the full subcategory of 

Map(e® Xn(a)-N(A^)°p,2)) 

spanned by those functors F which satisfy the following conditions: 

(1) For every Q <i < j <n and every C[„] G C®j, F induces an equivalence 

F{C^n],^<3)^ n F{C^^^,i<i + l) 

0<i<n 

in the oo-category D. 

(2) For every p-coCartesian morphism C[„] C^m] covering a convex morphism a : [rn] [ri] in A, and 
every < i < j < m, the induced map F{C[n],a{i) < a{j)) — > F{C[m],i < j) is an equivalence in D. 

The functor F' = tt o F can be described by the formula F'{C[n]) = i^(C[„], < n). In other words, F' can 
be identified with the restriction of F to the full subcategory of 6(0) C ^■^(/^yp N(A^)°*' spanned by 
objects of the form (C[„], < n). 
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Wo observe that for every object X = (C[„],i < j) of the fiber product Xn(^)op N(A'^)°p, the oo- 
category C(0)x/ has an initial object. More precisely, if we choose a p-coCartesian morphism a : C[„] — > 
Hfting the inclusion a : {i,. . . ,j} C [n], then the induced map a : {€[„], i < j) (C{i,...,j}, * < j) 
is an initial object of C(0)x/- It follows that every functor F' : 6(0) B admits a right Kan extension to 

Xn(a)°p N(A'')°p, and that an arbitrary functor F : Xn(a)»p N(A'')°J' ^ D is a right Kan extension 
of F| 6(0) if and only if F{a) is an equivalence, for every a defined as above. 

Let £ be the full subcategory of Fun(6® Xn(^)<,p N(A^)°^',2)) spanned by those functors F which satisfy 
the following conditions: 

(!') The restriction F' = F\ 6(0) is a lax Cartesian structure on 6® ~ 6(0). 
(2') The functor F is a right Kan extension of F' . 

Using Proposition T. 4. 3. 2. 15, we conclude that the restriction map £ Fun^''"'''^(6®, D) is a trivial fibration 
of simplicial sets. To prove that ^ is a trivial Kan fibration, it will suffice to show that conditions (1) and 
(2) are equivalent to conditions (1') and (2'). 

Suppose first that (1') and (2') are satisfied by a functor F. Condition then (1) follows easily. Choose a 
map C[n] C[m], covering a convex morphism [m] [n] in A, and let < i < j < m be as in the statement 
of (2). We have a homotopy commutative diagram 

F{C[r^],a{i) < a{j)) > F(q„] ,i<j) 



^'(C{a(i),...,«0)},a(«) < ^= F{C{,^,„^j},i < j). 

Condition (2') implies that the vertical maps are equivalences, and the lower horizontal map is the identity. 
It follows that the upper horizontal map is an equivalence, which proves (2). 

Now suppose that (1) and (2) are satisfied. The implication (2) => (2') is obvious; it will therefore suffice 
to verify (1'). Let C[„] be an object of 6^j, and choose p-coCartesian morphisms : C[„] C^j^j+ij.. We 
wish to show that the induced map 

i^(q„] , < n) ^ ^(^0,1}, < 1) X ... X F{C[r^-l,n},n - 1 < n) 

is an equivalence, which follows immediately from (1) and (2'). This completes the proof that ^ is a trivial 
Kan fibration. 

To prove that is a trivial Kan fibration, it will suffice to prove that is a puUback of ^. In other 

words, it will suffice to show that if F : 6® Xn(^)op N(A^)°^ ^ 2) is a functor satisfying conditions (1) and 
(2), then F\ 6(0) is a weak Cartesian structure on 6® if and only if F determines a monoidal functor from 
6*^ into D^. Let q : N(A)°p denote the projection map. Using the description of the g-coCartesian 

morphisms provided by Proposition 1.2.8, we see that the latter condition is equivalent to 

(2_|_) For every p-coCartesian morphism a : C[„] C[m] covering a map a : [m] [n] in A, and every 
< i < j < TO, the induced map F(q„], f{i) < f{j)) F{C[m],i < j) is an equivalence in D. 

Moreover, F\ 6(0) is a weak Cartesian structure if and only if F satisfies the following: 

(3') For every n > and every p-coCartesian morphism a : C[„] C[i] in 6® lifting the map [1] ~ {0, n} C 
[n], the induced map F(q„], < n) ^ F(qi], < 1) is an equivalence in D. 

It is clear that (2+) implies (3'). Conversely, suppose that (3') is satisfied, and let a and < i < j < to 
be as in the statement of (2+). Consider the diagram 

F(q„], a(i) < a{j)) ^ F{C[„^],i < j) 

-P'(qa(i),...,«(j)},a(«) < aij)) ^F(C{,,...j},z < j). 
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Condition (2') implies that the vertical maps are equivalences, and two applications of (3') implies that 
the lower horizontal map is an equivalence as well. It follows that the upper horizontal map is also an 
equivalence, as desired. □ 



We are now in a position to establish the uniqueness of Cartesian monoidal structures. Let Cat^^""'^ 
denote the full subcategory of Cat^""^ spanned by the Cartesian monoidal oo-categories. Let Cat^^"^* denote 
the subcategory of Catoo whose objects are oo-categories which admit finite products, and whose morphisms 
arc functors which preserve finite products. 

Corollary 1.2.10. The forgetful Junctor 9 : Cat^™' Cat^"' is an equivalence of oo-categories. 

Proof. We first observe that if C is an oo-category which admits finite products, then Proposition 1.2.8 
implies that the monoidal oo-category is a preimage of 6 under the forgetful functor 0. It follows that 
9 is essentially surjectivc. Moreover, if 6** is any Cartesian monoidal structure on 6, then Proposition 1.2.4 
guarantees the existence of a Cartesian structure tt : C® ^ C. Applying Proposition 1.2.9, we can lift tt to a 
monoidal functor F : ^ 6^. Remark 1.1.13 implies that F is an equivalence. 

We now show that 9 is fully faithful. Let C*^ and be Cartesian monoidal structures on oo-categories 
C and D. We wish to show that the restriction map 

Mapg^^Mon,x (e®, D®) Mapeatca't(e, D) 

is a homotopy equivalence. We will prove a slightly stronger assertion: namely, that the restrictio map "0 '■ 
Fun^°"(e®, D®) Fun'' (6, D) is a categorical equivalence, where Fun'' (C, D) denotes the fuU subcategory 
of Fun(C, CD) spanned by those functors which preserve finite products. In view of the above remarks, it 
suffices to prove this in the case where = . In this case, the map tp factors as a composition 

Fun^°"(e®, D®) ^ Pun'^ (6®, D) ^ Fun'^ (C, 2)). 

Proposition 1.2.9 implies that ip' is a categorical equivalence, and Proposition 1.2.4 implies that V" is a 
categorical equivalence. □ 

Our next goal is to study the algebra objects in an cxD-category equippc^l with a Cartesian monoidal 
structure. We begin by reviewing a bit of classical category theory. Let 6 be an ordinary category which 
admits finite products. A monoid object of C is an object M e C, equipped with maps 

* ^ M, M X M ^ M 

which satisfy the usual associativity and unit conditions; here * denotes a final object of C. Equivalently, we 
can define a monoid object of 6 to be a contravariant functor from C to the category of monoids, such that 
the underlying functor 6°^ — > Set is representable by an object M e 6. 

Example 1.2.11. If 6 is the category of sets, then a monoid object of 6 is simply a monoid M. We can 
identify the monoid M with a category Dm, having only a single object E with Korn'o {E , E) = M. The 
nerve N(DAf) is a simplicial set, which is typically denoted by BM and called the classifying space of M. 
Concretely, the set of n-simplices of BM can be identified with an n-fold product of M with itself, and the 
face and degeneracy operations on BM encode the multiplication and unit operations on M. The functor 
M I— > BM is a fully faithful embedding of the category of monoids into the category of simplicial sets. 
Moreover, a simplicial set X is isomorphic to the classifying space of a monoid if and only if, for each n > 0, 
the natural map -''^([n]) -'^({0, 1}) x . . . x X[{n — 1, n}) is a bijection. In this case, the underlying monoid 
is given by X([l]), with unit determined by the degeneracy map * ~ X([0]) ^ X([l]) and multiplication by 

the face map X([l]) x X{[1]) ~ X{[2]) ^ X{[1]). 

It follows from Example 1.2.11 that we can identify monoids in an arbitrary category C with certain 
simplicial objects of C. This observation allows us to generalize the notion of a monoid to higher category 
theory. 
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Definition 1.2.12. Let 6 be an oo-category. A monoid object of C is a simplicial object X : N(A)°*' C 
witli tlie property that, for each n > 0, the collection of maps -'^([n]) X({i,i + 1}) exhibits -'^'([ri]) as 
a product X{{0, 1}) x . . . x X{{n - l,n}). We let Mou(e) denote the full subcategory of Fun(N(A)°P, 6) 
spanned by the monoid objects of 6. 

Example 1.2.13. Let C be an oo-category. Every group object of 6 (see Definition T. 7.2. 2.1) is a monoid 
object of C. 

Proposition 1.2.14. Let C® N(A)°p be a monoidal structure on an oo-category C = C®j, and let 
q : C® D be a Cartesian structure. Then composition with q induces an equivalence Alg(C) — > Mon('D). 

Proof. In view of Proposition 1.2.9 and Remark 1.1.13, we may assume without loss of generality that 
e® = D^. We now apply Proposition 1.2.9 again to deduce that the map 

Alg(e) = Fun^''^(N(A)°f, 6®) ^ Fun^'^''''(N(A)°P, D) = Mon(D) 

is a trivial Kan fibration. □ 

Remark 1.2.15. Definition 1.2.12 allows us to reformulate the notion of a monoidal oo-category. More 
precisely, we claim that a monoidal oo-category is essentially the same thing as a monoid object in the 
oo-category Catoo- To sec this, wc let (Set^)/N(A)<'p denote the category of marked simplicial sets equipped 
with a map to N(A)°J' (sec §T.3.1), endowed with the opposite of the model structure defined in §T.3.1.3 (so 
that the fibrant objects of (§et^)/ n(A)°p can be identified with coCartesian fibrations X N(A)°^'. Then 
Cat^°" can be identified with a full subcategory of the underlying oo-category N((Set^)°j^|^^^op). 
Theorem T. 3. 2. 0.1 and Proposition T. A. 3. 6.1 furnish equivalences of oo-categories 

Fun(N(A)°f , eatoc) ^ N(Fun(A°f , Set+)°) ^ N((Set+)^N(A)op)- 

Under the composite equivalence, the full subcategory eat^°" C N((§et^)°f^^^jop) can be identified with 
Mon(eat(x)) C Fun(N(A)°P, Catoo). In other words, we may identify monoidal oo-categories with monoid 

objects in the oo-category Catoo- 

The above argument suggests yet another possible definition: we can identify monoidal oo-categories 
with certain functors F from A°^ into the ordinary category of oo-categories, which have the property that 
the induced map -F([n]) — > F{{0, 1}) x . . . x F{{n — 1, n}) is a categorical equivalence for each n > 0. Such 
functors can be identified with bisimplicial sets satisfying appropriate extension conditions; we leave the 
details to the reader. We will later obtain an even more concrete model for the oo-category Mon(Catoo): 
namely, monoidal oo-categories can be identified with oo-categorics C equipped with an object 1 S C and a 
multiplication eg) : C x C ^ C which is strictly associative (Example 1.6.19). 

Although these alternative approaches are perhaps more concrete, they are more difficult to use in 
practice. For example, the theory of algebra objects in a monoidal oo-category is most easily formulated in 
terms of Definition 1.1.2. 

Remark 1.2.16. The definition of a monoidal oo-category is not manifestly self-dual. However, it is nev- 
erthless true that any monoidal structure on an oo-category C determines a monoidal structure on which 
is unique up to contractiblc ambiguity. Roughly speaking, wc can use Remark 1.2.15 to identify a monoidal 
oo-category C with a monoid object N(A)°'' Catoo- We would then like to obtain a new monoid object 
by composing with an involution of Catoo which carries each oo-category to its opposite. 

To carry out the details in practice, it is convenient to replace Catoo by an equivalent oo-category with 
a slightly more elaborate definition. Recall that Catoo is defined to be the simplicial nerve of a simplicial 
category Cat^, whose objects are oo-categories, where Mapg^^A {X,Y) is the largest Kan complex contained 

in Fun(X, y). The construction X X°p docs not induce a simplicial fmictor from Cat^ to itself; instead 
we have a canonical isomorphism Mapg^^^A {X"p,Y°p) ~ Mapg^^^A {X,Yy'P. However, if wc let Cat^ denote 

the topological category obtained by geometrically realizing the morphism spaces in Cat^ , then i induces an 
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autoequivalence of Cat^^ as a topological category (via the natural homeomorphisms l-'^l — |-'^°''|, which is 
defined for every simplicial set X). Wc now define CatJ^ to be the topological nerve of Cat^^^ (sec Definition 
T. 1.1. 5. 5). Then Cat^ is an oo-category equipped with a canonical equivalence Catoo — * Cat'^, and the 
involution i induces an involution of Cat^, which carries each object 6 G Cat^ to the opposite oo-category 

Remark 1.2.15 shows that the theory of monoidal oo-catcgorics is equivalent to the theory of monoid 
objects of Catoo, which is in turn equivalent to the; theory of monoid objects of Cat^. Composing with the 
involution i allows us pass between monoidal structures on an oo-category 6 and monoidal structures on the 
opposite oo-category 6°^. 

Remark 1.2.17. According to Remark 1.2.16, any monoidal structure on an oo-catcgory 6°^ determines a 
monoidal structure on C, up to contractible ambiguity. In particular, if 6 admits finite coproducts, then the 
Cartesian monoidal structure on determines a monoidal structure on 6, which we will call the coCartesian 
monoidal structure. It is characterized up to equivalence by the following properties: 

(1) The unit object Ig £ 6 is initial. 

(2) For every pair of objects C,D £ Q, the canonical maps 

C~C(g)le^C(8)-D^le<8>-D=i-D 
exhibit C (g) as a coproduct of C and D in the oo-category C. 

There is an analogue of Proposition 1.2.14, which applies in the situation where C is equipped with a 

coCartesian monoidal structure: in this case, the forgetful fimctor 9 : Alg(C) ^ C is a trivial Kan fibration. 
We will prove an analogue of this statement (for symmetric monoidal oo-categories) in [23]. 

We close this section with the proof of Proposition 1.2.4. 

Proof of Proposition 1.2.4- We define a subcategory J C x [1] as follows: 

(a) An object ([n], i) C x [1] belongs to 3 if and only if either i = 1 or n > 0. 

(6) A morphism ([m],i) (H,i) in [1] x belongs to J if and only if either j = 1 ov the induced map 
[n] [m] preserves endpoints. 

Let e' denote the fiber product C® Xn(a)°pN(3), which we regard as a subcategory of xA^, and 
let p' : G' ^ N(3) denote the projection. Let Cq and C'^ denote the intersections of C' with x{0} and 
C® x{l}, respectively. We note that there is a canonical isomorphism Q[ ~ C®. 

Let £ denote the full subcategory of Fun(e', D) spanned by those functors F which satisfy the following 
conditions: 

(i) For every object C € C^j, where n > 0, the induced map F{C, 0) — » F{C, 1) is an equivalence in D. 
{ii) The restriction F\ Q[ is a weak Cartesian structure on C®. 

It is clear that if (i) and (ii) are satisfied, then the restriction Fq = F\Qq satisfies the following additional 
conditions: 

(Hi) The restriction Fo \ 6®] x{0} is a functor from 6 to D which preserves finite products. 

(iv) For every p'-coCartesian morphism a in Cq, the induced map Fo{a) is an equivalence in D. 
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Moreover, (i) is equivalent to the assertion that F is a rig ht Kan extension of e[. Proposition T.4.3.2.15 
impUes that the restriction map r : £ ^ Fun^ (C® , D) induces a trivial Kan fibration onto its essential image. 
The map r has a section s, given by composition with the projection map C' — > C®. The restriction map 
Fun"" (e® , H) Fun"" (6, D) factors as a composition 

Fun>^(e®,2)) A £ A Fun^(e,D), 

where e is induced by composition witli the inclusion 6 C Cq C C'. Consequently, it will sufhcc to prove that 
e is an equivalence of cx)-catcgories. 

Let £o C Fun(eQ, D) be the full subcategory spanned by those functors which satisfy conditions {in) and 
(iv). The map e factors as a composition 

£ £o ^Fun^(e,D). 

Consequently, it will suffice to show that e' and e" are trivial Kan fibrations. 

Let / : Cq ^ D be an arbitrary functor, and let C G C^j C Cq, where n > 0. There exists a unique map 
a : ([n], 0) ([1], 0) in 3; choose a p'-coCartesian morphism a : C ^ C lifting a. We observe that C is an 
initial object of C >^{Q'q)/c' ^e'o Consequently, / is a right Kan extension of /| 6 at C if and only if f{a) 
is an equivalence. It follows that / satisfies {iv) if and only if / is a right Kan extension of /| 6. The same 
argument (and Lemma T.4.3.2.7) shows that every functor /o : C — > D admits a right Kan extension to Cq. 
Applying Proposition T.4.3.2.15, we deduce that e" is a trivial Kan fibration. 

It remains to show that e' is a trivial Kan fibration. In view of Proposition T.4.3.2.15, it will suffice to 
prove the following pair of assertions, for every functor f € S-o- 

(1) There exist a functor F : C' ^ D which is a left Kan extension of / = Cq. 

(2) An arbitrary functor F : C' — *■ D which extends / is a left Kan extension of / if and only if F belongs 
to £. 

Let (C, 1) G C^j x{l} C e'. Since there exists a final object Ig G 6, the oo-category Cq Xg/ C'^^ also has a 
final object, given by the map a : (C, 0) (C, 1), where C G C^]*[„]i,[o] corresponds, under the equivalence 

to the triple (le, C, Ig). We now apply Lemma T. 4. 3. 2. 13 to deduce (1), together with the following analogue 

of (2): 

(2') An arbitrary functor F : C' ^ T) which extends / is a left Kan extension of / if and only if, for every 
morphism a : (C',0) (C, 1) as above, the induced map F{C\0) F{C, 1) is an equivalence in D. 

To complete the proof, it will suffice to show that F satisfies the conditions stated in (2') if and only 
if G £. We first prove the "if" direction. Let a : (C',0) {C,l) be as above; we wish to prove that 
F{a) : F{C' , 0) F{C, 1) is an equivalence in D. If n = 0, this is clear, since both sides are final objects of 
D. Let us therefore assume that n > 0. The map a factors as a composition 

(C",0)^(C",1)^(C,1). 

Condition {i) guarantees that F{a') is an equivalence. Condition {ii) guarantees that F{C', 1) is equivalent 
to a product F{le, 1) x F{C, 1) x F(le, 1), and that F{a") can be identified with the projection onto the 
middle factor. Moreover, since le is a final object of 6, condition {ii) also guarantees that F{le, 1) is a final 
object of K. It follows that F{a") is an equivalence, so that F{a) is an equivalence as desired. 

Now let us suppose that F satisfies the condition stated in (2'). We wish to prove that F E E. Here we 
must invoke our assumption that the monoidal structure on 6 is Cartesian. We begin by verifying condition 
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(i). Let C G C^j, for n > 0, and let a : (C',0) {C,l) be defined as above. There is a unique map 
(3 : {[n],0) — * ([0] ★ [n] ★ [0],0) in 3, which is the identity on [n] C [0] ★ [n] ★ [0]. Choose a p'-coCartcsian 
morphism f3 : (C, 0) — > (C",0) hfting (3. Since the final object Ig £ 6 is also the unit object of 6, we 

can identify C" with C . The composition (C, 0) (C, 1) — * (C'j 1) is homotopic to the canonical map 
7 : (C, 0) (C, 1) appearing in the statement of (i). Condition (iv) guarantees that F{(3) is an equivalence, 
and (2') guarantees that F{a) is an equivalence. Using the two-out-of-three property, we deduce that F{j) 
is an equivalence, so that F satisfies (i). 

To prove that F satisfies (m), we must verify two conditions: 

(mq) If (3 : (C, 1) (D, 1) is a p'-coCartcsian morphism in C', and the underlying morphism in A is 
endpoint-preserving, then F{(3) is an equivalence. 

(mi) Let C £ C®j, and choose p-coCartesian morphisms : C Ci covering the inclusions C [n], 

for 1 < i < n. Then the maps 7^ exhibit F{C, 1) as a product F{Ci, 1) x . . . x F{Cn, 1) in CD. 

Condition (mq) follows immediately from (?) and (iv), provided that C € C^j for n > 0. If n = 0, then 
the source and target of F{P) are both final objects of D, so F{(3) is automatically an equivalence. To prove 
{ill), we consider the maps a : (C',0) (C, 1) and : (C,',0) — > (Cj, 1) which appear in the statement of 
(2'). We have a collection of commutative diagrams 



{C',0) 



Condition (2') guarantees that the maps F{a) and F[oLi) are equivalences in D. Consequently, it will suffice 
to show that the maps /(7-) exhibit f{C',0) as a product of /(C-,0) in D. Let /o = /| 6. Using condition 
{iv), we obtain canonical equivalences 

f{C', 0) ~ /o(le ® Ci ® . . . O (7„ O le) 

/((7;,0)~/o(leOa®le) 
Since condition {Hi) guarantees that fo preserves products, it will suflace to show that the canonical map 

le (g) Ci (g) . . . (g) C„ le =i Yi IcgCiOle 

l<i<n 

is an equivalence in the 00-category 6. This follows easily by induction on n (the case n = 2 reduces to our 
assumption that the monoidal structure on C is Cartesian.) □ 



1.3 Subcategories of Monoidal 00-Categories 

Let 6 be an oo-catcgory. Our goal in this section is to show that a monoidal structure on 6 determines a 
monoidal structure on suitable (full) subcategcroies D C 6. Suppose that © is a full subcategory of 6, which 
is stable under equivalence in C: that is, if Z) G D and there is an equivalence C ~ D in C, then C G 2). 
Let e® be a monoidal structure on 6 = C^j. We define a full subcategory 2)® C C*^ as follows: an 

object C G C^j] belongs to if and only if the image of C under the equivalence C^j ~ C" belongs to 
D". Our goal in this section is to study circumstances under which inherits the structure of a monoidal 
00-category. The most obvious case is that in which D is stable under tensor products in 6: 

Proposition 1.3.1. Let 6® N(A)°p be a monoidal 00-category, and let C C be a full subcategory which 
is stable under equivalence, contains the unit object of C, and is stable under tensor products. 
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(1) The restricted map D N(A)°^' is a monoidal oo-category. 

(2) The inclusion C is a monoidal functor. 

(3) Suppose that the inclusion D C Q admits a right adjoint L {so that D is a colocalization of C) . Then 
the inclusion C admits a right adjoint L® . 

(4) Under the hypothesis of (3), the functor L® is lax monoidal. 

Proof. Assertions (1) and (2) follow immediately from the definitions. Suppose that D is a colocalization of 
C. Let us say that a morphism a : X' — > X in C*^ is a colocalization if X G D® , and composition with a 
induces a homotopy equivalence Mapg®(F, X') Mapg®(y, X) for all F e for all Y e D® . According 
to Proposition T.5.2.6.7, (3) is equivalent to the following assertion: 

(3') For every X e 6®, there exists a colocalization a: X' ^ X. 

Assuming this for the moment, (4) is equivalent to the following pair of assertions: 

(4') For every colocalization a : X' — > X, the image of a in N(A)°^' is an equivalence (and therefore 

degenerate) . 

(4") If a : X' ^ X is a colocalization in C^j, and [m] [n] is a convex morphism in A, then the image of 
a in is a colocalization. 

Suppose that X G C^j. Choose a morphism a : X' ^ X in Cj^j which corresponds, under the equivalence 

~ C", to the canonical map {LCi, . . . , LCn) (Ci, . . . , C„). We will show that a is a colocalization 

map in Q®. This will prove (3'). Assertions (4') and (4") will likewise follow, since colocalization maps are 
unique up to equivalence. 

Let Y G be any object. We wish to show that composition with a induces a homotopy equivalence 
Mape» (y, X') — *• Mape®(F, X). Both sides are given a disjoint union, taken over the set of morphisms 
(3 : [n] ^ [m] in A. It will therefore suffice to prove the corresponding result for each summand. Using the 
product structure on 6^^], we can reduce to the case where n = 1 and (3 is endpoint-preserving. We can 
identify Y with an object (Di, . . . , D„i) G D'", and must show that the canonical map 

Mape(i:'i (g) . . . Djn, X') Mape(L)i (g . . . A«, X) 

is an equivalence. This follows, since X' — > X is a colocalization in 6, and Di® . . .(g) belongs to CD. □ 

Example 1.3.2. Let 6 monoidal oo-category. We say that an object C G C is invertible if it is an invertible 
object of the homotopy category hC: that is, if there exists an object D G Q and equivalences 

C(E)D:^le^D(E)C. 

Let e° C e denote the full subcategory spanned by the invertible objects. It is easy to see that the hypotheses 
of Proposition 1.3.1 are satisfied, so that C° inherits the structure of a monoidal oo-category. 

Remark 1.3.3. Let 2) C C be as in the statement of Proposition 1.3.1, and suppose that the inclusion 

Dec admits a right adjoint L. The inclusion i : T)® C is a monoidal functor, which induces a 
fully faithful embedding Alg(I') C Alg(C). Let L® be a right adjoint to i, so that L® induces a functor 
/ : Alg(C) Alg('D). It is easy to see that / is a right adjoint to the inclusion Alg(D) C Alg(C). Moreover, 
if 6 : Alg(C) C denotes the forgetful functor, then for each A G Alg(C), applying 9 to the canonical map 
f{A) — + A exhibits 9{f{A)) as a colocalization of 0{A). 

Proposition 1.3.1 has an evident converse: if CD® is a monoidal oo-category and the inclusion i : T>® C Q® 
is a monoidal functor, then D is stable under tensor products in 6. However, it is possible for this converse 
to fail if i is only assumed to be weakly monoidal. We now discuss a general class of examples where D is 
not stable under tensor products, yet D nonetheless inherits a monoidal structure from C. 
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Definition 1.3.4. Let C be a monoidal cx)-category, and let L : C — * C be a localization functor. We will 
say that L is compatible with ttie monoidal structure on C if the following condition is satisfied: 

(*) Let / : X ^ r be a niorphism in 6, Z G 6 another object, and /' : X^Z Y®Z, f" : Z®X Z®Y 
the induced morphisms. If Lf is an equivalence, then Lf and Lf" are equivalences. 

Remark 1.3.5. In the situation of Definition 1.3.4, it suffices to verify (*) in the case where f : X is 
equivalent to the localization map X — > LX. 

Remark 1.3.6. Suppose that C is a presentable oo-category equipped with a monoidal structure, and that 

the tensor product $5 : 6 x C — > C preserves small colimits scparatcily in each variable. It is easy to see that 
the collection of all maps / which satisfy (*) is strongly saturated (see Definition T.5.5.4.5). Consequently, 
if 5 is a collection of morphisms of C such that LQ = C, then it suffices to verify (*) when / G S. 

Example 1.3.7. Let 6 be a presentable oo-category equipped with a monoidal structure, and suppose that 
the tensor product (8) : 6 x C ^ 6 preserves small colimits separately in each variable. Let n > — 2 be an 
integer, and let t<„ C be the collection of n-truncated objects of C (see §T.5.5.5). Then the localization 
functor T<„ is compatible with the monoidal structure on 6. 

To see this, let F : 6 6 be a cohmit of the constant map 9 A"+2 {ide} Q Fun(e, 6), let a : F — ide 
be the canonical transformation, and let S be the collection of all morphisms in C equivalent to those of the 
form a{C) : F{C) C. The proof of Proposition T.5.5.5.18 implies that t<„ G = S''^ G. 

Since the tensor product preserves colimits, we have canonical equivalences 

F{C) £) ~ F(C (g) D) ~ C (g) F{D). 
It follows that if / G 5 and C G C, then / ® ide and ide ®./ also belong to S. Now apply Remark 1.3.6. 

Our next goal is to prove that if C is a monoidal oo-category, and L : C ^ C is a localization functor which 
is compatible with the monoidal structure on C, then the full subcategory LQ C Q inherits the structure of 
a monoidal category (Proposition 1.3.9). First, we need a lemma. 

Lemma 1.3.8. Let p : G ^ T> he a coCartesian fibration of oo-categories. Let L : G ^ G and L' : T) ^ D 
be localization functors, with essential images LG and L"D. Suppose that L and L' are compatible in the 
following sense: 

(i) The functor p restricts to a functor p' : LG ^ L' D. 

(ii) If f is a morphism in G such that Lf is an equivalence, then L'p{f) is an equivalence in D. 
Then: 

(1) The functor L carries p-coCartesian morphisms of G to p' -coCartesian morphisms of LG. 

(2) The functor p' is a coCartesian fibration. 

Proof. Let / : X ^ F be a p-coCartesian morphism of C. We wish to prove that Lf is p'-coCartesian. 
According to Proposition T.2.3.4.3, it will suffice to show that for every Z' G LG, the diagram of Kan 
complexes 

GLfi xe{^'} > Glx/ xe{^'} 

2)p(L/)/ Xl,{p(Z')} ^2)p(LX)/ xbM^')} 

is homotopy Cartesian. Let Z' = LZ. Since ~ L, we can assume without loss of generality that Z & LG. 
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Since / is p-coCartesian, Proposition T.2.3.4.3 implies that the diagram 

C// xe{Z} ^ Qx/ xe{Z} 



xdMZ)} ^ xMZ)} 

is homotopy Cartesian. Choose a natural transformation a : ide — > L which exhibits L as a localization 
functor. Then a induces a natural transformation between the above diagrams. It will therefore suffice to 
show that each of the induced maps 

Cj/ xe{Z} ^ e^// xe{LZ} 6^/ xe{Z} ^ e^x/ xe{LZ} 

%if)/ x-DipiZ)} ^ DpiLf)/ xMLZ)} DpiLX)/ Xv{p{Z)} ^ D^^lx)/ x^{p{LZ)} 
is a homotopy equivalence. For the first pair of maps, this follows from the fact that Z E LG. For the second 
pair, we observe that (i) and (ii) imply that for every C € C, the map p{a{C)) : p{C) p{LC) is equivalent 
to the ^'-localization p{C) L'p{C), and p{Z) £ L' D. This completes the proof of (1). 

To prove (2), choose any object C G LQ and a morphism / : p{C) D in L' D. Choose a p-coCartcsian 
morphism / : C — » £) in 6. According to (1), the morphism L{f) : LC LD is p'-coCartesian. We now use 
the fact that p' is a categorical fibration to lift the equivalence p{a{f)) to an equivalence L{f) ~ / , where 
/ : C ^ D is a p'-coCartesian morphism lifting /. □ 

Proposition 1.3.9. Let p : 6® — > N(A)°'' be a monoidal structure on the co-category 6 = C^j, and let 
i : C — > 6 he a compatible localization functor with essential image D C 6. Then: 

(1) The inclusion C 6® has a left adjoint . 

(2) The restriction p\ D® : T)® — *• N(A)°^' is a monoidal structure on the co-category D. 

(3) The inclusion functor D® C 6® is lax monoidal, and its left adjoint : C® — »■ D® is monoidal. 

Proof. We first prove (1). According to Proposition T.5.2.6.7, it will suffice to show that for every X G 6®, 
there exists a localization map X ^ X' where X' e D®. Let X lie over [n] G A, corresponding to an 
n-tuple (Ci, . . . ,C„) G 6" under the equivalence C^j ~ 6". Let a : X ^ X' be a morphism in G'^^, which 
corresponds to a localization map (Ci, . . . , C„) {LC\, . . . , LCn). We must show that for every object 
Y e composition with a induces a homotopy equivalence Mape(»(X',y) Mapg» (X, F). Both sides 

can be expressed as a disjoint union, taken over the set of all maps /3 : [m] [n\. Using the product 
structure on j , we can reduce to the case m = 1 and where /3 is endpoint-preserving. In this case, we can 
identify Y with an object D G D. Unwinding the definitions, we are reduced to proving that the natural 
map Mapg(LCi (g) . . . (g)I/C„, D) — >■ Mapg(Ci (g) . . . (8) C„ , £)) is a homotopy equivalence. Since £> G D, it will 
suffice to show that the map L{Ci . . . (g) C„) — L{LC\ (g) . . . (g) LCn) is an equivalence, which follows easily 
from the compati})ility of L with the monoidal structure on C. This completes the proof of (1). Moreover, 
the proof of (1) shows that L® fits into a commutative diagram 




N(A)°f. 



Applying the second part of Lemma 1.3.8, we conclude that p\ D is a coCartesian fibration. The equivalence 
D^j ~ (D)" follows by construction. This proves (2). The fact that the inclusion L C C® is lax monoidal 
follows by inspection. The assertion that L® is a monoidal functor follows from the first part of Lemma 
L3.8. □ 



20 



We now discuss a slightly more concrete situation, where the localization functors in question are given 

by truncation with respect to a t-structure on a stable cx)-category. 

Definition 1.3.10. Let C be a stable oo-category equipped with a t-structure, and let 6*^ N(A)°p be a 
monoidal structure on 6. We will say that the monoidal structure on C is compatible with the t-structure on 
e if the following conditions are satisfied: 

(1) For each C e C, the functors • <8> C and C (g) • are exact functors from C to itself. 

(2) The full subcategory e>o contains the unit object of C and is closed under tensor products. 

Remark 1.3.11. Let C be as in Definition 1.3.10. Then, for every pair of integers m,n e Z, the tensor 

product functor (g) carries C>m x C>„ into G>n+m- This follows immediately from the exactness of the tensor 
product in each variable, and the assumption that the desired result holds in the case m = n = 0. 

Proposition 1.3.12. Let 6 he a staMe oo-category equipped with a t-structure. and let N(A)°*' be 

a compatible monoidal structure on 6. Then, for every n > 0, the localization functor t<„ : C>o C>o is 
compatible {in the sense of Definition 1.3.4) with the induced monoidal structure on C>o {Proposition 1.3.1). 

Proof. Let X,Y & e>o, and let / : X — > t<„X be the canonical map. In view of Remark 1.3.5, we need only 

show that the maps / ® idy and idy ®f become cqiiivalcnccs after applying the functor t<„. By symmetry, 
it will suffice to treat the case oi f ® idy. Since the functor • (g) y is exact, we have a long exact sequence 

. . . ^ ■Kk{T>n+iX (g) F) ^ 7rfc(X O y) ^ 7rfe(r<„X (g) y) ^ 7rfc_i(T>„+iX (g) y) ^ . . . 

in the abelian category 6*^. We wish to show that /3fc is an isomorphism for k <n. In view of the long exact 
sequence, it will suffice to show that 7r/j(r>„+iX (g Y) vanishes for k < n. In other words, we must show 
that T>n+iX (g) y belongs to C>„+i, which follows immediately from Remark L3.11. □ 

Remark 1.3.13. In the case where 6 is presentable, the tensor product (g preserves colimits separately in 
each variable, and the t-structure on 6 is accessible, Proposition 1.3.12 is a special case of Example 1.3.7. 

1.4 Free Algebras 

Let (C, (g)) be a monoidal category, and let Alg(C) be the category of algebra objects of 6. Suppose that 
C admits countable coproducts, and that the bifunctor (g) : 6 x 6 ^ 6 preserves countable coproducts 
separately in each variable. In this case, the forgetful functor Alg(e) 6 admits a left adjoint. This left 
adjoint associates to each object C € C the free algebra 

Freee(C) = ]J C®". 

n>0 

Our goal in this section is to prove an oo-categorical analogue of this statement. 

Definition 1.4.1. Let 6 be a monoidal oo-catcgory, and let 9 : Alg(C) 6 be the forgetful functor. 
Let C G e be an object. A free algebra generated by C is an object A £ Alg(e) equipped with a map 
(j!) : C — > 9 {A), such that composition with (p induces a homotopy equivalence 

MapAig(e)(^,S) -> Mape(C,(?(B)) 

for every B € Alg(e). 

The main result of this section is the following: 

Theorem 1.4.2. Let S be a monoidal oo-category. Assume that C admits countable coproducts, and that 
the bifunctor (g : C x C ^ 6 preserves countable coproducts separately in each variable. 
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(1) The forgetful functor Alg(e) Q admits a left adjoint. 

(2) For every object C G C, there exists a map C — > A([l]) which exhibits A e Alg(e) as the free algebra 
generated by 6. 

(3) For every object C G C and every algebra object A G Alg(e), a map C ^([1]) exhibits A as a free 
algebra generated by C in G if and only if the induced map U„>o C®" ^([1]) equivalence in G 
{that is, if and only if A is a free algebra generated by C in the homotopy category hG). 

The proof of Theorem 1.4.2 is long and comphcated, and will occupy our attention throughout most of 
this section. Before embarking on the proof, we will treat a special case which can be established using much 
easier arguments (and which requires fewer hypotheses): 

Proposition 1.4.3. Let G be a monoidal oo-category. Then: 

(1) The oo-category Alg(e) has an initial object. 

(2) An object A G Alg(C) is initial if and only if the unit map le ^([1]) is an equivalence in G. 

Proof. Let g : C® N(A)°p be a monoidal structure on 6 = C^j. The fiber C^j is contractible, so it contains 

an object Cpj. Using Lemma T.4.3.2.13 we deduce that there exists a map A : N(A)°'' — > C® which is a 

section of q, where ^([0]) = C[o] and ^ is a g-left Kan extension of 7l|{[0]}. It is easy to see that A carries 
each morphism in A to a g-coCartesian edge of G^; in particular we conclude that A G Alg(e). Using 
Proposition T. 4. 3. 2. 17, we deduce that A is an initial object of Alg(e) (in fact, it is an initial object in the 
larger oo-category of all sections of q). This proves (1). 

We observe that the unit map le ^([1]) is an equivalence. The "only if" direction of (2) now follows 
from the fact that initial objects of Alg(e) are unique up to equivalence. To prove the converse, we consider 
an arbitrary algebra object B G Alg(C). Since A is an initial object of Alg(C), there exists a map f : A —> B 
which induces a commutative triangle 




UA 

A([i]) — !^ — ^Bm 

in 6. Here ua and ub denote the unit maps of A and i?, respectively. If ub is an equivalence, then we 
conclude that /([I]) is an equivalence, so that / is itself an equivalence (Corollary 1.5.4). This proves the 
"if" direction of (2). □ 

We now return to the proof of Theorem 1.4.2. The argument is long and technical, and can be safely 
skipped; the details will not be important elsewhere in this paper. We begin with an outline of our strategy: 

(a) Using the results of §1.7, we can reduce to proving an analogous assertion for Segal monoidal oo- 
categories. Let us therefore assume that we are given a map q : G^ ^ N(£;in«) that exhibits C = C^^ 
as a Segal monoidal oo-category (we will also assume that the reader is familiar with the notation and 
terminology from §1.7). 

(6) We will define a sequence of categories do 3i ^ 32 3^ equipped with (compatible) functors 
ipi : 2i ^ tin*. This will allow us to factor the forgetful functor 9 : Alg^(e) — > C as a composition 

Aig^(e) ^ MapN(ci„.)(N(a3),e®) 

^ MapN(£i„.)(N(a2),e«) 
MapN(£i„^)(N(ai),e«) 
^ MapN(^in.)(N(ao),e®) 

^ e. 



22 



(c) We will refine the above picture by selecting appropriate subcategories £,(6) C MapN(£,jjj^)(N(0i), 6 ) 
so that the forgetful functor 9 factors as a composition 

Aig(e) h £3(6) ^ £2(6) ^ £i(e) ^ £o(e) ^ e. 

(d) We will show that the functor ^0 is a trivial Kan fibration (Lemma 1.4.7). 

(e) We will show that the restriction functor 61 admits a left adjoint ^1, given by g'-left Kan extension 
along the inclusion N{8o) C N{8i)- 

(/) We will show that the restriction functor 62 admits a left adjoint (j)2- This is a slightly tricky part 
of the argument, since the left adjoint to 02 is not given by a g-left Kan extension (the relevant Kan 
extension typically does not exist). 

(g) The functor ^3 does not generally admit a left adjoint. Nevertheless, we will prove that there exists a 
partially-defined left adjoint to 9^, whose domain includes the essential image of 4>2° 'Pi- This adjoint 
is again given by a g-lcft Kan extension along the inclusion ^(82) Q ^(33). 

{h) Finally, it will follow immediately from the construction that the functor 94 has a left adjoint, given 
by composition with a section to the functor ip3 : Ss ^ Lin^. 

The definitions of the categories di become more complicated as the index i increases. We therefore begin 

with the simplest case, where i = 0. 

Notation 1.4.4. The category 3o is defined to be the following subcategory of £<in*: 
(JO) Every object of Lin* belongs to 3o- 

(JO') A morphism a : J* — » J^ of £in* belongs to 3o if and only if every element of J' has exactly one 
preimage under a. 

We let ipo '■ So ^ 'tin* denote the inclusion. 

Notation 1.4.5. Let 9:6®—* N(£in*) be a Segal monoidal 00-category. We let £o(C) denote the full 
subcategory of MapN(£,jn^)(N(0o), C^) spanned by those functors / G MapN(^jjj^)(N(3o), C®) which carry 
every morphism in 3o to a g-coCartesian morphism in C® . 

Example 1.4.6. Let : C® — > N(£;in*) be a Segal monoidal cx)-category and let ^ be a section of q. We 
observe that A is a Segal algebra object of C if and only if ^| N(3o) & £o(C)- In particular, restriction 
determines a functor Alg'*(e) — > £o(C). 

More informally, a functor / : N(3o) ^ C*^ belongs to £o(C) if there exists an object C = /((l)^) G C, 
such that for all n > 0, the object ,f{{n)^) e 6®^^ corresponds to (C, C, . . . , C) under the equivalence 

~ 6". The functor F is then determined by C, up to canonical equivalence. Our next result makes 
this statement more precise: 

Lemma 1.4.7. Let g : — > N(£in*) be a Segal monoidal structure on an 00-category C = 6®^ . Then 
evaluation at (1)^ e 3o induces a trivial Kan fibration 60 : £o(C) C. 

Proof. Fix n > 0, and regard (n)^ as an object of 3o- Let 3~i denote the full subcategory of 3o spanned by 
the object (1)^. We observe that a functor / £ MapN(x:in.)((^(3-i)(ra)^/)^i C*^) is a g-limit diagram if and 
only if it carries each morphism of ((N(3_i)°^)(„) /)^ to a g'-coCartesian morphism in 6®. Using Lemma 
T. 4. 3. 2. 13, we deduce that every functor go € MapN(£,in.)(N(3_i), C'^) admits a g-right Kan extension to 

a functor g £ Mapi,^(£ijj^-,(N(3o), 6*^)- Let T) C Mapi,^(£ijj^-,(N(3o), 6*^) be the full subcategory spanned by 
those functors g which are g-right Kan extensions oi g\ N(3_i). Proposition T. 4. 3. 2. 15 implies that restriction 
determines a trivial Kan fibration D — > MapN(^i„^')(N(0_i), C'^) ~ C . To complete the proof, it will suffice 
to show that D = £o(C). Using the description of the g-limit diagrams given above, we deduce that a functor 
g G MapN(i:in.)(]^(3o)) 6^) belongs to 2) if and only if the following condition is satisfied: 
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(*) For every morphism a : (n)^ — > (1)^ in 3oi the morphism g{a) is g-coCartesian. 



Prom this characterization it follows immediately that £o(C) C CD. To prove the reverse inclusion, let us 
suppose that g £ Map-f^f^^^^^^^{'N{3o),G'^) satisfies (*). We wish to show that g is a coCartesian section of 
q. Let a : (n)^ ('^)* be a morphism in 3o, let a = g{a), and let a : g{{n)^) ^ C be a q-coCartesian 
morphism of 6® which projects to a. There exists an (essentially unique) 2-simplex 




9{{n)J ^9{{m)J 

in C®. Wc wish to show that /? is an equivalence. For this, it will suffice to show that, for every morphism 
7 : (m)^ — > (1)^ in 3oj the image of /? under the associated functor 71 : — > is an equivalence. We 
have a commutative diagram 



C >7!C 




9{{n)J ^9{{m)J >7!5(WJ- 

Consequently, it will suffice to show that the morphisms 70a and 70a are g-coCartesian. In the second 
case, this follows from the fact that g-coCartesian morphisms arc stable under composition. In the first case, 
we can use (*) to assume, without loss of generality, that 7 = 5(7). Then 7 o a ~ 5(7 o a) is g-coCartesian 
(invoking (*) once more), as desired. □ 

Notation 1.4.8. The category 3i is defined as follows: 

(Jl) Objects of 3i arc given by morphisms a : (n)^ — > (m)^ in iLin^,. 

( Jl') Given a pair of objects a,a' £ 2i, & morphism from a to a' is a commutative diagram 

7 

in'}. — (m'), 

in £jin*, such that 7 is a morphism in 3o- 

We will identify 3o with the full subcategory of 3i spanned by those morphisms a which are isomorphisms 
in £in*. The inclusion tpo '■ 3o ^ -C^in* extends to a functor tpi : 3i ^ Cin^, given by the formula 

(a : (")* W J ^ W*- 

Notation 1.4.9. Let 6 be a Segal monoidal 00-category. We define £i(C) C MapN(£i,j^-)(N(3i), C®) to be 
the full subcategory spanned by those fimctors / such that f\ N(3o) belongs to £o(C)- 

Remark 1.4.10. Let C be a monoidal 00-category. Then composition with ipi '■ di ^ -C^in* induces a functor 

Aig«(e) ^ 8i(e). 

We now analyze the relationship between £o(C) and £i(C). 
Lemma 1.4.11. Let g : C® ^ N(£iin*) be a Segal monoidal 00-category. Then: 
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(1) A functor f S MapN(£i„^-,(N(3i),e ) is a q-left Kan extension of fo = /| N(3o) if and only if, for 
every object a : (n)^ (m)^ in 3i, if Ca : id[„] a denotes the associated morphism of 3i, then fica) 

is a (I- CO Cartesian morphism, in C**. 

(2) Every functor fa G MapN(_j^jjj^^(N(3o), C*^) admits an extension f G MapN(£iji^)(N(3i), C®) which is a 
q-left Kan extension of f. 

(3) -Lei MapN(^i„^)(N(0i), e'^) denote the full subcategory of Ma,p^f^ji^i^^^{N{3i),Q^) spanned by those func- 
tors f which are q-left Kan extensions of fo = f\ N(3o)- Then the restriction map 



is a trivial Kan fibration. 

(4) The restriction map £i(C) £o(C) admits a section which is simultaneously a left adjoint. The 
essential image of consists of those functors f € £i(C) which satisfy the condition stated in (1). 

Proof. We observe that if a S di, then the morphism is a final object of the category {3i)/a 3o- 
Assertion (1) now follows immediately from Proposition T. 4. 3. 1.7, and assertion (2) follows from Lemma 
T. 4. 3. 2. 13 and Proposition T. 4. 3. 1.8, since g is a coCartesian fibration. Assertion (3) follows from Proposition 
T.4.3.2.15, and (4) from Proposition T.4.3.2.17. □ 

Notation 1.4.12. The category ^2 is defined as follows. 

( J2) An object of 32 consists of a quadruple (J, Jo, {n)^,a), where J is a finite linearly ordered set, Jo is a 
subset of J, and a : {n)^ ^ (Jo)* is a morphism in £<in*. 

(J2') Given a pair of objects ( J, Jo, (n)^, a), ( J', Jq, (n')^, a') e a morphism from ( J, Jo, (n)_^, a) to 
{J' , Jq, {n')^,a') in ^2 consists of a pair of morphisms /? : J* — » J^, 7 : (n)^ — *■ (n')^ in £in*, sat- 
isfying the following conditions: 

— The morphism 7 belongs to So- 

— Suppose j € J' and C Jo. Then j g Jq, and 7 induces a bijection {a o — > 



We will identify 3i with the full subcategory of 32 spanned by those objects (J, Jq, (n)^,a) such that 
Jo = J. We note that the functor "01 : 3i — ^ Lin^ admits an extension ip2 '■ 32 ^ £in*, given by the formula 



Notation 1.4.13. Let q : N(iLin») be a Segal monoidal cx)-category. We let £2(6) denote the full 

subcategory of Map]vj(^ijj^)(N(32), C^) spanned by those functors / which possess the following properties: 

(i) The restriction fo = f\ ^{3o) belongs to £0(6). 

(ii) Let (J, Jo, (n)*, a) be an object of 32, and let 



Map;,(^i„.)(N(ai),e®) - MapN(ti„,)(N(ao),e«) 



(J, Jo,(n)^,a) i-> J*. 



(/3,id) : (J, Jo,(n)^,a) (Jo, Jo, (n)^, a) 



be given by the formula 




Then /(/3, id) is a g-coCartesian morphism in C . 
Remark 1.4.14. Composition with ip2 '■ 32 ^ ■^in* induces a functor Alg^(e) £2(6). 
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Lemma 1.4.15. Let g : C — > N(£;in*) be a Segal monoidal oo-category. Assume that the underlying oo- 
category C has an initial object, and a tensor product C\® . . .®Ck inG is initial whenever any of the factors 
Ci is initial. Then: 

(1) The restriction functor 9^ : £2(6) admits a section (j)2, which is simultaneously a left adjoint 
to 6»2. 

(2) A functor f G £2(6) belongs to the essential image of ^2 if and only if the following condition is 
satisfied: 

(*) For every object (J, Jq, {n)^, a) G 32 ^.i^'d every elem,ent j ^ J — Jq, if (3 : ^ {j} U {*} is the 
morphism o/iLin* such that P~^{j} = {j}, then the induced functor f3\ : Cf^ ^fj}, ~ ^ carries 
f{J, Jo, {n)^,a) to an initial object o/C. 

Proof. We observe that the inclusion 3i Q 82 has a left adjoint [/, given by 

(J, Jo, {n)^,a) (Jo, Jo, {n)^,a). 

Let T : X N(32) ^ ^(^2) be a natural transformation from id to U which is a unit for the adjunction. 
Let T' be the composition of T with ip2, regarded as a functor from N(32) to Fun(A'^, N(iLin,)). 

Let D denote the full subcategory of Fun(A^, 6®) spanned by the (j-coCartesian morphisms, and let M be 
the fiber product N(32) XFun(Ai,N(£,in,)) 'D . Similarly, we let Mq denote the fiber product N(32) XN(£,in,) 
where N(32) maps to N(£in*) via ^p2, and Mi the fiber product N(^2) XN(£.in.) where N(J2) niaps to 
N(£in*) via tjji o U. We have canonical maps Mq -f^- M Mi, where cq is a trivial Kan fibration. 

Let £2(6) C MapN(g2)(N(32),M) denote the inverse image of £2(6) C MapN(g^) (N(^J2)- Mo), so that cq 
induces a trivial Kan fibration £2(6). Since the restriction of T' to N(3i) is an equivalence, we have a 
canonical map £2(6) x A^ — > £i(C) which induces an equivalence from the composition 

£2(6) £2(6) ""-^^^£1(6) 

to the composition 

£2(6) MapN(g^)(N(a2),Mi) ^ MapN(^i„.)(N(ai),e®). 
Unwinding the definitions, we see that there is a puUback diagram 

£2 (C)^^ ^ MapN(a,) (N(32) , M) 

9 

Me^p'na.) (N(a2), Mi)C > MapN(a,) (^(32), Mi), 

where Map^j-g^-j (N(32), Mi) denotes the full subcategory of Mapi,^,-g^-,(N(a2), Mi) spanned by those functors / 
for which fo — f\ N{3i) belongs to £i(C), and / is a g-right Kan extension of fo. Using Proposition T. 4. 3. 2. 15, 
we deduce that the projection MapJ^(g^-)(N(a2), Mi) — » £'(C) is a trivial Kan fibration. Consequently, we 
may reduce to proving the following analogues of statements (1) and (2) for the map g: 

(1') The projection g : MapN(g^)(N(02), M) — > MapN(g^)(N(32, Mi) admits a section s, which is simultane- 
ously a left adjoint to g. 

(2') A functor F e MapN(g2) (N(a2), M) belongs to the essential image of s if and only if the following 
condition is satisfied: 

(*') For every object (J, Jo, (n)^, a) e 32 and every element j £ J — Jq, if a-''"^ : J* — > {j}* is defined 
as in Notation 1.7.5, then the induced functor af' : C® ^{j}, ~ ^ carries F{J, Jq, (n)^,a) to 
an initial object of C. 
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We observe that the projection ei : M ^ Mi is a coCartesian fibration. Moreover, each fiber of ei is 
equivalent to a product of copies of C, and therefore admits an initial object. Let M' denote the collection 
of objects M e M such that M is an initial object of the fiber M xjvti {ei(Af)}. We observe that (2') is 
equivalent to the assertion that the essential image of s is the oo-category Mapi,4(g^)(N(tl2), M'). Using our 
assumption that a tensor product C®D € C is initial provided that either C or £> is initial, and the definition 
of the category 02, we deduce that the collection of objects of M' is stable under the collection of functors 
JAx — > My associated to morphisms a: ^ y in Mi. Proposition T. 4. 3. 1.10 implies that every object of M' is 
an ei-initial object of M. It now follows from Proposition T. 4. 3. 2. 15 that g restricts to a trivial Kan fibration 

g' : MapN(a,)(N(a2),M') ^ MapN(g,)(N(a2,Mi). 

Let s be a section to g' . To complete the proof, it will suffice to show that s is a left adjoint to g. In other 
words, it suffices to show that if X e Map]sf(g^)(N(a2),Mi) and Y e Mapi,j(g^)(N(a2),M), then g induces a 
homotopy equivalence of Kan complexes 

Hom^,p^^^^^(N(g,),M)(s(^),^) Hom^,p^^^^^(N(g,),Mi)(^.5(>'))- 

But this map is a trivial Kan fibration, since s{X) is a g-initial object of Map]sf(g^)(N(a2), M) by Lemma 
2.3.1. ' □ 

Notation 1.4.16. The category ^3 is defined to be the categorical mapping cylinder of the functor ^2 : 
02 ilin*. More precisely, this category may be described as follows: 

( J3) An object of ^3 is cither an object of iLiun, or an object of 32- 

(J3') Given a pair of objects (m)^, (n)^ S £in*, we have Homg3((m}^, (n)^) = Hom^in, ((m)^, (n)^). 
( J3") Given a pair of objects X, F e 02) we have Homgg (X, Y) = Homg^ {X, Y). 
(J3"') Given a pair of objects X = (J, Jq, (m)^, a) G 02i (^)* G ^-in*, we have 

Homa3(X,(n)J =Homj:i„,(J„(n)J Homg3((n)„ X) = 0. 



By construction, we may regard ^2 as a full subcategory of ^3. The functor "02 : 02 ^ i^in* extends 
canonically to a retraction ip3 : da ^ -C'in* . 

Notation 1.4.17. Let g : ^ N(iLin*) be a Segal monoidal oo-category. We let £2(6) C £2(6) denote 
the essential image of the functor 4'2 ° 4'i '■ £o(C) £2(6)- In other words, £2(6) is the full subcategory of 
MapN(/:in,)(N(32)) C*^) spanned by those functors / € ^{82) which satisfy the following conditions: 

(AO) The composition g' o / coincides with the map ^{32) ^ N(£<in*) induced by V'2- 

(Al) For every morphism a : J* — > in 0oi / carries the associated map 

(a, a) : (J, J, J*, idj,) ^ (J', J', Ji, idj,) 

to a q-coCartesian morphism in 6® (Notation 1.4.5). 

{A2) Let (J, Jo, {n)^,a) be an object of ^25 and let id) : (J, Jq, (n)^, a) {Jq, Jq, {n)^,a) be given by the 
formula 

/?0) = { -r ■ a r 

Then /(/?, id) is a g-coCartesian morphism in (Notation 1.4.13). 



27 



{A3) For every object (J, Jo, {n)^,a) G 82 and every element j E J — Jo, if a^''^ ■ J* {j}* is defined as 
in Notation 1.7.5, then the induced functor P\ : Cf^ — >■ 6^}^ = C carries /(J, Jo, (n)^,a) to an initial 
object of 6 (Lemma 1.4.15). 

(AA) For every morphism a : J* ^ J^ in iLin*, / carries the associated map 

(Q:,id.7j : (J, J,J*, id J.) {J',J',J^,a) 

to a q-coCartesian morphism in (Lemma 1.4.11). 

Lemma 1.4.18. Let A and B be marked simpicial sets (see %T.3.1), and let j : A ^ B be a marked 
equivalence. Let C be an 00-category, and p : B a map of marked simplicial sets. Then the induced 

map q : G/p ^ Q/pj is a categorical equivalence. 

Proof. Choose a marked anodyne map A A', where A' is a fibrant object of Sct^. Now choose a marked 
anodyne map -BUa ^' ^ where B' is fibrant. Let j' : A' ^ B' denote the induced map; since (§et^) is 
left proper, j' is a marked equivalence. The inclusion B B' is marked anodyne, so the map p extends to 
a map p' : B' ^ G^. We have a commutative diagram 




Proposition T. 3. 1.1. 12 implies that the vertical maps arc trivial Kan fibrations. It will therefore suffice to 
show that q' is an equivalence of oc-categories. We now observe that Theorem T. 3. 1.5.1 implies that / is a 
categorical equivalence of the underlying simplicial sets, so that q' is a categorical equivalence by Proposition 
T.1.2.9.3. □ 

Lemma 1.4.19. Let p : Ti G be a functor between 00 -categories. Let Dq C D he the essential image of a 
localization functor L : T) ^ T>, and suppose that for every D gD, p carries the localization map D LD to 
an equivalence in G. Let po = p\Do. Then the induced map q : G/p ^ G /p^^ is a trivial fibration of simplicial 
sets. 

Proof. Since the map g is a right fibration, it will suffice to show that q is a categorical cqiiivalence. Let 
a : id-D — » L be a unit for the adjunction between L and the inclusion Dq C D. Let B be the marked 
simplicial set {D,S), where S is the collection of morphisms / of 2) such that L{f) is an equivalence, and 
let A = Dq C B. Then a determines a homotopy (A^)' x B ^ B from ids to the map L : B ^ A, and 
restricts to a homotopy from id4 to the induced map L\A : A ^ A. It follows that L is a homotopy inverse 
to the inclusion j : ^ C _B, so that j is a marked equivalence. The desired result now follows from Lemma 
1.4.18. □ 

Lemma 1.4.20. Let g : 6® — > N(£in*) be a Segal monoidal 00-category. Assume that the underlying 00- 
category G = C® ^ admits countable coproducts, and that the bifunctor <8) : 6 x 6 — > C preserves countable 

coproducts separately in each variable. Let fo € £2(6)- Then: 
(1) There exists a commutative diagram 



N(a2) 



fo 




N(a3)^^N(i:in,), 



where f is a q-left Kan extension of fo. 



28 



(2) The restriction A = f \ N(£in*) is a Segal algebra object of Q. 

(3) Let C = /o((l), (1), ) € 6. Then the canonical map C — > A{{1)^) and the algebra structure 
on A determine an equivalence 

]JC®"^A((1)J. 

n>0 

Remark 1.4.21. The hypotheses of Lemma 1.4.20 have the following consequence, which we will use 
repeatedly: given a collection of objects Ci, . . . , Cfe € 6, if any Cj is an initial object of C, then the tensor 

product Ci g) . . . ® Cfe is initial. 

Proof. We begin by formulating a more precise version of (1), which will be used to establish (2) and (3). 
First, we need to introduce a bit of notation. Let J be a finite linearly ordered set, and let j be an element 

of J. Let a^''' : J, {j}* be defined as in Notation 1.7.5, and let af'^ : 6® C®^| — C denote the 
associated functor. For each n > 0, we let e^j'"^ denote the object of 32 given by (J, {j}, (r?.)_^,/3), where the 
map P : {n)^ {j}* satisfies = *■ We note that ■i/'2(ei''^) = J*, so there is a canonical map e^'"^ J* 

in 03. In addition to (1), we will need the following characterization of the left Kan extensions of /q: 

(1') Suppose that / e MapN(^i„^)(N(g3), 6®) is such that /o = f\ N(32)- Then / is a q-left Kan extension 
of /o if and only if, for every finite linearly ordered set J and every element j, f exhibits af' /(J*) as 
a coproduct of the objects af '''/(e4''^) in Q. Here n ranges over all nonnegative integers. 

Fix an object J* € £in*, let J denote the category 02 ^Cin^{^^^*)/j,, and let /i denote the composition 

According to Lemma T. 4. 3. 2. 13, assertion (1) is equivalent to the assertion that, for any choice of J*, the 
lifting problem 

Np) — - — *- e® 
r T ^ 

^{7f > N(£in*) 

admits a solution f-^ which is a g-colimit diagram. Choose a g-coCartesian transformation /i f^ covering 
the canonical natural transformation from qo f\ to the constant functor N(3) N(iLin*) taking the value 
J*. Proposition T. 4. 3. 1.9 shows that we can identify g'-colimits of f\ with g-colimits of f^- Combining this 
observation with Proposition T. 4. 3. 1.10, we are reduced to proving the following pair of assertions: 

(a) The diagram /a : N(3) e% admits a colimit : ~> e%. 

(b) Let (5 : J* ^ J;^ be a morphism in £in* and 5\ : Cf^ — *■ Cf, the associated functor. Then Si o f2 : 
N(3)'* — > Cj/ is a colimit diagram. 

Moreover, (1') translates into the following condition: 

(c) Let /2 : N(J)'^ — > be an arbitrary extension of f2- Then /2 is a colimit diagram if and only if, for 
each j e J, aj''^ o f^ exhibits the image of the cone point as a coproduct of the objects (af'' o /2)(e^''') 
in C, where n ranges over all nonnegative integers. 

We will begin with the proofs of (a) and (c), and return later to the proof of (6). Using the fact that 
5 : — > N(£<in*) is a Segal monoidal oo-category, we see that (a) and (c) can be reformulated as follows: 

(a') For each j G J, the map /a = af "^ o /a admits a colimit in C. 
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(c') An arbitrary map : N(J)^ 6 extending /s is a colimit diagram if and only if it exhibits the image 
of the cone point as a coproduct of the objects fzieii^) € C; here n ranges over all nonnegative integers. 

Let us now fix j G J and prove the assertions (a') and (c') . An object of 3 can be identified with a quintuple 
(/, Jo, {n)^, a, a'), where Iq I are linearly ordered sets, (n)^ is an object of £in», and a : (n)^ {lo)* and 
£>:':/*—> J* are morphisms in £in*. Let Jq denote the full subcategory of 3 spanned by those objects for 
which a' is an isomorphism. We observe that the inclusion Jo C J has a left adjoint, given by 

(/,/o, (n)*,Q!,a') 1-^ (J, Jo, (n)^, /Jo a, id), 

where Jq = {j € J : {o:')^^{j} C Iq} and /3 : (/q)* — (Jo)* has the property that = {c(')~^{j} for all 

j £ Jq. It follows that the inclusion N(Jo) C N(J) is cofinal. We therefore obtain the following reformulations 
of (a') and (c'): 

(a") The map /4 = /s] N(Jo) admits a colimit in C. 

(c") An arbitrary extension /4 : N(Jo)'^ — > C of /4 is a colimit diagram if and only if it exhibits the image of 
the cone point as a coproduct of the objects /4(e^''') € C; here n ranges over all nonnegative integers. 

We may identify objects of "Jq with triples (Jo, {n)^,a), where Jq is a subset of J, (n)^ is an object of 
£;in*, and a : (n)^ — > (Jq)* is a morphism in £;in*. Let 3i be the full subcategory of 3o spanned by those 
objects for which j G Jq. Using condition (^3) of Notation 1.4.17, we conclude that if X e Jo and X ^ 3i, 
then f4{X) is an initial object of C. It follows that /4 is a left Kan extension of = /4|N(Ji). Lemma 
T.4.3.2.7 shows that (a") and (c") are equivalent to the following conditions: 

(a'") The map admits a colimit in C. 

(c'") An arbitrary extension : N(Ji)'' ^ 6 of /5 is a colimit diagram if and only if it exhibits the image of 
the cone point as a coproduct of the objects fsie^n'^) G 6; here n ranges over all nonnegative integers. 

Let 32 denote the full subcategory of 3i spanned by those objects (Jo,(n)^,a) where Jq = {j}. We 
observe that the inclusion J2 ^ Ji has a right adjoint, given by 

(Jo,(n)„a)^({j},(n)„a^-^°oa). 

Using condition {A2) of Notation 1.4.17, we observe that /5 carries each counit map {{j}, {n)^.a^''^" o 
a) (Jo, {n)^,a) to an equivalence in 6. Applying (the dual of) Lemma 1.4.19, we obtain the following 
reformulations of (a'") and (c'"): 

(a"") The map /e = /5I N(J2) admits a colimit in C. 

(c"") An arbitrary extension /g : N(J2)'* ^ C of /e is a colimit diagram if and only if it exhibits the image of 
the cone point as a coproduct of the objects /^{e^i'^) e C; here n ranges over all nonnegative integers. 

Let 3s denote the full subcategory of J2 spanned by triples of the form {{j}, (n)^, a), where a : (n)^ {j} 
has the property that a~^{*} = {*}. The inclusion J3 C J2 has a left adjoint, so the induced inclusion 
N(J3) C N(J2) is cofinal. We therefore obtain the following reformulations of (a"") and (c""): 

{a'"") The map /y = /el N(J3) admits a coUmit in 6. 

(c'"") An arbitrary extension : N(!J3)'' ^ 6 of /y is a colimit diagram if and only if it exhibits the image of 
the cone point as a coproduct of the objects /7(e^''') G 6; here n ranges over all nonnegative integers. 
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We now observe that the category 3^ is discrete, and its objects can be identified with nonnegative integers 
n via the bijection n {eji'^ J*). Consequently, assertion (c'"") is a tautology, and (a'"") follows from 
our assumption that the oo-category 6 admits countable coproducts. This completes the proofs of (o) and 
(c). 

We now return to the proof of (6). Using the fact that g : N(£;in*) is a Segal monoidal oo-category, 

we see that (6) is equivalent to the following slightly weaker statement: 

(6') Let /3 : J, ^ (1)^ be a morphism in £;in* and /Ji : C®^ = C the associated functor. Then 

g^ = 5\ o : N(3)^ ^ C is a colimit diagram. 

Noting once again that the inclusion N(Jo) C N(3) is cofinal, we can reformulate (6') as follows: 

(6") The map = gs\N{OoT ^ C is a colimit of 54 = 54I N(Jo). 

The morphism f3 : J^, ^ (1)^ is uniquely determined by the the subset Ji = J — (3'^{*} ^ J- Let J'^ 
denote the full subcategory of Jq spanned by those objects (Jq, {n)^,a) such that Ji C Jq. Using Condition 
{A3) of Notation 1.4.17 and Remark 1.4.21, we deduce that if (Jq, {n)^,a) e Uq does not belong to J'^, then 
g4{Jo, {n)^,a) is an initial object of C. It follows that 54 is a left Kan extension of 55 = g4\ N(j'i). Invoking 
Lemma T.4.3.2.7, we see that (6") is equivalent to: 

{b'") The map g^ =54! N(J^)'^ — > 6 is a coUmit diagram. 

Let J2 denote the full subcategory of O'l spanned by those objects (Jq, {n)^,a) for which Jq = Ji. The 
inclusion ^ '^'i admits a right adjoint V. Moreover, condition (A3) of Notation 1.4.17 guarantees that 95 
carries each of the unit maps V{Ji, {n)^,a) (Jq, {n)^,a) to an equivalence in C. Applying (the dual of) 
Lemma 1.4.19, we deduce that {b'") is equivalent to: 

(6"") The map = ffsl ^(^2)^ ^ 6 is a colimit diagram. 

Finally, let Jg denote the full subcategory of spanned by those objects ( Ji, (n)^, a) for which a~^{*} = 
{*}. The inclusion Jg C j'^ admits a left adjoint, so the induced inclusion C N(!J2) is cofinal. We 

therefore obtain the following final reformulation of {b""): 

{b'"") The map g^ = ^gl N(J3)'^ ^ 6 is a coUmit diagram. 

We now observe that the category 3'^ is discrete. If we let Ji — {jo, ■ ■ ■ ,jk}, then the objects of J3 are in 
bijection with finite sequences of nonnegative integers (no, . . . , rife). The bijection is given by the formula 

(no, . . . , nfc) ( Ji, {no + . . . + rik}, a), 

where a^^{ji} = {m|no + . . . + nj_i < m < no + . . . + n^}. Using conditions {Al) and (A4) of Notation 
1.4.17, we conclude that g-jino, ■ ■ ■ , rik) is canonically isomorphic to the tensor product 

/i(e^°/)®...®/i(e{'=/) 

in the homotopy category hC. On the other hand, the same argument and condition (c) imply that the 
image of the cone point under g^ is equivalent to the tensor product 

no>0 nfc>0 

Condition (&""') now follows from our assumption that the tensor product on 6 preserves countable coprod- 
ucts in each variable. This completes our proof of (6), and therefore also our proofs of (1) and (1'). 
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For the remainder of the proof, we will assiunc that / e MapN(£,i„^-)(N(J3), C ) is a g-left Kan extension 
of /o- Let us prove (2). Wc wish to show that, if a : J* ^ is a morpliism in £in* which induces a bijection 
from a~^J' onto J', then f{a) is a g-coCartesian morphism in C®. Let / be an element of J', and j G J its 
preimage under a. In view of our assumption that g : C® — > N(£)in*) is a Segal monoidal oo-category, it will 
suffice to show that a induces (for every choice of j' G J') an equivalence ai'^ f{Jt,) af ''^ f{J'*)- Invoking 
(1), we see that / induces equivalences 

n>0 n>0 

It will therefore suffice to show that each of the maps a, '■^/o(e^''^) a\ /o(e^''^ ) is an equivalence; this 
follows from {A2) of Notation 1.4.17. 

We now prove (3). Invoking (!'), wc deduce that / exhibits ^((1)^) as a coproduct of the objects 
/o((l), (1), (n)^, a(n)), where a{n) denotes the unique map {n)^ — > (1)^ such that a~^{*} = {*}. The 
functor / induces a commutative diagram 

/o((n), (n), (n)„id) /o((l), (1), (n),, a(n)) 



A{{n),) >A((1)J 

in C*. Condition {Al) of Notation 1.4.17 guarantees that the left vertical map corresponds, under the 
equivalence 6^^^ ~ 6", to the nth power of the map C A((l) J. Let a{n)\ : C^^^ = C be the 

functor induced by a(n). Then the above diagram induces a commutative square 

a(n)!/o((n), (n), (n)„id) /o((l), (1), (l)„a(n)) 



a(n)!^((n)J -^((1>J 

in e. Condition (^4) of Notation 1.4.17 guarantees that the map u is an equivalence. Consequently, the 
map /o((l), (1), (n)^, Q:(n)) — > ^((1)^) can be identified with the composition 

- A((l) ^ J - ^((1) J, 

so that (3) follows from (1'). □ 

Notation 1.4.22. Let C be a monoidal oo-category. We define £3(6) to be the full subcategory of 

MapN(^i,.)(N(a3),e®) 

spanned by those functors / e MapN(^ijj^)(N(33), C^) with the following properties: 

(i) The restriction f\ N{32) belongs to £2(6). 
(ii) The restriction /| N(£in*) belongs to Alg^(e). 
Lemma 1.4.23. Let g : — > N(£in*) be a Segal monoidal oo-category. Then: 

(1) Composition with V'3 : ^3 — ^ Lin^ and the inclusion £in* — > defines a pair of adjoint functors 

MapN(^i„. ) (N(a3), ) ^ MapN(ci„. ) (N(£in, ) , 6® ) . 
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(2) The functors ^4 and 9'^ restrict to a pair of adjoint functors £3(6):^^ Alg^(e) . 

04 

Proof. In view of Proposition T. 4. 3. 2. 17, to prove (1) it will suffice to show that 6'^ is a g-right Kan extension 
functor. In other words, it will suffice to show that if A £ MapN(£,in»)(^('^iii*)) 6*^)) then A' = A o ^3 is 
a q'-right Kan extension of A. Fix an object {J,Jo, {n^^ja) G 32- We observe that £in* ^33{d3)/j has a 
final object, given by J.^, € -Cin*. Consequently, A' is a (/-right Kan extension of A at J if and only if the 
induced map A'{J, Jq, (n)^, a) — > A.'( J*) is q-Cartesian. We now observe that this map is an equivalence by 
construction. 

To prove (2), it will suffice to show that (/)^(£3(e)) C Alg"(e) and 6l^(Alg^(e)) C £3(6). The first inclusion 
is obvious, and the second follows from Remark 1.4.14. □ 

Proof of Theorem 1.4-2. The equivalence of (1) and (2) follows from Proposition T.5.2.4.4. We will prove 
(2). Using Remark 1.7.11, we may assume without loss of generality that the monoidal structure on C is the 
restriction of a Segal monoidal category g : 6® ^ N(£<in»). Let 9 : Alg''(C) 6 denote the forgetful functor. 
Using Proposition 1.7.15, we are reduced to proving the following analogue of (2): 

(2') For every C £ C, there exists a Segal algebra object A' £ Alg*'(C) and a map rj : C ^ ^(^') such that, 
for every B' £ Alg^(e), composition with 77 induces a homotopy equivalence Mapy^igs(g)(A', B') — > 
Mape{C,9{B')). 

Fix an object C £ 6. Using Lemmas 1.4.7, 1.4.11, and 1.4.15, we can choose C £ £2(6) such that 
C((l), (1), (l)^,id(i)^) = C. Using Lemma 1.4.20, we can choose C £ £3(6) which is a g'-left Kan extension 

of C. Let A' = C|N(iLin*), so that C determines a morphism C 9{A') in C. We claim that this 
morphism has the desired property. Let B' be an arbitrary object of Alg'*(C). The canonical map g : 
MapAigs(e)(^'; B') Mape(C, 9{B')) factors as a composition 

Map£^.^(e)(C,S'oV'3) 
Map£^(e)(C, 

Map£^(e)(C|N(ai),S'°^i) 
Map,„(e)(qN(ao),B'oVo) 
Mape(C,^(S'))- 

The maps go, .gi, 52, 33, and are all homotopy equivalences (Lemmas 1.4.7, 1.4.11, 1.4.15, T. 4. 3. 2. 12, and 
1.4.23, respectively). It follows that 5 is a homotopy equivalence, as desired. This completes the proof of 
(2'). Taking A £ Alg(e) to be the composition of A' with the map N(A)°p N(i:in,), we deduce (2). 

The third assertion of Lcnnna 1.4.20 implies that the canonical map IJ„ C®" ^([1]) — ^(^') is an 
equivalence. This (together with observation that free algebras generated by C are uniquely determined 
up to equivalence) proves the "only if" direction of (3). For the converse, suppose given an algebra object 
B £ Alg(C) and a map C ^([1]) which induces an equivalence IJ„ C®" B{\\.\). Since A is freely 
generated by C, there exists a map / : A — > S in Alg(e) and a commutative triangle 



MapAigs(e)(A',B') 



94 
93 

92 

90 
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in e. Consider the induced diagram 



^([1]) 




u„>o Bm- 

Using the two-out-of-thrcc property, we deduce that /' is an equivalence. Corollary 1.5.4 now implies that 
/ is an equivalence, so that B is freely generated by C as desired. □ 

Remark 1.4.24. The proof of Theorem 1.4.2 can be adapted to prove the following analogue of Theorem 
1.4.2: 

(*) Suppose that C is a monoidal (X)-category which admits countable coproducts, and that the tensor 
product <8> : C X e — > 6 preserves countable coproducts separately in each variable. Then the forgetful 
functor 6 : Alg™(C) 6 admits a left adjoint (here Alg™(C) denotes the oo-catcgory of nonunital 
algebra objects of 6; see Definition 2.2.1). Moreover, the composition of with this left adjoint is 
(canonically) identified with the functor C i— > Un>o C"^". 

In fact, assertion (*) is slightly easier to prove that Theorem 1.4.2, since it is possible to avoid the formalism 
of Segal monoidal categories. We leave the details to reader. 



1.5 Limits and Colimits of Algebras 

Let C be a monoidal cx)-category. Our goal in this section is to prove the existence of limits and colimits in 
Alg(C), given suitable assumptions on C. The case of limits is straightforward: our main result is Corollary 
1.5.3, which asserts that limits in Alg(C) can be computed at the level of the imderlying objects of C. 

Colimits in Alg(C) are more complicated. One might naively guess that one can form a colimit of a 
diagram K — > Alg(e) by first forming a colimit of the underlying diagram K ^ G, and then endowing it 
with an algebra structure. However, this obviously fails in some simple cases. For example, if C is the (nerve 
of the) category of sets, equipped with its Cartesian monoidal structure then Alg(e) is (the nerve of) the 
category of associative monoids. In this case, both 6 and Alg(e) admit coproducts, but the forgetful functor 
9 : Alg(C) C does not preserve coproducts: if M and N are monoids, then the disjoint union MY[N does 
not inherit the structure of a monoid. 

Nevertheless, there are some colimits in Alg(C) which can (often) be computed at the level of the under- 
lying objects of C. Namely, we will see that this is true when K is a. sifted simplicial set (Definition S.14.1); 
see Proposition 1.5.10 for a precise statement. 

The construction of general colimits in Alg(C) is more difficult. Using general arguments, we can reduce 
to problem of constructing sifted colimits (which is addressed by Proposition 1.5.10) and the problem of 
constructing coproducts. To handle the latter, we will not proceed directly. Instead, we will use the results 
of §3.4 and §1.4 to resolve arbitrary objects of Alg(C) by free algebras. We can then reduce to the problem 
of constructing coproducts of free algebras, which are easily computed in terms of coproducts in C. 

We now begin our analysis by considering limits in Alg(C). 

Lemma 1.5.1. Let 6*^ and be monoidal structures on oo-categories C and D, respectively, and let 
a : F ^ F' be a morphism in Pun'"^'^(e®, D®). The following are equivalent: 

(1) The transformation a is an equivalence in Fun^''^(e®, D®). 

(2) For every object C G 6, the morphism a{C) is an equivalence in D. 

Proof. The implication (1) (2) is obvious. Conversely, suppose that (2) is satisfied. Let X e C^j; we wish 
to prove that a{X) is an equivalence in Since is a monoidal oo-category, it suffices to show that for 
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< i < n, the image of a{X) under the map D^j D^j 2± D induced by the inclusion [1] ~ {i, i + 1} ^ [n] 
is an equivalence in T>. Since F and F' are lax monoidal functors, this morphism can be identified with 
a{Xi), where Xj is the image of X under the corresponding map C^j C^j ~ 6. The desired result now 
follows immediately from (2). □ 

Proposition 1.5.2. Let C® and be monoidal structures on oo-categories Q and D, respectively, and let 
q:K^ Fun^'^''(e®,D®). Suppose that, for every object C G C, the induced diagram K —^T) admits a limit 
in D. Then: 

(1) The diagram q has a limit in Fun^''''(e®, D®). 

(2) An arbitrary extension q : — > Fun^'''^(C® , D®) ofq is a limit diagram if and only if, for every object 

C e 6, the induced map K"^ T) is a limit diagram. 

Proof. We will prove that there exists a limit diagram q : K'' Fun^''^(e®,D®) satisfying the condition 
of (2). This will prove (1). Moreover, the "only if" direction of (2) will follow from the uniqueness of limit 
diagrams up to equivalence. To prove the "if" direction of (2), suppose that q' : Fun^'^'^(e®, 2)®) is an 

arbitrary extension of q which satisfies the condition of (2). Since g is a limit diagram, we obtain a natural 
transformation a : — > g in Fun^'"(e®,Ii®)/,. It follows from Lemma 1.5.1 that a is an equivalence. 

For every object X G C^j, let qx ■ K ^ D^j be the diagram induced by q. We observe that if X 
corresponds to a sequence of objects (Ci, . . . ,C„) under the equivalence ~ 6", then qx has a limit, 
which projects under the equivalence D®j ~ D" to a collection of limits for the diagrams {qci}i<i<n- 
Applying Proposition T. 5. 1.2. 2, wc conclude that q admits a limit in the oc-category Mapj^j-^joj, (C^, CD®), 

and that the limit of q belongs to Fun'^^^(C®, D®). It is readily verified that this limit has the desired 
properties. □ 

Corollary 1.5.3. Let K be an oo-category equipped with a monoidal structure, let 9 : Alg(D) — > D 6e the 
forgetful functor, and let q: K ^ Alg(2)) be a diagram. Suppose that 6 oq has a limit in D. Then: 

(1) The diagram has a limit in Alg(2)). 

(2) An arbitrary extension q : K"^ Alg(2)) is a limit diagram if and only if 6 oq is a limit diagram. 
Proof Apply Proposition 1.5.2 in the case where C® = N(A)°p. □ 

Corollary 1.5.4. Let 6 be an oo-category equipped with a monoidal structure. Then the forgetful functor 

9 : Alg(C) —> C is conservative. In other words, a morphism f : A ^ A' of algebra objects of C is an 
equivalence in Alg(C) if and only if 9{f) is an equivalence in C. 

Corollary 1.5.5. Let C be a monoidal oo-category, and suppose that C admits a final object. Then: 

(1) The oo-category Alg(e) admits a final object. 

(2) An object A G Alg(e) is final if and only if its image in C is final. 

In other words, if C is a monoidal cxo-category which admits a final object U, then U can be promoted 
(in an essentially unique way) to an algebra object of C. 

Remark 1.5.6. Let 6 be a monoidal oo-category which admits a final object. Corollary 1.5.5 has the 
following analogue for nonunital algebras, which can be proven using a similar argument (see §2.2 for an 
explanation of the notation): 

(1) The oo-category Alg'^"(e) admits a final object. 

(2) An object A G Alg""(e) is final if and only if its image in 6 is final. 
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Definition 1.5.7. Let K he a, simplicial set, and let C be an (X)-category which admits ii'-indexed colimits. 
We will say that a monoidal structure on C is compatible with K-indexed colimits if, for every object C G C, 
the functors 

• (g)C:e^e C(g)«:e^e 

preserve ii'-indexed colimits. 

In the case where K is sifted (see Definition S.14.1), Definition 1.5.7 admits a convenient reformulation. 

Lemma 1.5.8. Let K be a sifted simplicial set, and let C® — > N(A)°^' be a monoidal oo-category which is 
cow.patihle with K-indexed colimits. For each morphism f : [m] — > [n] in N(A)°'', the associated functor 

9 : C®jj Cp^j preserves K-indexed colimits. 

Proof. Let k be the largest element of the set {f{i + 1) — f{i)}o<i<m', we will work by induction on k. Let 
C = C®j. Using the equivalence C^j ~ C™, we can reduce to the case m = 1. Similarly, we may reduce to 
the case where the map / : [1] — > [n] preserves initial and final objects. If n > 2, then we can factor / as 

a composition [1] — > [2] [n], and the desired result holds for /' and /" by the inductive hypothesis. We 
may therefore suppose that n < 2. If n = 1, then 9 is an equivalence and there is nothing to prove. If n = 0, 
then 9 is equivalent to a constant map; the desired result then follows from Corollary T. 4. 4. 4. 10, since K is 
weakly contractible. When n = 2, we apply Proposition S.14.5. □ 

Lemma 1.5.9. Let p : X ^ S be a coCartesian fibration of simplicial sets, and let K be an arbitrary 
simplicial set. Suppose that: 

{i) For each vertex s of S, the fiber Xg admits K-indexed colimits. 

{a) For each edge s ^ s' of S, the associated functor Xg Xgi preserves K-indexed colimits. 
Then: 

(1) Every diagram K — > Mapg(6', X) admits a colimit. 

(2) An arbitrary map K^ — > Map5(5', X) is a colimit diagram if and only, for each s & S, the associated 
map K^ Xg is a colimit diagram. 

Proof. Combine Proposition T. 4. 3. 1.10 with (the dual of) Lemma 2.3.1. 

□ 

Proposition 1.5.10. Let and be monoidal structures on oo-categories G and D, respectively. Let K 
be a sifted simplicial set. Suppose that D admits K-indexed colimits, and that the monoidal structure on D 
is compatible with K-indexed colimits. Then: 

(1) The oo-category Mii.p-^(^^^op{G'^\T>"^') admits K-indexed colimits. 

(2) The full subcategories 

Fun^°"(e®,D®) C FunL""(e®,D®) C MapN(A)-(e®, D®) 
are stable under K-indexed colimits. 

(3) The forgetful functor 9 : Fun^''''(e®, D®) Fun(e,'D) detects K-indexed colimits. More precisely, a 
map q : K" Fun'^'''^(C®, D®) is a colimit diagram if and only if 9 oq is a colimit diagram. 
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Proof. Assertions (1), (2), and the "only if" part of (3) follow immediately from Lemmas 1.5.8 and 1.5.9. To 
prove the "if" direction of (3), let us suppose that q : — > Fun^'^''(e®, D®) is is such that Ooqis a. colimit 
diagram. We wish to prove that g is a colimit diagram. In view of (2) and Lemma 1.5.9, it will suffice to 
show that for each object X e C^j , the induced map Qx ■ — > is a colimit diagram. In view of the 

equivalence Df, — > D", it will suffice to show that each of the composite maps 

if > !^ ~ ^ D 

is a colimit diagram. Since the values assumed by q are lax monoidal functors, these compositions can be 
identified with D, where X corresponds to (Xi, . . . , Xn) £ C" under the equivalence C^j ~ 6". □ 

Corollary 1.5.11. Let K be a sifted simplicial set, let D be an oo-category which admits K-indexed colimits, 
and let — > N(A)°^ be a monoidal structure on T) which is compatible with K-indexed colimits. Then: 

(1) The oo-category Alg(D) admits K-indexed colimits. 

(2) The forgetful functor 6 : Alg(D) — > D detects K-indexed colimits. More precisely, a map q : K" — > 
Alg(!D) is a colimit diagram if and only if 6 oq is a colimit diagram. 

Proof Apply Proposition 1.5.10 in the case 6® = N(A)°f . □ 

Let us now turn to the problem of constructing general colimits in Alg(e). In view of Corollary T. 4. 2. 3. 11 
and Lemma S.16.8, arbitrary colimits in Alg(C) can be built out of filtered colimits, geometric realizations, 
and finite coproducts. The cases of filtered colimits and geometric realizations are addressed by Corollary 
1.5.11 (in view of Examples S.14.3 and S.14.4). It will therefore sufice construct finite coproducts in Alg(e). 

Proposition 1.5.12. Let k be an uncountable regular cardinal. Let C be an oo-category which admits K-small 
colimits, endowed with a monoidal structure which is compatible with K-small colimits. Then: 

(1) The forgetful functor 6 : Alg(e) 6 has a left adjoint tp. 

(2) For every object A G Alg(e), there exists a simplicial object A, o/ Alg(e) having A as a colimit, such 
that each An belongs to the essential image ofip. 

(3) The oo-category Alg(e) admits K-small colimits. 

Proof. Part (1) was established as Proposition 1.4.2, and (2) follows from Corollary 1.5.11 and Proposition 
3.4.9. We now prove (3). Since Alg(C) admits K-small sifted colimits (Corollary 1.5.11), it will suffice to 
show that Alg(C) admits K-small coproducts (in fact, it suffices to treat the case oi finite coproducts, but we 
will not need this). Choose a K-small collection {A^}i3^b of objects of Alg(C). We wish to show that there 
exists a coproduct for this collection in Alg(C). Let ip : C ^ Alg(C) be a left adjoint to the inclusion functor. 
Let us say that an object of Alg(C) is free if it belongs to the essential image of tp. Since tp preserves all 
colimits which exist in C (Proposition T.5.2.3.5), the coproduct of the collection {A^y^^B exists whenever 
each A^ is free. 

We now treat the general case. According to (2), each A^ can be obtained as the geometric realization 
of a simplicial object A^ of Alg(e), where each A^ is free. Let p : LJ/3eB N(A)°p Alg(e) be the result of 
amalgamating all of these simplicial objects. We can now apply the methods of §T.4.2.3 to decompose the 

diagram p in two different ways: 

(i) Since each summand of p has the object A^^ as a colimit, we can identify colimits of p with coproducts 
of the family {A^}p^B- 
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{a) For each object [n] G A, let p[„] denote the restriction of p to U,3eB(^(^)°'')/H' P[n] ^® 

restriction of p to U^gsiM}- Since the inclusion 

[]{[n]}C [](N(Ar)/[„] 

is cofinal, we can identify colimits of with colimits of p'^^^ , which are coproducts of the family 
{A^},3gB. The coproducts An — ]Jpi=B exist since each is free. Using the methods of §T.4.2.3, 
we can organize the coproducts An into a simplicial object A, , such that colimits of p can be identified 
with colimits of A,. 

We now observe that the simplicial object A, of Alg(e) has a colimit in Alg(e), by virtue of Corollary 
1.5.11. □ 

Corollary 1.5.13. Let 6 be an oo-category which admits small colimits, and suppose that C is endowed with 
a monoidal structure which is compatible with small colimits. Then Alg(e) admits small colimits. 

We now treat the question of whether or not Alg(e) is a presentable oo-category. 

Lemma 1.5.14. Let ^ N(A)°^' be a monoidal structure on an oo-category C = C®j. The following 

conditions are equivalent: 

(1) The oo-category Q is accessible, and the monoidal structure on 6 is compatible with K-filtered colimits 
for all sufficiently large k. 

(2) Each fiber ofp is accessible, and for every morphism [m] [n] in A, the associated functor —>■ C^j 
is accessible. 

Proof. Suppose first that (2) is satisfied. We deduce immediately that 6 is accessible, and that the tensor 
product (g) : 6 X C ~ C^j ^ C is an accessible functor. It now suffices to observe that for each C G C, the 
inclusion {CjxecexCis also an accessible functor. 

Now suppose that (1) holds. Each fiber e®j is equivalent to an n-fold product of copies of C, and is 
therefore accessible. Now choose a morphism [m] [n] in A; we wish to show that the associated functor 
C^jj C^j is accessible. Using the equivalences C^^^j ~ 6™ and C^j ~ C", we reduce easily to the case 

where m = 1 and the map [to] — > [n] preserves initial and final elements. The functor C^j C^j can be 
identified with an iterated tensor product 

: ex . . . X e ^ e . 

If n = then this functor is constant, if n = 1 it is equivalent to the identity, and if n = 2 it is accessible in 
view of our assumption. For n > 2, we can use the associativity of (g) to reduce to the case n = 2. □ 

Proposition 1.5.15. Let G be a monoidal oo-category. Then: 

(1) //C is accessible and the monoidal structure on 6 is compatible with k- filtered colimits, for k sufficiently 
large, then Alg(e) is an accessible oo-category. 

(2) If e is a presentable oo-category and the monoidal structure on C is compatible with small colimits, 
then Alg(e) is a presentable oo-category. 

Proof. Assertion (1) follows from Lemma 1.5.14 and Proposition T. 5. 4. 7. 11. To prove (2), we combine (1) 
with Corollary 1.5.13. □ 
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1.6 Monoidal Model Categories 



Let C be an cx)-category. In Example 1.1.5, we saw that if C is the nerve of a monoidal category, then C 
inherits the structure of a monoidal oo-category. Our goal in this section is to obtain some generalizations 
of this result. We will be principally interested in the case where C = N(A°) is the oo-category underlying 
a simplicial model category A. We will show that if A admits a monoidal structure which is suitably 
compatible with its simplicial and model structures (Definition 1.6.4), then C again inherits the structure of 
a monoidal oo-category. Moreover, there is a close relationship between the oo-catcgory of algebra objects 
Alg(e) and the ordinary category of (strictly associative) algebras in A: see Theorem 1.6.16. 

Definition 1.6.1. Let C be simplicial category. We will say that a monoidal structure on C is weakly 
compatible with the simplicial structure on C provided that the operation g) : C x 6 ^ 6 is endowed with the 
structure of a simplicial functor, which is compatible with associativity and unit transformations. 

We will say that a closed monoidal structure on C is compatible with the simplicial structure on 6 if it is 
weakly compatible and for every triple of objects A,B,C G 6, the natural maps 

Map{B, A7) ^ Map(A B, C) ^ Map(A, C^) 

are isomorphisms of simplicial sets (see §T.A.1.3). 

Remeirk 1.6.2. The compatibility of Definition 1.6.1 is not merely a condition, but additional data which 
must be supplied. However, in practice the simplicial structure on the functor tends to be clear in practice. 

Let C be a simplicial category equipped with a weakly compatible monoidal structure, and let C® the 
category described in Definition 1.1.1. Then 6® is naturally endowed with the structure of a simplicial 
category, where we define the simplicial mapping space Mapg» ([Ci, . . . , C„], [C(, . . . , C^]) to be the disjoint 
union 

]l Yl Mape(Cj(i_i)+i0...0C/(i),q) 

/:[m]^[n] l<i<m 

Proposition 1.6.3. Let C be a fibrant simplicial category with a weakly compatible monoidal structure, and 
let be the simplicial category constructed above. Then the induced mapp : N(e'^) — > N{A)°p is a monoidal 
structure on the oo-category N(e). 

Proof. We first show that p is a coCartcsian fibration. It is obviously an inner fibration, since N(C'^) is an 
oo-category and N(A)°^ is the nerve of an ordinary category. Choose an object [Ci, . . . , C„] G and a 
morphism / : [m] [n] in A. Then there exists a morphism / : [Ci, . . . , C„] [C(, . . . , C^] in N(C®) 
which covers /, where C'^ ~ C/(j_i)_|_i (g) . . . C/(j). It follows immediately from Proposition T. 2. 3. 1.10 
that / is p-coCartesian. We conclude the proof by observing that the fiber N(e®)[„] is isomorphic to 
N(C)", and the projection onto the ith factor can be identified with the functor induced by the inclusion 
[1] ~ {i- l,i} C [n]. □ 

In practice, the hypotheses of Proposition 1.6.3 arc often too strong. Suppose, for example, that A is 
a simplicial model category, and let A° be the full (simplicial) subcategory of A spanned by the fibrant- 
cofibrant objects. Then A° is a fibrant simplicial category, and we refer to the simplicial nerve N(A°) as the 
underlying oo-category of A. A monoidal structure on A need not restrict to a monoidal structure on A°, 
even if it is compatible with the model structure of A (see Definition 1.6.4 below). Nevertheless, we can use 
a variant of Proposition 1.6.3 to endow N(A°) with the structure of a monoidal oo-category. 

Definition 1.6.4. Let A be a simplicial model category. We will say that a monoidal structure on 
A is compatible with the simplicial model structure if it is compatible with the simplicial structure on A 
(Definition 1.6.1) and satisfies the following conditions: 
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(1) For every pair of cofibrations i : A ^ A' , j : B ^ B' in A, the induced map 

k:{A^B') ]J {A' ®B)^A'®B' 

A0B 

is a cofibration. Moreover, if either i or j is a weak equivalence, then fc is a weak equivalence. 

(2) The unit object 1 of A is cofibrant. 

(3) The monoidal structure on A is closed. 

Proposition 1.6.5. Let A be a simplicial model category with a compatible monoidal structure, let A® be 
defined as in Definition 1.1.1, endowed with the simplicial structure considered in Proposition 1.6.3. Let 
A° be the full subcategory of A .spanned by the fibrant- cofibrant objects, and let A®'° be the full subcategory 
of A® spanned by those objects [Ci,...,C„] such that each Ci belongs to A° . Then the natural map p : 
N(A'^'°) N(A)°P determines a monoidal structure on the oo-category N(A°). 

Proof. Our first step is to prove that N(A®'°) is an oo-category. To prove this, it will suffice to show that 
A®'° is a fibrant simplicial category. Let [Ci, . . . , C„] and [C'l,. . . , C^] be objects of A®'°. Then 

is a disjoint union of products of simplicial sets of the form Map^ (Cj (8) • ■ . (8> Cj , C^). Each of these simplicial 
sets is a Kan complex, since Q (g) . . . Cj is cofibrant and is fibrant. 

Since p is a map from an oo-category to the nerve of an ordinary category, it is automatically an inner 
fibration. We next claim that p is a coCartesian fibration. Let [Ci, . . . ,C„] be an object of A®'°, and let 
f : [m] ^ [n] be a map in A. For each 1 < i < m, choose a trivial cofibration 

rji : C/(i_i)+i . . . (g) C/(i) 

where C' is a fibrant object of A. Together these determine a map / : [Ci,...,C„] [C{,...,C'„] in 
N(A®'°). We claim that / is j3-coCartesian. In view of Proposition T. 2. 3. 1.10, it will suffice to show that 
for every morphism g : [k] ^ [m] in A and every [C[', . . . , C'^] G A®'°, the induced map 

MapA«([C;, . . . , C'J, [Cf , . . . , C^']) XHom.([fc],H) {g} - MapA«([<^i, • • • , C^], [Cf , . . . , C^']) 

determines a homotopy equivalence onto the summand of Map^® ([Ci, . . . , C„], [C", . . . , C^']) spanned by 
those morphisms which cover the map h = fog : [k] — > [n]. Unwinding the definitions, it will suffice to prove 
that for 1 <i < k, the induced map 

MapA(C;(._i)+i ® . . . ® C'g^ipCl') ^ MapA(C;,(i_i)+i C^(,), C^') 

is a homotopy equivalence of Kan complexes. For this, we need only show that the map 

77 : C;,(i_i)+i ® . . . (g) Ch(i) C^(i_i)+i (g) . . . (g) C^(i) 

is a weak equivalence. This follows from the observation that rj can be identified with the tensor product of 
the maps {Vj}g{i-i)<j<g{i)i each of which is a weak equivalence between cofibrant objects. 

We now conclude the proof by observing that the fiber N(A®'°)[„] is isomorphic to an n-fold product of 
N(A°) with itself, and that the projection onto the jth factor can be identified with the functor associated 
to the inclusion [1] ~ {j — 1, j} C [n]. □ 

Example 1.6.6. Let A be a simplicial model category. Suppose that the Cartesian monoidal structure on 
A is compatible with the model structure (in other words, that the final object of A is cofibrant, and that for 
any pair of cofibrations i : A ^ A' , j : B B' , the induced map i A j : {A x B') ]\j^.,^g{A' x B) ^ A' x B' 
is a cofibration, trivial if cither i or j is trivial). Then there is a canonical map of simplicial categories 
: A® A, given on objects by the formula 0{[Ai, . . . , An]) = Ai x . . . x An. Since the collection of 
fibrant-cofibrant objects of A is stable under finite products, 9 induces a map A®'° A°. It follows that 
N(A®'°) N(A)°J' induces the Cartesian monoidal structure on the oo-category N(A°). 
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Definition 1.6.7. Let 6 be a monoidal oo-category. We will say that 6 is left dosed if, for each C € C, the 
functor D ^ C ® D admits a right adjoint. Similarly, we will say that 6 is right closed if, for each C € C, 
the functor D ^ D ®C admits a right adjoint. We will say that C is dosed if it is both left closed and right 
closed. 

Remark 1.6.8. In view of Proposition T. 5. 2. 2. 12, the condition that a monoidal cxo-category 6 be closed can 

be checked at the level of the (J{-cnriched) homotopy category of C, with its induced monoidal structure. 
More precisely, C is right dosed if and only if, for every pair of objects C, Z? G C, there exists another 
object D'-^ and a map D'~^ ® C ^ D with the following universal property: for every E € Q, the induced 
map Mapt^{E, D'^') Map(_E (g) C,D) is a homotopy equivalence. In this case, the construction D i— » D'-^ 
determines a right adjoint to the functor E ^-^ E ® C . 

Remark 1.6.9. Let A be a monoidal model category equipped with a compatible simplicial structure, and 
let C be a cofibrant object of A. Then the construction D i— > C g) Z) determines a left Quillen functor 
/c : A ^ A. Suppose that C is also fibrant, so that C can be identified with an object of the imdcrlying 
oo-category N(A°). Then tensor product with C also induces a functor Lfc from N(A°) to itself. The proof 
of Proposition 1.6.5 shows that Lfc can be identified with a left derived functor of fc- In particular, Lfc 
admits a right adjoint. It follows that the monoidal oo-category N(A°) is left closed in the sense of Definition 
1.6.7 (the same argument shows that N(A°) is also right closed). In particular, the functor Lfc preserves 
all colimits which exist in N(A°). 

Let 6 be a monoidal category. An algebra object of C is an object A G C equipped with maps 

A, A® A 

which satisfy the usual unit and associativity axioms. The collection of algebra objects of C can be organized 
into a category which we will denote by Alg(C). 

Suppose now that C is a monoidal category equipped with a compatible simplicial structure. Then Alg(C) 
inherits the structure of a simpHcial category, where we let MapAig(e)(^) B) C Mape(^, B) be the simplicial 
subset described by the following property: a map K — > Mape(A, B) factors through MapAig(e)(^, B) if and 
only if the diagrams 

A° X ^ Mape(l, A) x Mape(A,-B) 



AO ^ Mape(l, B) 

K X K s-Mape(A,-B) x Mape(A,-B) > Mapg (vl (8) A, B B) 




A° X ^ Mape(A ® A,A)y. Mape(A, B) s- Mape(A ® A, B) 

commute. The simplicial nerve of Alg(e) is typically not equivalent to the category of algebra objects of 
N(e), where N(e) is endowed with the monoidal structure of Proposition 1.6.3. In fact, Alg(e) need not be 
a fibrant simplicial category, even when C is itself fibrant. However, in the case where 6 is a monoidal model 
category we can often remedy the situation by passing to a suitable subcategory of Alg(C). 

In the arguments which follow, we will need to invoke the following hypothesis (formulated originally by 
Schwede and Shipley; see [32]): 

Definition 1.6.10 (Monoid Axiom). Let A be a combinatorial symmetric monoidal model category. Let U 
be the collection of all morphisms of A having the form 
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where / is a trivial cofibration, and let U denote the saturated class of morphisms generated by U (Definition 
T.A.I. 2. 2). We will say that A salsifies the monoid axiom if every morphism of f/ is a weak equivalence in 
A. 

Remark 1.6.11. Let A be a combinatorial symmetric monoidal model category in which every object is 
cofibrant, and let U and U bo as in Definition 1.6.10. Then every morphism belonging to C/ is a trivial 
cofibration. Since the collection of trivial cofibrations in A is saturated, we conclude that A satisfies the 
monoid axiom. 

Notation 1.6.12. Let f : X ^ X' and g : Y ^ Y' he morphisms in a monoidal category A which admits 
pushouts. We define the pushout product of i and j to be the induced map 

fg:{X® Y') \[ {X' ®Y) ^ X' ® Y' . 

The operation A endows the category Fun([l],A) with a monoidal structure, which is symmetric if the 
monoidal structure on A is symmetric. 

Lemma 1.6.13. Let A he a combinatorial symmetric monoidal model category which satisfies the monoid 

axiom, and let U be as in Definition 1.6.10. Then: 

(1) If f : X ^ X' belongs to U and Y is an object of A, then f (g) id-^ : X ^Y ^ X' 0Y belongs to U. 

(2) Iff,gGU, thenfAg€U. 

Proof. To prove (1), let S denote the collection of all morphisms / in A such that / ® idy belongs to U. It 
is easy to see that S is saturated. It will therefore suffice to show that U C S, which is obvious. 

To prove (2), wc use the same argiimcnt. Fix g, and let 5" bo the set of all morphisms / G A such 
that f A g belongs to U. Wc wish to prove that U C S' . Since S" is saturated, it will suffice to show that 
U C S'. In other words, wc may assume that / is of the form /o (8> id^, where /o is a trivial cofibration in 
A. Similarly, we may assume that g = go^ids- Then f Ag = (/o A50) ^ (id^igis), which belongs to U since 
fo A (70 is a trivial cofibration in A. □ 

Proposition 1.6.14. [Schwede- Shipley] Let A he a combinatorial monoidal model category. Assume that 
either every object of A is cofibrant, or that A is a symmetric monoidal model category which satisfies the 
monoid axiom. Then: 

(1) The category Alg(A) admits a combinatorial model structure, where: 

(W) A morphism f : A ^ B of algebra objects of A is a weak equivalence if it is a weak equivalence 
when regarded as a morphism in A. 

(F) A morphism f : A ^ B of algebra objects of A is a fibration if it is a fibration when regarded as 

a morphism in A. 

(2) The forgetful functor 9 : Alg(A) — * A is o right Quillen functor. 

(3) If A is equipped with a compatible simplicial structure, then Alg(A) inherits the structure of a simplicial 
model category. 

Proof. We first observe that the category Alg(A) is presentable (this follows, for example, from Proposition 
1.5.15). Recall that a collection S of morphisms in a presentable category 6 is saturated if it is stable under 
pushouts, retracts, and transfinite composition (see Definition T.A.I. 2. 2); we will say that S is generated by 
a subset C S* if 5 is the smallest saturated collection of morphisms containing Sq. 

Since C is combinatorial, there exists a (small) collection of morphisms I = {ia. : C C'} which generates 
the class of cofibrations in A, and a (small) collection of morphisms J = {ja : D ^ D'} which generates the 
class of trivial cofibrations in A. 
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Let F : A ^ Alg(A) be a left adjoint to the forgetful functor. Let F{I) be the saturated class of 
morphisms in Alg(A) generated by {F{i) :?€/}, and let F{J) be defined similarly. Unwinding the 
definitions, we see that a morphism in Alg(A) is a trivial fibration if and only if it has the right lifting 
property with respect to F{i), for every i £ I. Invoking the small object argument, we deduce that every 

morphism f : A ^ C in Alg(A) admits a factorization A ^ B ^ C where /' e F{I) and /" is a trivial 
fibration. Similarly, we can find an analogous factorization where /' G F[J) and /" is a fibration. 

Using a standard argument, we may reduce the proof of (1) to the problem of showing that every 
morphism belonging to F{J) is a weak equivalence in Alg(A). If A is symmetric and satisfies the monoid 
axiom, then let U be as in Definition 1.6.10; otherwise let U be the collection of all trivial cofibrations in 
A. Let S be the collection of all morphisms in Alg(A) such that the induced map in A belongs to U. Then 
S is saturated, and every clement of S* is a weak equivalence. To complete the proof, it will sufice to show 
that F{J) C S. In other words, we must prove: 

(*) Let 

F{C) F{C') 



be a pushout diagram in Alg(A). If i is a trivial cofibration in A, then f G S. 

Let be an initial object of A, and let j : ^ ^ A be the unique morphism. We now observe that A' can 
be obtained as the direct limit of a sequence 

A = a A^'^^ ^ ... 

of objects of A, where each /„ is a pushout of j Ai Aj A . . . Ai Aj; here the factor i appears n times. If every 
object of A is cofibrant, then we conclude that /„ is a trivial cofibration using the definition of a monoidal 
model category. If the monoidal structure on A is symmetric and satisfies the monoid axiom, then repeated 
application of Lemma 1.6.13 shows that /„ G U. Since U is saturated, it follows that f G S as desired. This 
completes the proof of (1). 

Assertion (2) is obvious. To prove (3), we observe both A and Alg(A) are cotensored over simplicial 
sets, and that we have canonical isomorphisms 9{A^) ~ 9{A)^ for A G Alg(A), K G SetA- To prove that 
Alg(A) is a simplicial model category, it will suffice to show that Alg(A) is tensored over simplicial sets, 
and that given a fibration i : A A' in Alg(A) and a cofibration j : K ^ K' in SetA, the induced map 
A^ A^ Xj^iK A'^ is a fibration, trivial if either i or j is a fibration. The second claim follows from the 
fact that 6 detects fibrations and trivial fibrations. For the first, it suffices to prove that for K G SetA, the 
functor A i— > A^ has a left adjoint; this follows from the adjoint functor theorem. □ 

We now come to the main result of this section, which assorts that if A is a simplicial model category 
with a compatible monoidal structure, then every algebra object of the oo-category N(A°) is equivalent to 
a strictly associative algebra object in A. This is a kind of "straightening theorem" which we will use in §4 
to compare our approach to the theory of Aoo-rings with more classical definitions. 

Lemma 1.6.15. Let A be a combinatorial monoidal model category with a compatible simplicial structure, 
and let G be a small category such that N(C) is sifted (Definition S.14-1)- Assume either that every object of 

A is cofibrant, or that A satisfies the following pair of conditions: 

(A) The m,onoidal structure on A is symmetric, and A satisfies the monoid axiom. 

(B) The class of cofibrations in A is generated by cofibrations between cofibrant objects (this is automatic 
if every object of A is cofibrant). 
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Then the forgetful functor N(Alg(A)°) N(A°) preserves N{G) -indexed colimits. 

Proof. In view of Theorem T. 4. 2. 4.1 and Proposition T. A. 3. 6.1, it will suffice to prove that the forgetful 
functor 9 : Alg(A) A preserves homotopy colimits indexed by 6. Let us regard Alg(A)'^ and A'^ as 
endowed with the projective model structure (see §T.A.3.3). Let F : A*^ A and FAig : Alg(A)'^ Alg(A) 
be colimit functors, and let 9'^ : Alg(A)'^ A*^ bo given by composition with 9. Since N(C) is sifted, there 
is a canonical isomorphism of functors a : F o 9'^ ^ 9oFA\g- We wish to prove that this isomorphism persists 
after deriving all of the relevant functors. Since 9 and 9'^ preserve weak cqiii valences, they can be identified 
with their right derived functors. Let LF and if Aig be the left derived functors of F and -FXig i respectively. 
Then a induces a natural transformation a : LFo9^ 9oLFAig', we wish to show that a is an isomorphism. 
Let A : C ^ Alg(A) be a strongly cofibrant object of Alg(A)'^; we must show that the natural map 

LF{9^{A)) ^ 9{LFm,{A)) 9{Fm,{A)) F{9^{A)) 

is a weak equivalence in A. 

Let us say that an object X G A*^ is good if each of the objects X{C) £ A is cofibrant, the object 
F{X) G A is cofibrant, and the natural map LF{X) F{X) is a weak equivalence in A: in other words, if 
the colimit of X is also a homotopy colimit of X. To complete the proof, it will suffice to show that 9'^{A) is 
good, whenever A is a strongly cofibrant object of Alg(A)'^. This is not obvious, since 9*^ is a right Quillen 
functor and does not preserve strongly cofibrant objects in general (note that we have not yet used the full 
strength of our assumption that N(C) is sifted). To continue the proof, we will need a relative version of the 
preceding condition. We will say that a morphism f : X ^ Y in A'^ is good if the following conditions are 
satisfied: 

(i) The objects X,Y e. A^ are good. 

(a) For each C e C, the induced map X(C) y{C) is a cofibration in A. 

(iii) The map F{X) F{Y) is a cofibration in A. 
We now make the following observations: 

(1) The collection of good morphisms is stable under transfinite composition. More precisely, suppose 
given an ordinal a and a direct system of objects {X'^}^<q of A^. Suppose further that for every 
< /? < a, the map lim{X^}-y</3 — > X^^ is good. Then the induced map X^ lim{X^}/3<Q is good. 
The only nontrivial point is to verify that the object X — lim{X^}p^a is good. For this, we observe 
X is a homotopy colimit of the system {X^} (in virtue of (ii)), while F{X) is a homotopy colimit of 
the system {F{X^)} (in virtue of (Hi)), and that the collection of homotopy colimit diagrams is stable 
under homotopy colimits. 

(2) Suppose given a pushout diagram 

X—^Y 

X'— 

in A^. If / is good and X' is good, then /' is good. Once again, the only nontrivial point is to show 
that Y' is good. To see this, wc observe that our hypotheses imply that Y' is homotopy pushout of 
Y with X' over X. Similarly, F{Y') is a homotopy pushout of F{Y) with F{X') over F{X). We 
now invoke once again the fact that the class of homotopy colimit diagrams is stable under homotopy 
colimits. 

(3) Let F : C ^ A be a constant functor whose value is a cofibrant object of A. Then F is good. This 
follows from the fact that N(e) is weakly contractible (Proposition S.14.6). 
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(4) Every strongly cofibrant object of A*^ is good. Every strong cofibration between strongly cofibrant 

objects of A'^ is good. 

(5) If X and Y are good objects of A^, then X ®Y \s good. To prove this, we first observe that the 
collection of cofibrant objects of A is stable under tensor products. Because N(e) is sifted, we have a 
chain of isomorphisms in hA: 

LF{X y) ~ LF{X) LF{Y) ~ F{X) F{Y) ~ F{X Y). 

(6) Let f : X ^ X' he a good morphism in A*^, and let F be a good object of A'^. Then the morphism 
/0id-K is good. Condition [i) follows from (5), condition {ii) follows from the fact that tensoring with 

each Y{C) preserves cofibrations (since Y{C) is cofibrant), and condition {iii) follows by applying the 
same argument to F{Y) (and invoking the fact that F commutes with tensor products). 

(7) Let f : X ^ X' and g : Y ^ Y' he good morphisms in A"^. Then 

/ A 5 : (X y ) ]J (X' y) ^ X' y 

is good. Condition (ii) follows immediately from the fact that A is a monoidal model category. 
Condition (iii) follows from the same argument, together with the observation that F commutes with 
pushouts and tensor products. Condition (i) follows by combining (5), (6), and (2). 

We observe that our assumption (B) (which is a consequence of the assumption that every object of A 

is cofibrant) implies an analogous result for A*^: 

{B') The collection of all strong cofibrations in A'^ is generated by strong cofibrations between strongly 
cofibrant objects. 

Let T : — *■ Alg(A)^ be a left adjoint to 6'^. Using the small object argument and {B'), we conclude 
that for every strongly cofibrant object A £ Alg(A)^ there exists a transfinite sequence {A^}0<a in Alg(A)'^ 
with the following properties: 

(a) The object A° is initial in Alg(A)^. 

(6) The object A is a retract of A°'. 

(c) If A < a is a limit ordinal, then A'^ ~ colim{A'^}^<A. 

(d) For each l3 < a, there is a pushout diagram 

T(f) 

T{X')—^T{X) 



AP A^+i 

where / is a strong cofibration between strongly cofibrant objects of A*^ . 

We wish to prove that 9'^ [A) is good. In view of (6), it will suffice to show that 6'^{A'^) is good. We 
will prove a more general assertion: for every 7 < /? < a, the induced morphism u^^/j : 9^{A'^) — > 9'^{A^^) is 
good. The proof is by induction on /3. If /3 = 0, then we are reduced to proving that 6'^{A^) is good. This 
follows from (a) and (3). If /3 is a nonzero limit ordinal, then the desired result follows from (c) and (1). It 
therefore suffices to treat the case where /3 = /3' + 1 is a successor ordinal. Moreover, we may suppose that 
7 = /3': if 7 < /?', then we observe that u^^jj = u^i^p o u^^p' and invoke (1), while if 7 > then 7 = /3 and 
we are reduced to proving that 9'^{A'-^) is good, which follows from the assertion that w^'^^ is good. We are 
now reduced to proving the following: 
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(*) Let 



T(f) 

T{X') T{X) 



B' 

be a pushout diagram in Alg(A)^, where f : X' ^ X is& strong cofibration between strongly cofibrant 
objects of A*^. If 6^{B') is good, then 6^{v) is good. 

To prove (*), wc set Y = 9^{B) G A*^, Y' = 9^{B') £ A*^. Let g :% ^Y' the unique morphism, where 
denotes an initial object of A*^. As in the proof of Proposition 1.6.14, Y can be identified with the colimit 
of a sequence 

y(0) ^ y(l) ^ 

where = F', and Wk is a pushout of the morphism /('^^ = gAfAgA...AfAg, where the factor / 
appears k times. In view of (1) and (2), it will suffice to prove that each is a good morphism. Since Y' 
is good, we conclude immediately that g is good. It follows from (4) that / is good. Repeated application 
of (7) allows us to deduce that f^'^^ is good, and to conclude the proof. □ 

We now comc^ to our main result: 

Theorem 1.6.16. Let A be a combinatorial monoidal model category equipped with a compatible simplicial 
structure. Assume either: 

(A) Every object of A is cofibrant. 

{B) The class of cofibrations in A is generated by cofibrations between cofibrant objects, the monoidal 
structure on A is symmetric, and A satisfies the monoid axiom. 

Then the canonical map 

N(Alg(A)°) Alg(N(A°)) 

is an equivalence of oo- categories. 

Example 1.6.17. Let k he a. field, and let A denote the category of complexes of fc- vector spaces 

. . . ^ M„+i ^ Af„ ^ Mn-i 

with monoidal structure given by the formation of tensor products of complexes. The category A admits a 
model structure, where: 

(C) A map of complexes / : M, N, is a. cofibration if it induces an injection M„ — > Nn of fc-vector 
spaces, for each n e Z. 

(F) A map of complexes / : M, N, is a fibration if it induces an surjection M„ Nn of fc-vector spaces, 
for each n e Z. 

{W) A map of complexes / : M, ^ iV, is a weak equivalence if it is a quasi-isomorphism; that is, if / induces 
an isomorphism on homology groups Hn{M,) — > Hn{N,) for each n G Z. 

The category A also admits a simplicial structure, compatible with its monoidal model structure; see the 

discussion in §S.13. Moreover, every object of A is cofibrant. 

The oo-category N(A°) can be identified with the (unbounded) derived oo-category of k-vector spaces 
(see Definition S.13.6); let us denote this oo-category by 'D(fc). According to Theorem 1.6.16, the oo-category 
of algebra object Alg(D(fc)) is equivalent to N(Alg(A)°): that is, to a suitable oo-category of differential 
graded algebras over k. 

An analogous result holds if we replace the field k by an arbitrary commutative ring, and endow A with 
the projective model structure. In this case, not every object of A is cofibrant, but A still satisfies hypothesis 
(B) of Theorem 1.6.16 (see [32]). 
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Example 1.6.18. Let A be the category of symmetric spectra, as defined in [14]. Then A admits several 
model structures which satisfy assumption (B) of Theorem 1.6.16. Using Corollary 4.2.6, we deduce that 
N(A°) is equivalent, as a monoidal oo-category, to the oo-category §oo of spectra (endowed with the smash 
product monoidal structure; see §4.2). Using Theorem 1.6.16, we deduce that our oo-category 2loo = Alg(Soo) 
of ^oo-rings is equivalent to the c>o-category underlying the category Alg(A) of symmetric ring spectra. 

Example 1.6.19. [oc-Categorical MacLane Coherence Theorem] Let A be the category of marked simplicial 
sets (see §T.3.1). Then A is a simplicial model category, which satisfies the hypotheses of Example 1.6.6. 
The underlying oo-category N(A°) can be identified with Catoo, the oo-category of oo-categories. Proposition 
1.2.14 implies that composition with the Cartesian structure N(A®'°) N(A°) induces an equivalence of 
oo-categories Alg(N(A°)) Mon(Cat2c). Combining this observation with Theorem 1.6.16, we conclude 
that the oo-category of monoid objects of Catoc is equivalent to the oo-category underlying the category of 
strictly associative monoids in A. In other words, every monoidal oo-category C is equivalent (as a monoidal 
oo-category) to an oo-category 6' equipped with a strictly associative monoid structure C' x C' ^ C' (which 
determines a monoidal structure on C' via Proposition 3.1.5). We regard this assertion as an oc-categorical 
analogue of MacLane 's coherence theorem, which asserts that every monoidal category is equivalent to a 
strict monoidal category (that is, a monoidal category in which the tensor product operation (gi is associative 
up to equality, and the associativity isomorphisms are simply the identity maps). 

Proof of Theorem 1.6.16. Consider the diagram 

N(Alg(A)°) ^ Alg(N(A°)) 




N(A°). 

It will suffice to show that this diagram satisfies the hypotheses of Corollary 3.4.11: 

(o) The oo-categories N(AIg(A)°) and Alg(N(A°)) admit geometric realizations of simplicial objects. 
In fact, both of these oo-categories are presentable. For N(Alg(A)°), this follows from Proposi- 
tions T.A.3.7.4 and 1.6.14. For Alg(N(A)°), we first observe that N(A)° is presentable (Proposi- 
tion T.A.3.7.4) and that the tensor product preserves colimits separately in each variable, and apply 
Proposition 1.5.15. 

(6) The functors G and G' admit left adjoints F and F' . The existence of a left adjoint to G follows from 
the fact that G is determined by a right Quillen functor. The existence of a left adjoint to G' follows 
from Proposition 1.4.2. 

(c) The functor G' is conservative and preserves geometric realizations of simplicial objects. This follows 
from Corollaries 1.5.11 and 1.5.4. 

(d) The functor G is conservative and preserves geometric realizations of simplicial objects. The first 
assertion is immediate from the definition of the weak equivalences in Alg(A), and the second follows 
from Lemma 1.6.15. 

(e) The canonical map G" o F' ^ G o F is an equivalence of functors. This follows from the observation 
that both sides induce, on the level of homotopy categories, the free algebra functor C i— > Un>o 
(Proposition 1.4.2). 

□ 

Remark 1.6.20. Proposition 1.6.5 admits a converse. Suppose that 6 is a presentable oo-category endowed 
with a monoidal structure, and that the associated bifunctor ® : C x 6 ^ 6 preserves small colimits separately 
in each variable. Then C is equivalent (as a monoidal oo-category) to N(A°), where A is a combinatorial 
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simplicial model category, endowed with a compatible monoidal structure. Since we will not need this fact, 
we will only give a sketch of proof. 

First, we apply Example 1.6.19 to reduce to the case where 6 is a strict monoidal oo-category; that is, C 
is a simplicial monoid. Now choose a regular cardinal k such that 6 is K-acccissibk;. Enlarging k if necessary, 
we may suppose that the full subcateogry Q'^ C Q spanned by the K-compact objects contains the unit object 
of 6 and is stable under tensor products. 

The oo-category is essentially small. We define a sequence of simplicial subsets 

D(0) C D(l) C ... C 

as follows. Let D{0) = 0, and for z > let CD (i + 1) be a small simplicial subset of C"^ which is categorically 
equivalent to and contains the submonoid of C generated by D{i). Let "D = [JD{i), so that !D is a small 
simplicial submonoid of such that the inclusion D C 6" is a categorical equivalence. 

The proof of Theorem T. 5. 5. 1.1 shows that C can be identified with an accessible localization of CP(!D). Ac- 
cording to Proposition T. 5. 1.1.1, we can identify J'('D) with N(A°), where A denotes the category (SetA)/ii 
endowed with the contravariant model structure (see §T.2.1.4). Let L : y{D) — » 6 be a localization functor, 
and let B be the category (§etA)/ii endowed with the following localized model structure: 

(C) A morphism a : X — > F in (§etA)/i> is a cofibration in B if and only if a is a monomorphism of 
simplicial sets. 

(W) A morphism a : X — > F in (Set a) / d is a weak equivalence in B if and only if the I/(/3) is an isomorphism 
in the homotopy category hC, where (3 denotes the corresponding morphism in hT(!D) ~ hA. 

(F) A morphism a : X Y in (Set a) / d is a fibration in B if and only if it has the right lifting property 
with respect to every morphism which is simultaneously a cofibration and a weak equivalence in B. 

Proposition T.A.3.7.2 implies that B is a (combinatorial) simplicial model category, and that the underlying 
oo-category N(B°) is equivalent to C. 

The category (Set a) / d is endowed with a monoidal structure, which may bo described as follows: given 
a finite collection of objects Xi, . . . ,X„ e S/d, we let (g) . . . ig) X„ denote the product Xi x . . . x X„ 
of the underlying simplicial sets, mapping to 2) via the composition Xi x . . . x X„ — > D" — > D, where the 
second map is given by the monoid structure on D. It is not difficult to verify that this monoidal structure is 
compatible with the model structure on B. Applying Proposition 1.6.5, we deduce that N(B°'®) determines 
a monoidal structure on N(B°) ~ C. One can show that this monoidal structure coincides (up to equivalence) 
with the structure determined by the associative multiplication on C. 

1.7 Digression: Segal Monoidal cxo- Categories 

In this section, we will introduce the definition of a Segal monoidal oo-category. The theory of a Segal 
monoidal oo-categories is equivalent to the theory of monoidal oo-categories which we use throughout this 
paper (sec Remark 1.7.11). However, the formalism of Segal monoidal oo-categorics is better suited to the 
technical arguments we use in §1.4 to construct free algebras. The results of this section will be used only 
in §1.4, and may be skipped without loss of continuity. 

Notation 1.7.1. If J is a linearly ordered set, we let J* denote the set J U {*}, where * is a new distinct 

element. We do not regard this new element as in any way related to the ordering on J. For every nonnegative 
integer n, we let (n) denote the linearly ordered set {1 < 2 < . . . < n}. 

Definition 1.7.2. The category £in* is defined as follows. 

(1) The objects of £<in* are the sets (n)^, where n is a nonnegative integer. 

(2) Given a pair of objects (m)^, (n)^ G iLin*, we let Hom/^i„^ ((™)*) i*^)*) denote the collection of all maps 
a : (m)^ (n)^ with the following properties: 
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(i) The map a satisfies a(*) = *. 

{ii) The restriction a\{{m)^ — a~^{*}) is a (nonstrictly) order-preserving map. 

Remark 1.7.3. We note that every finite linearly ordered set J is uniquely isomorphic to (n), where n is 
the cardinality of J. Wc will typically abuse notation by referring to J* as an object of £in*; in this case, 
we are implicitly identifying J* with {n)^. 

Notation 1.7.4. Wc define a functor ijj : Lin* as follows: 

(1) For each n > 0, wc have ijj{[n]) = (n)^. 

(2) Given a morphism a : [n] — > [m] in A, the associated morphism tlj{a) : (m)^ — > (n)^ is given by the 
formula 

\j ifi3j)[a{j-l)<i<a{j)] 
I * otherwise. 



More informally, tp assigns to a nonempty linearly ordered set [n] the set of all "gaps" between adjacent 
elements of [n]. 

Notation 1.7.5. If J is a finite linearly ordered set containing an element j, we let a^'"^ : J* —> {j}* denote 
the map defined by the formula 

\j if i = j 
* otherwise. 



Definition 1.7.6. Let 6 be an oo-category. A Segal monoid object of 6 is a functor / : N(£in*) C with 
the following property: 

(*) For every finite linearly ordered set J, the collection of maps {/(a-''"^)} exhibits /( J*) as a product of 

the objects {/({j},)}je./- 

We let Mon^(e) denote the full subcategory of Fun(N(£in*), C) spanned by the Segal monoid objects. 

Proposition 1.7.7. Let 6 be an oo-category. Com,position with the functor : — > £in* of Notation 
1.7.4 induces an equivalence of 00 -categories q : Mon^(C) Mon(C). 

Wc will give the proof of Proposition 1.7.7 at the end of this section. 

Definition 1.7.8. A Segal monoidal category is a coCartcsian fibration — > N(ZLin») with the following 
property: for every finite linearly ordered set J, the associated functors a,''^ : Cf^ ^S'}* ^'^'^^''^ 
equivalence Q% - Jljej efj}. • 

Remark 1.7.9. Let 5:6®^ N(£;in*) be a Segal monoidal cxD-category. We will write 6 to indicate the fiber 
^N(£.in.){(l)*}- We will refer to C as the underlying oo-category of C®, and say that g : 6® — > N(£in*) 
is a Segal monoidal structure on 6. 

Remark 1.7.10. Let g : C® ^ N(ilin«) be a Segal monoidal oo-category, and let ij) : — »• £in* be 
defined as in Notation 1.7.4. The fiber product C® XN(/^in,) N(A)°p is a monoidal oo-category in the sense 
of Definition 1.1.2. 

Remark 1.7.11. Let q : N(£in*) be a coCartcsian fibration. classified by a functor / : N(£in*) — > 

Catoo- Then 6® is a Segal monoidal oo-category if and only if / is a Segal monoid object of Catoo- Propo- 
sition 1.7.7 implies that the puUback functor Mon*'(Catoo) ^ Mon(Catoo) is an equivalence of oo-categories. 
Consequently, up to equivalence, every monoidal oo-category arises from a Segal monoidal oo-category via 
the construction of Remark 1.7.10. 
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Our final objective in this section is to study the analogue of the theory of algebras in the setting of Segal 

monoidal oo-categories. 

Definition 1.7.12. Let q : ^ N(iLin*) be a Segal monoidal structure on an oo-category C = . A 

Segal algebra object of C is a section A : N(£;in*) — > of g with the following property: for every morphism 
a : J* ^ in £in* which induces a bijection a~^{J') J', the morphism A{a) is g'-coCartesian. We let 
Alg^(e) denote the full subcategory of MapN(j^in^)(N(£<in*), 6®) spanned by the Segal algebra objects. 

Remark 1.7.13. Let g : 6® ^ N(£in*) be a Segal monoidal oo-category and let A : N(£in*) — > C® be a 
section of q. Then ^ is a Segal algebra object if and only if, for every finite linearly ordered set J and every 
element j G J, the morphism A{a^''') is q-coCartesian (see Notation 1.7.5). 

Remark 1.7.14. Let g : ^ N(£in*) be a Segal monoidal structure on an oo-category C = 6®^ and let 

A : N(£in*) — > 6® be a section of q. Using Remark 1.7.13, we deduce that ^ is a Segal algebra object of C if 
and only ii Aoip : N(A)°p — N{A)°p XN(£,in,) C® is an algebra object of 6, in the sense of Definition 1.1.14. 

The following comparison result will be needed in §1.4: 

Proposition 1.7.15. Let g : 6® — > N(£in*) be a Segal monoidal structure on an oo-category C. Composition 
with the functor ijj : — > £in* of Notation 1.7.4 determines an equivalence of oo-categories 6 : Alg^(e) 

Aig(e). 

Proposition 1.7.7 should be regarded as a special case of Proposition 1.7.15, where we take C to be the 
oo-category Catoo, equipped with the Cartesian Segal monoidal structure. Since we do not wish to press 
any further into the theory, we will not make this precise; instead, we will give two separate (but nearly 
identical) proofs for Propositions 1.7.15 and 1.7.7. 

Proof of Proposition 1.7.7. It follows immediately from the definition that composition with the functor ip 
carries Mon^(C) into Mon(C). We define a category 3 as follows: 

(1) An object of 3 is either an object of or an object of iLin*. 

(2) Morphisms in 3 are give by the formulas 

Homj([m], [n]) = HomA»p([m], [n]) Homa((TO)^, (n)J = Hom£,in.((TO)^, (n)J 
Mapj((m)„ [n]) = Map^i„,((m)„^([n])) Mapj([n], (m) J = 0. 

The map tp extends to a retraction ip -.3 ^ £in*. Let Mon(e) denote the full subcategory of Fun(N(J), C) 
consisting of those functors / : N([J) — > C which possess the following properties: 

(i) For each n > 0, / carries the canonical map (n)^ [n] in 3 to an equivalence in C. 

(ii) The restriction f\ is a monoid object of C. 

{ii') The restriction f\ N(£<in*) is a Segal monoid object of C. 

We observe that if (i) is satisfied, then (ii) and (ii') are equivalent to one another. Moreover, (i) is 
equivalent to the assertion that / is a left Kan extension of f\ N(£in*). Since every functor /o : N(ZLin*) C 
admits a left Kan extension (given, for example, by fo°tp), Proposition T. 4. 3. 2. 15 implies that the restriction 
map p : Mon(e) Mon®(C) is a trivial Kan fibration. The map q is the composition of a section to p (given 
by composition with ip) and the restriction map p' : Mon(C) Mon(C). It will therefore suffice to show 
that p' is a trivial fibration. In view of Proposition T. 4. 3. 2. 15, this will follow from the following pair of 
assertions: 

(a) Every fo e Mon(e) admits a right Kan extension / : N(3) Q. 
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(6) Given / : N(3) C such that /o = /| N{A)°p is a monoid object of 6, / is a right Kan extension of /o 
if and only if / satisfies condition (i) above. 

To prove (a), we fix an object J, S £in*. Let 3 be the category (A)°p x^in. (ilin,)j^/, and let g denote 

the composition N(3) N(A)°p ^ 6 . According to Lemma T. 4. 3. 2. 13, it will suffice to show that g admits 
a limit in C (for every choice of J). The objects of 3 can be identified with morphisms a ; J* ^ in 
£in*. Let do ^ 2 denote the full subcategory spanned by those objects for which every element of / has a 
unique preimage under a. The inclusion 3o ^ 3 has a right adjoint, so that N(3o)°^ N(3)°^ is cofinal. 
Consequently, it will suffice to show that go = g\ N(3o) admits a limit in C. 

Let di denote the full subcategory of do spanned by the morphisms a^''^ : J* {j}*- Using our 
assumption that fo is a monoid object of C, we deduce that go is a right Kan extension of gi = go\ N(Ji). 
In view of Lemma T.4.3.2.7, it will suffice to show that the map gi has a limit in C. But this is clear; our 
assumption that fo is a monoid object of 6 guarantees that / exhibits as a limit of gi. This proves 

(a). Moreover, the proof shows that / is a right Kan extension of fo at (n)^ if and only if / induces an 
equivalence f{{n)^) f{[n]); this immediately implies (6) as well. □ 

Proof of Proposition 1.7.15. We will essentially repeat the proof of Proposition 1.7.7. Let 3 be the category 
introduced in the proof of Proposition 1.7.7, and observe again that the functor ip : £in^, extends 

canonically to a retraction tp : 3 ^ £in*. Let Alg(C) denote the full subcategory of Mapj^j-^jj^^-) (N(3), C®) 

consisting of those functors / : N(3) — * 6® such that q o f = ip and the following additional conditions are 
satisfied: 

(i) For each n > 0, / carries the canonical map (n)^ [n] in 3 to an equivalence in 6®. 

(m) The restriction f\ N(A)°p is an algebra object of 6. 

(m') The restriction f\ N(£in») is a Segal algebra object of 6. 

We observe that if (i) is satisfied, then (ii) and {ii') are equivalent to one another. Moreover, (i) is 
equivalent to the assertion that / is a g'-Kan extension of /| N(£in*). Since every functor /o : N(£jin*) 
C admits a q-left Kan extension (given, for example, by /o o ilj). Proposition T. 4. 3. 2. 15 implies that the 
restriction map p : Alg(C) — > Alg''(e) is a trivial Kan fibration. The map 9 is the composition of a section 
to p (given by composition with and the restriction map p' : Alg(e) — > Alg(C). It will therefore suffice to 
show that p' is a trivial fibration. In view of Proposition T. 4. 3. 2. 15, this will follow from the following pair 
of assertions: 

(a) Every fo e Alg(e) admits a g-right Kan extension / € MapN(^i„^)(N(J), C®). 

(6) Given / G Map^j^j^^) (N(a), C®) such that fo = f\ N(A)°p is an algebra object of 6, / is a g-right Kan 
extension of fo if and only if / satisfies condition (i) above. 

To prove (a), we fix an object J, S iLin*. Let 3 denote the category {A)°p x^in, (£in*)j^/, and let g 

fo 

denote the composition N(3) N(A)°p 6 . According to Lemma T. 4. 3. 2. 13, it will suffice to show that g 
admits a g-limit in C (for every choice of J). The objects of 3 can be identified with morphisms a : J* ^ 7* 
in ilin*. Let 3o '!= 3 denote the full subcategory spanned by those objects for which every element of / has 
a unique preimage under a. The inclusion 3o '!= 3 has a right adjoint, so that N(3o)°^ N(3)°^' is cofinal. 
Consequently, it will suffice to show that go = g\ N(Jo) admits a g'-limit in 6. 

Let 3i denote the full subcategory of 3o spanned by the morphisms a^'"^ : J, {.]}*■ Using our 
assumption that fo is a monoid object of C, we deduce that go is a g- right Kan extension of gi = go\ N(Ji). 
In view of Lemma T.4.3.2.7, it will suffice to show that the map gi has a g-limit in C. But this is clear; our 
assumption that fo is an algebra object of C guarantees that / c;xhibits /([ri]) as a limit of gi. This proves 
(a). Moreover, the proof shows that / is a g-right Kan extension of fo at (n)^ if and only if / induces an 
equivalence f{(n)^) f{[n]); this immediately implies (6) as well. □ 
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2 Modules 



Let 6 be a monoidal category, and let A be an algebra object of 6. Then we can consider left A-modules 
in C: that is, objects Af G 6 equipped with a multiplication A M ^ M satisfying suitable unit and 
associativity conditions. The purpose of this section is to introduce an analogue of these ideas in the case 
where C is replaced by a monoidal oo-category. With an eye towards later applications, we will work in a 
somewhat more general setting, where M is allowed to be an object of an oo-category which is left-tensored 
over e. We will introduce the formalism of tensored oo-categories in §2.1. In particular, we will see that for 
every oo-category M which is left-tensored over C, and every algebra object A G Alg(e), we can introduce 
an oo-category of (left) ^-modules Mod^CM). Moreover, every monoidal oo-category 6 can be regarded as 
(left) tensored over itself in a canonical way (Example 2.1.3). 

In §2.3 we will study the oo-categories Mod^(M) in more detail. In particular, we will explain how to 
compute limits and colimits in !Mod^(!M). Our main results. Corollaries 2.3.5 and 2.3.7, assert that (in 
favorable cases) limits and colimits in ModA(M) are detected by the forgetful functor 9 : ModA(M) M. 
Our technique for computing colimits is based on a general result, Proposition 2.3.6, which can be used to 
show that ModA(M) inherits many pleasant features of M. 

The forgetful functor is generally not an equivalence, but it always admits a left adjoint. In §2.4 we 
will construct this adjoint, and show that it can be described by the formula M i— > A (g) M. 

In §2.5, we will study the theory of module objects in the underlying oo-category of a monoidal model 
category A. In this case, we will show that our oo-categorical theory of module objects of N(A°) is closely 
related to the classical theory of (strictly associative) modules in A. 

The theory of oo-categories left-tensored over a given monoidal oo-category C is really a special case of 
the general theory of module objects. More precisely, we have already seen that C can be identified with 
an algebra object of Catoo (Remark 1.2.15). In §2.6 we will extend this result by showing oo-categories 
left-tensored over C can be identified with C- module objects of Catoo- These identifications allow us to apply 
our study of module objects to deduce results about tensored oo-categories. For example, we can use this 
method to show that 6 is freely generated (as an oo-category tensored over C) by the unit object le G C 
(Corollary 2.6.7). 

In §2.7 we will shift our focus somewhat; rather than studying the oo-category ModA(3Vt) over a fixed 
algebra object A G Alg(e), we will instead fix an object M G M and study algebras which act on M. We will 
show that algebra objects of C which act on M can be identified with algebra objects in a larger oo-category 
C[M] (Proposition 2.7.6), and that in some cases one can construct a universal example of such an algebra, 
which we will denote by End(M). 

For certain applications, it is convenient to work with nonunital algebras in a monoidal oo-category C: 
that is, objects A G C equipped with a multiplication A® A ^ A which is coherently associative, but no 
unit map le — > A. In §2.2 we will give a precise definition for the category Alg""(e) of nonunital algebra 
objects of C, and introduce an accompanying theory of nonunital modules. In §2.8, we will show that the 
oo-categories Alg'^"(e) and Alg(e) are closely related: namely, Alg(e) is equivalent to a subcategory of 
Alg""(C) (Theorem 2.8.1). In other words, if a nonunital algebra object of C admits a unit, then that unit 
is essentially unique. 

2.1 Tensored oo-Categories 

Let 6 be a monoidal oo-category. Our first goal is to introduce the notion of an oo-category M left-tensored 
over 6. Roughly speaking, this means we have an action (gi : C x M ^ M of C on M, which is unital and 

associative up to coherent homotopy. 

Definition 2.1.1. Let p : C® ^ N(A)°*' be a monoidal oo-category. An co-category left-tensored over C® 
is a categorical fibration q : M® C® with the following properties: 

(1) The composition {p o q) : M® — » N(A)°p is a coCartesian fibration. 

(2) The map q carries {p o g)-coCartesian edges of to p-coCartesian edges of C®. 
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(3) For each n > 0, the inclusion {n} C [n] induces an equivalence of oo-categories M^j — > C^j x 'M'^^y. 

Remark 2.1.2. Let g : ^ be as in Definition 2.1.1. We will refer to the fiber M = M^j as the 
underlying oo- category of M®. Let 6 = C®j be the underlying oo-category of 6®. Then M^j is equivalent to 
the product C" x M. The coCartesian fibration q induces functors 

•'*^'-{o} •'^^i] ^ •''"-{1}' 

where the right map is an equivalence. We therefore obtain a bifunctor (g) : C x M — > M, well-defined up to 
homotopy. Moreover, the structure associated to M^j for n > 1 ensures that the bifunctor (g) : C x M ^ M is 
coherently associative; in particular, the homotopy category hC is tensored over hM in the sense of classical 
category theory. We will generally abuse terminology by saying simply that M is left-tensored over C. 

Example 2.1.3. Let C be a monoidal oo-category. Then the tensor product ® : C x C ^ C exhibits C as 

left-tensorcd over itself. More precisely, suppose that the monoidal structure on C is given by a projection 
p : e® — » N(A)°P. Let e : A — > A denote the "shift" functor [n] i-> [n] * [0], where ★ denotes the operation 
of concatenating linearly ordered sets. Then e induces a functor N(A)°^' — > N(A)°p, which we will also 
denote by e. The inclusion [n] C [n] * [0] determines a natural transformation a : e ^ id, which we can 
view as a functor from x N(A)°p to N(A)°p. We now define a simplicial set 6®'^ equipped with a map 
_^ N(^^op ^i^g formula 

HomN(A)<'p(J^,e®'-^) = Hom;^(^)„p(Ai x K,e®) 

where Ai X if maps to N(A)°p via the composition A^xif -> A1xN(A)°p N(A)°p, and HomN(A)°p (A^ x 
K, C®) C HomN(A)°p(^^ X K, 6®) is the subset consisting of those maps A^ x if ^ which carry each 
edge A^ x {k} to a ^>-coCartesian edge of C®. Using Proposition T. 3. 1.2.1, we deduce that the projection 
Q^,L ]S[(A)op jg coCartesian fibration, and that the projections Cf ^ 6®'^ preserve coCartesian 

edges. Here Cf denotes the puUback of p along the map e : N(A)°p N(A)°^'. It is easy to see that g is a 
categorical fibration (since the inclusion {1} x if C A^ x if is a cofibration of simplicial sets). Since ip is an 
equivalence, we deduce that C^j^ is canonically equivalent to the oo-category 6"+^ . Using this equivalence, 
we can easily verify that q satisfies condition (4) of Definition 2.1.1. Consequently, q : 6®'^ —>■ 6® can be 
viewed as an oo-category left-tensored over G. The map ip induces an equivalence C^j^ —> C®j ~ C. We will 
summarize the situation by saying that 6®'^ exhibits G as left-tensored over itself. 

Definition 2.1.4. Let p : C® ^ N(A)°p be a monoidal oo-category, and let q : 6*® be an oo-category 

equipped with a left action of C®. A module object of M® is a functor F : N(A)°p with the following 

properties: 



(1) The composition g o F is an algebra object of C® . In particular, po qo F is the identity on N(A' 



op 



(2) Let a : [m] — > [n] be a convex map in A such that a(m) = n. Then F{a) is a p o g-coCartesian 
morphism of . 

In this case, we will also abuse terminology by saying that is a module object of the underlying oo-category 
M = M^]. We let Mod(M) denote the fuU subcategory of MapN(A)»p(N(A)°P,M®) spanned by the module 

objects of M. 

Remark 2.1.5. There is an analogous notion of an oo-category right-tensored over 6®, obtained by replacing 
the inclusion {n} C [n] with the inclusion {0} C [n] in condition (*) of Definition 2.1.1. Similarly, we have 
a dual notion of module object in such a category. When necessary, we will distinguish these two notions by 
referring to left modules and right modules, respectively. 
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Remark 2.1.6. Let C be a monoidal cxD-category, and let 6®'^ be defined as in Example 2.1.3. We will 
abuse terminology by referring to module objects of 6®'^ as module objects of C. The oo-category of module 
objects of C®'^ will be denoted by Mod(C), or Mod^(C) when it is necessary to emphasize that we are 
working with left modules. Note that this notation is not quite compatible with the notation introduced in 
Definition 2.1.4, since C^j^ is equivalent but not isomorphic to C. 

Example 2.1.7. Let p : C® ^ N(A)°^' be a monoidal structure on an cxD-category C = C®j. Let a : 
X N(A)°^' — > N(A)°P be defined as in Example 2.1.3. Composition with a determines a section s of the 
forgetful functor 6 : Mod(e) ^ Alg(e). This section carries each A e Alg(e) to a left ^-module s{A). We 
can view s{A) as A, equipped with the canonical left action on itself. For this reason, we will generally not 
distinguish in our notation between A and s{A). 

Remark 2.1.8. Let q : M® 6® be as in Definition 2.1.4. Then composition with q induces a functor 
6 : Mod(M) Alg(C), which we will refer to as the forgetful functor. If A is an algebra object of 6, we 
let Mod^(M) denote the fiber ^"^{^4}. It is easy to see that ^ is a categorical fibration of simplicial sets, 
so that each Modyi(M) is an oo-category, which we will call the oo-category of (left?) A-modules in M. We 
will soon see (Corollary 2.3.3) that 6* is a Cartesian fibration, so that ModA(M) is an oo-category which is 
contravariantly functorial in A. In the case where C is acting on itself (as in Example 2.1.3), we will also 
denote this oo-category by Mod^(C) or simply Mod^, and refer to it as the oo-category of {left) A-modules. 

In classical category theory, one can define a similar notion of a category (loft) tcnsorcd over a fixed 
monoidal category C. However, this notion plays a secondary role to the theory of enriched categories (see, 
for example, §T.A.1.4). For example, every category C can be regarded as enriched over the category Set of 
sets. However, 6 is enriched and tcnsorcd over Set if and only if C admits arbitrary coproducts. 

It is possible to modify Definition 2.1.1 to obtain the definition of an oo-category enriched over a given 
monoidal oo-category C. This notion is useful in a variety of situations. For example, suppose we wanted to 
develop the theory of (oo, n)- categories: that is, higher categories in which wc allow noninvcrtiblc morphisms 
of order < n. One reasonable definition is inductive: one defines an (oo, n)-category to be an oo-category 
which is enriched over Cat(oo.n-i)j the oo-category of (oo,n — l)-categories (endowed with the Cartesian 
monoidal structure). Wc will not pursue the theory of enriched oo-catcgories in this paper, since the requisite 
modifications to Definition 2.1.1 are somewhat cumbersome to work with in practice. However, it requires 
very little additional effort to formulate the following strengthening of Definition 2.1.1: 

Definition 2.1.9. Let C be a monoidal oo-category, and let M be an oo-category which is left-tensored over 

e. 

(1) Let M and N be objects of M. A morphism object for M and N is an object Movj^{M, N) G Q together 

with a map a : Morj^iM, N) ® M N with the following universal property: for every object C S C, 
composition with a induces a homotopy equivalence Mapg(C, Mor_Tv((M, N)) Mapjy((C ® M, N). 

(2) Let M be an object of M and C an object of C. An exponential object is an object '^Af G M together 
with a map f3 : C (g)*^ M ^ M with the following universal property: for every object N G M, 
composition with (3 induces a homotopy equivalence Ma,pjy^{N,'-' M) — > Map]yt(C (8) N, M). 

We will say that M is tensored and enriched over C if, for every pair of objects M,N gM, there exists a 
morphism object Mor(Af , A^) G 6. Wc will say that M is tensored and cotensored over C if, for every M S M 

and C e 6, there exists an exponential object '-^M G M. 

Remark 2.1.10. Let 6 and M be as in Definition 2.1.9. Suppose that M is enriched over 6. Then the 
morphism object Moim{M,N) e C can be constructed as functor of M and N. To see this, we observe 
that we have a trifmictor (C x M)°^ x M ^ 8, given by composing the tensor product (g) : 6 x M ^ M, 
the Yoneda embedding j : M.°^ Fun(M, 8), and the evaluation map Fun(M, 8) x M ^ 8. We may 
identify this map with a bifunctor e : x M — > Fun(C°^, 8). If M is enriched over C, then the image of 
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e is contained in full subcategory Fun'(C''^, S) C Fun(C°^, §) spanned by the essential image of the Yoneda 
embedding j' : C — > Fun'(e°^, S). Composing e with a homotopy inverse to j', we obtain the desired functor 
Morjvt : M."^ x M — > C . Similarly, if M is cotensored over C, then the exponential can be regarded as a 
functor e"PxM^M. 

Example 2.1.11. Let C be a monoidal oo-category, and regard C as left-tensored over itself (Example 2.1.3). 
Then 6 is enriched over itself if and only if it is right closed, and cotensored over itself if and only if it is left 
closed (Definition 1.6.7). 

The following criterion provides a large supply of examples of enriched and cotensored oo-categorics: 

Proposition 2.1.12. Let C be a monoidal oo-category, and let M be an oo-category which is left-tensored 
over C. Suppose further that 6 and M are presentable. 

(1) //, for every C G G, the functor C i8) • : M — > M preserves small colimits, then M is cotensored over 6. 

(2) //, for every M gM, the functor • (g) M : 6 — > M preserves small colimits, then M is enriched over 6. 

Proof This follows immediately from the representability criterion of Proposition T.5.5.2.2. □ 

We conclude this section with a few technical observations which will be needed later, when we need 
study tensored oo-categories in detail. Let M® 6® N(A)°p be as in Definition 2.1.1. Then p and (poq) 
are coCartesian fibrations, but q is usually not a coCartesian fibration. Nevertheless, q shares some of the 

pleasant features of coCartesian fibrations. 

Lemma 2.1.13. Let C be a monoidal oo-category, and let M be an oo-category which is left tensored over 
6. Then the associated functor p : is a locally coCartesian fibration. 

Proof. For each n > 0, the map p[n] : M^j C? j is equivalent to the projection CSj x M ^ C^j , and 
therefore a coCartesian fibration. The desired result now follows from Proposition T. 2. 3. 2.11. □ 

Remetrk 2.1.14. In the situation of Lemma 2.1.13, suppose we are given a morphism a : C ^ D in C®, 
covering a map a : [m] ^ [n] in A. We can identify C with an n-tuple of objects (Ci, . . . , C„) S C", D with 
an m-tuple {Di, . . . , Dm) & C™, and a with a collection of morphisms Ca(i-i)+i ® . . . Ca(i) Di. The 
fibers of the map p : M® 6® over the objects C and D are both canonically equivalent to M, and the 
induced functor Si : M M is given (up to equivalence) by the formula M Ca{m)+i ® ■ ■ . ® Cn® M. 

Remeirk 2.1.15. Let p : M'^ be as in Lemma 2.1.13, and suppose given a commutative triangle 

M' 




in M , covering a triangle 




in the category A. Suppose furthermore that / and g are locally p-coCartesian, and that a induces a 
bijection 

{?: G [m] : I3{k) < z} ~ {j S [n] : 7(fc) <j< a{m)} 

(so that, in particular, (3(k) < i < m implies 7(fc) < ct{i)). Then the description given in Remark 2.1.14 
implies that h is also locally p-coCartesian. 
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Lemma 2.1.16. Let p : M G be as in Lemma 2.1.13, and let a he a morphism in M which covers a 
map a : [m] [n] in A. Then: 

(1) Suppose that a{m) = n and a is locally p-Cartesian. Then a is p-Cartesian. 

(2) Suppose that m < n, that a : [m] [n] is the canonical inclusion, and that a is locally p-coCartesian. 

Then a is p -co Cartesian. 

Proof. Assertion (1) follows from Remark 2.1.15 and Lemma T.5.2.2.3, while (2) follows from Remark 2.1.15 
and Lemma T.2.3.2.7. □ 



2.2 Nonunital Algebras and Modules 

Let A be an associative ring. A nonunital A-module is an abelian group M equipped with a bilinear 
multiplication map A x M — *■ M which satisfies the associativity formula a{b'rn) = {ab)m. This is slightly 
weaker than the condition that M be an A-module, since we do not require the unit object 1 <E A to act 
by the identity on M . For example, there is a trivial nonunital A-modulc structure on any abelian group 
M, given by the zero map A x M M. Of course, the category of A-modules can be identified with a full 
subcategory of the category of nonunital A-modules. Our goal in this section is to formulate and prove an 
oo-categorical analogue of this statement (Proposition 2.2.16). This result will play an essential role in our 
study of the Barr-Beck theorem in §3. 

We first observe that the notion of a nonunital A-modulc makes no reference to the identity element of 
A; it therefore makes sense in the case where A is allowed to be a nonunital algebra. Our first goal in this 
section is to set up a theory of nonunital algebras in the oo-categorical context. 

Definition 2.2.1. We define a subcategory A"" C A as follows: 

(1) The objects of A"" arc the objects of A: that is, they are linearly ordered sets [n] where n > 0. 

(2) A morphism a : [m] [n] of A belongs to A"" if and only if a is an injective map of linearly ordered 
sets. 

Let Q' : 6® — > N(A)°^' be a monoidal structure on an oo-category C = C®]. A nonunital algebra object 
of e is a functor A : N(A™)°p ^ such that qo A coincides with the inclusion N(A"")°p C N(A)°p, 
and A carries convex morphisms in A™ to g-coCartesian morphisms in C®. We let Alg"'^(C) denote the full 
subcategory of MapN(A)°3' (]^(^"")°^) ^'^) spanned by the nonunital algebra objects of C. 

Warning 2.2.2. In [20], we denoted the category A"" by A^. 

Remark 2.2.3. The definition of a nonunital algebra object of a monoidal oo-category C makes sense in 
the more general setting of nonunital monoidal oo-categories. We will have no need for this additional level 

of generality. 

Remark 2.2.4. Let 6 be a monoidal oo-category. Evaluation on the object [1] £ A™ defines a forgetful 
functor Alg""(e) C. We will generally abuse notation by not distinguishing between a nonunital algebra 
A e Alg""(e) and its image in C. 

Remark 2.2.5. Let g : ^ N(A)°p be a monoidal structure on an oo-category C = C®j, and let 

A : N(A)°P ^ e® be a section of q. Then A is an algebra object of 6 if and only if A\ N(A™)°p is a 
nonunital algebra object of C. Consequently, restriction to the subcategory A"^ C A defines a forgetful 
functor 6 : Alg(C) — > Alg™(e). We will later show that the functor 6 induces an equivalence of Alg(e) with 
a subcategory of Alg™(e) (Theorem 2.8.1). 

Definition 2.2.6. Let M® 6® ^ N(A)°p exhibit M = M^j as left-tensored over the monoidal oo- 
category e = e^]. A nonunital module object of M is a functor M : N(A"")''p with the following 
properties: 
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(1) The composition g o M is a nonunital algebra object of 6. 

(2) Let a. : [m] [n] be a convex map in A''" such that a{m) = n. Then M{a) is a (p o g)-coCartesian 

morphism of M*^. 

We let Mod"''(M) denote the full subcategory of MapN(^)op(N(A"'")''P,M®) spanned by the nonunital 
module objects. If ^ e Alg""(e), then we let Mod;\"(M) denote the fiber Mod""(M) XAig-(M) {A}. If 
A e Alg(e), then we let Mod^"(M) = Mod^^A)!^), where 6 : Alg(e) ^ Alg™(e) denotes the forgetful 
functor (see Remark 2.2.5). 

Remark 2.2.7. The terminology of Definition 2.2.6 is perhaps slightly confusing: remember that a module 
object of M always refers to a pair {A, M), where A is an algebra object of 6 and M is a module over A. 
To obtain the notion of a nonunital module object, wo allow A to be a nonunital algebra (and drop the 
requirement that the unit of A, if it exists, acts by the identity on M). 

Remark 2.2.8. In the situation of Definition 2.2.6, evaluation at [0] G A"" induces a forgetful functor 
Mod""(M) — > M. We will generally abuse notation by not distinguishing between a nonunital module object 
M e Mod™(M) and its image in M. 

Remark 2.2.9. Let ^ 6® A N(A)°p exhibit M = M^j as left-tensored over the monoidal oo-catcgory 
e = e[^], and let M : N(A)°p ^ be a section oi p o q. Then M is a module object of M if and only 
if M\ N(A"")°P is a nonunital module object of M. In particular, restriction induces a functor Mod(M) — > 
Mod™(M). 

Definition 2.2.10. Let C be a monoidal oo-category, let A be a nonunital algebra object of C, and let 
u : le ^ ^ be an arbitrary map. We say that u is a left unit if the composition 

is homotopic to the identity in 6. Similarly, we will say that u is a right unit if the composition 

Ac^IqiSiA^AiSiA^A 

is homotopic to the identity in C. We will say that u is a quasi-unit if it is both a left unit and a right imit. We 
will say that A is quasi-unital if there exists a quasi-unit u : Iq ^ A. Let f : A A' he a morphism between 
nonunital algebra objects of C. We will say that / is quasi-unital if there exists a quasi-unit w : le ^ ^, and 

the composition / o u : Ig ^ A' is a quasi-unit for A' . We let Alg'^"(C) denote the subcategory of Alg""(C) 
whose objects arc quasi-unital algebra objects of 6, and whose morphisms arc quasi-imital maps of algebras. 

Remark 2.2.11. Let A be a nonunital algebra object of a monoidal cx)-category C. Suppose that u : Iq ^ A 
is a left unit and w : le ^ ^ is a right unit. Then the composition 

le le ® le "-^^ ^ O ^ ^ ^ 

is homotopic to both u and v, so that u and v are homotopic to one another. It follows that A is quasi-unital 
if and only if A admits both a left and right unit. In this case, a quasi-unit u : Ig ^ A is uniquely determined 

(up to homotopy). 

Remark 2.2.12. We will see later that there is essentially no difference between algebras and quasi-unital 
algebras. More precisely, we will show that for every monoidal oo-category C, the forgetful functor Alg(e) 
Alg''"(e) is a trivial Kan fibration (Theorem 2.8.1). 

Definition 2.2.13. Let 6 be a monoidal oo-catcgory, let M be an oo-catcgory which is left-tensored over C, 
and let A be a quasi-unital algebra object of 6. We will say that an object M € Mod^^(M) is quasi-unital 
if the composition 

4>: M :^le0M ^ A^M ^ M 

is homotopic to the identity in M, where w is a quasi-unit for A. We let Mod^"(M) denote the full subcategory 
of Mod™(M) spanned by the quasi-unital A- modules. 



57 



Remetrk 2.2.14. In view of Remark 2.2.11, the condition of Definition 2.2.13 does not depend on the choice 
of a quasi- unit u : le ^ A. 

Remark 2.2.15. In the situation of Definition 2.2.13, the condition that ip be homotopic to the identity 
is equivalent to the (apparently weaker) condition that ^ be an equivalence. For suppose that tp is an 
equivalence. Since the composition 

le c:^le®le"^ A(g) A^ A 

is equivalent to u, we conclude that is homotopic to ip (that is, ^jj'^ and ^/j belong to the same connected 
component of Mapjy[(M, M) ). If ip is invertible in the homotopy category hM, this forces tp to be homotopic 
to the identity. 

Our goal in this section is to prove the following result: 

Proposition 2.2.16. Let M be an oo-category which is left-tens ored over a monoidal oo-category 6, and let 
A he an algebra object of 6. The restriction map ModA(3V[) Mod^"(M) induces a trivial Kan fibration 

9 : Mod.4(M) ^ ModX(M). 

In other words, the theory of ^-modules is equivalent to the theory of nonunital ^-modules in which the 
unit of A happens to act by the identity. 

Proof. It is clear that 6 is a categorical fibration. It will therefore suffice to show that ^ is a categorical 
equivalence. 

We define a subcategory J C [1] x as follows: 

(1) Every object of [1] x belongs to 3. 

(2) A morphism a : {i, [m]) — > {j, [n]) in [1] x A"^ belongs to J if and only if either i = or the map 

[n] — > [to] is injcctivc. 

For i = 0,1, we let denote the full subcategory of 3 spanned by the objects {{i, [n])}n>o- 
Form a puUback diagram 

K ^M® 

p 

N(A)°p -^-^ e® . 

Let D denote the full subcategory of MapN(^)op(N(3), ^N") spanned by those functors / : N(3) — > N with the 
following properties: 

(i) The restriction f\ N(3o) belongs to ModA(M). 

{ii) The restriction f\ N{3i) belongs to Mod^"(M). 

(iii) For each n > 0, the induced map /(O, [n]) /(I, [n]) is an equivalence in ?\f[„] ~ M. 

We observe that, if (Hi) is satisfied, then (i) and (ii) are equivalent. For each n > 0, the cat- 
egory 3o 3/(i,[n]) has a final object, given by the map (0, [n]) (1, [n]). It follows that a functor 
/ G MapN(A)°p(N(''): ■'^) satisfies (iii) if and only if / is a p-left Kan extension of /|N(3o)- Invoking 
Proposition T. 4. 3. 2. 15, we deduce that the restriction map rg : D ^ Mod^(M) is a trivial Kan fibration 
onto its essential image. Moreover, has a section s, given by composition with the projection 3 A"^. 
Consequently, ro is a trivial Kan fibration, so s is a categorical equivalence. The restriction map 9 factors 
as a composition ModA(M) A D Mod^"(M). Consequently, it will suffice to show that ri is a categorical 
equivalence. In view of Proposition T. 4. 3. 2. 15, it will suffice to prove the following: 
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(a) Every /i e Mod^"(M) admits a p-right Kan extension / e Map]vj(^)„p(N(J), Jsf). 

(6) Let / e MapN(A)oi'(N(3),N) be an arbitrary extension of /i = /|N(3i) e Mod^"(M). Then / is a 
f)-right Kan extension of /i if and only if / satisfies condition (iii). 

In what follows, let us fix a quasi-unital module /i € Mod^"(M) and an integer n > 0. Let d = 
Xa3(o,[n])/i and let g : N(3) K be the composition of /i with the projection 3 ^ N(Ji). Let v € 2 
denote the object corresponding to the morphism (0, [n]) (1, [n]). In view of Lemma T. 4. 3. 2. 13, it will 
suffice to prove the following assertions (for every choice of /i, n > 0): 

(o') There exists a p-limit diagram g : N(0)'^ K rendering the following diagram commutative: 

N(a) — - — p N 

N(a)^ ^ N(A)°f . 

(6') Given an arbitrary map g which renders the above diagram commutative, 5 is a p-limit diagram if and 
only if g carries {v}'^ C N(a)'^ to an equivalence in ?Sf[„] ~ M. 

Let 2o denote the full subcategory of 3 spanned by those maps a : (0, [n]) (1, [m]) for which the image 
of the induced map [to] [n] contains n. We claim that the inclusion N{3o)°^ C N(a)°^' is cofinal. In view 
of Theorem T. 4. 1.3.1, it will suffice to show that, for every object a € 2, the category 3o Xg 3/a has weakly 
contractible nerve. If a £ 3oj this is obvious. Suppose that a classifies a map 7 : [m] ^ [n]. Then 3o >^3 3/a 
can be identified with a product of categories {£°^}o<i<n, where 

^ f(A-),-.(,)/ ii^<n 
" \a"" ifz = n. 

The categories Ei have initial objects for i < n, and £„ has weakly contractible nerve (because the inclusion 
N(A'^")°P C N(A)°P is cofinal (Lemma T.6.5.3.6), cofinal maps are weak homotopy equivalences (Proposition 
T.4.1.1.3), and N(A)°p is weakly contractible (Example S.14.4 and Proposition S.14.6)), so no<i<n ^i^i)"^ 
is likewise weakly contractible. 

Let go = g\ N(3o)- In view of the cofinality statement above, (a') and (6') are equivalent to the following 
assertions: 

{a") There exists a p-limit diagram '■ ^(^0)'^ ^ ^ rendering the following diagram commutative: 

mo) '° 

/ p 
^{doT ^ N(A)°f . 

(6") Given an arbitrary map g^ which renders the above diagram commutative, g^ is a p-limit diagram if 
and only if g^ carries {v}'^ C N{3oT to an equivalence in K[„] ~ M. 

Wc now observe that, for every morphism a : [m] — > [n] in A for which a (to) ~ n classifying a map 
N(A)°P the puUback Jvf x^j-^-jop is equivalent to a product M x A^. It follows that for every object 
N G y^[m]i there exists a locally p-Cartesian morphism a : N' ^ N in "N covering a. Lemma 2.1.16 implies 
that a is p-Cartesian. 
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Let hi : N(0o) N(A)°p denote the composition N(3o) ^ N(a) N(A)°p, so that we have a natural 
transformation h : x N(3o) — * N(A)°^' from ho = h\{0} x N(3o) to /ii, where /iq is the constant functor 
taking tlie value [n]. For each object x G N{3oT, the restriction of /i to x {a;} classifies a morphism 
a : [m] ^ [n] satisfying a{m) = n. It follows that we can lift /i to a p-Cartesian transformation h : 
Ai X N(ao) with h\{l} x N(ao) = ffo- Let g'^ = h\{Q} x N(ao)- Using Proposition T.4.3.1.9, we obtain 
the following reformulations of (a") and {h"): 

(a'") There exists a p-limit diagram q'q : N(3o)'* — * 3Nf rendering the following diagram commutative: 



(6"') Given an arbitrary map which renders the above diagram commutative, g'^ is a p-limit diagram if 
and only if q'q carries {v}'^ C N{3oT to an equivalence in K[„] ~ M. 

We now prove (a'"). Let us first regard q'q as a functor from N(3o) to ~ M. Let M = /i([0]) € M. 
Unwinding the definitions, we see that the values assumed by q'q can be identified with M, and the morphisms 
between these values are given by iterated multiplication by the unit le ^ A. Since /i is a quasi-unital 
module, it follows that g'g carries every morphism in 3o to an equivalence in 3Nf[„]. The simplicial set N(£lg) is 
weakly contractible, since it is isomorphic to the product (no<i<n N(A"")°p) xN(A'^")°^'. Applying Corollary 
T. 4. 4. 4. 10, we deduce that q'q admits a colimit g'o : ^{8oT ~^ ^[n]) a^^d that g'^ carries {v}'^ to an equivalence 
in N[„]. Since the oo-category M^j is equivalent to the product C^j x M, we conclude that g'o is a ^[n] -limit 
diagram, where q^n] '■ ~^ denotes the production. Applying Corollary T. 4. 3. 1.15 to the diagram 




we conclude that 'g^ is a g-limit diagram. Since p is a pullback of q, we deduce that is a p-limit diagram. 
This proves (a'"). Moreover, the uniqueness of p-limit diagrams implies the "only if" direction of (6"'). 

It remains only to prove the "if" direction of {b'"). Let g'^ : N(3o)"^ ^[n] be an arbitrary extension of 
g'o such that g'g carries {v}^ to an equivalence. Since gQ is a limit of ^g, there exists a natural transformation 
7 • 5o ^ 5o which is an equivalence when restricted to N(3o)- Since both gQ and g'g carry {t;}^ to an 
equivalence in l^in], we conclude that 7 is also an equivalence at the cone point of N(Jo)^- It follows that g'^ 
is equivalent to gQ, so that gQ is also a p-limit diagram as desired. □ 



2.3 Limits and Colimits of Modules 

Let C be a monoidal cx)-category, M an oo-category which is left-tensored over C, and A an algebra object 
of C. Our goal in this section is to construct limits and colimits in the oo-category Mod^CM). 

We begin with the study of limits in !Modyi(M). In fact, we will work a little bit more generally, and 
consider relative limits with respect to the forgetful functor Mod(M) Alg(e) (we refer the reader to 
§T.4.3 for a discussion of relative limits in general). Our basic result is Proposition 2.3.2, which assert that 9 
admits relative limits provided that the corresponding limits exist in M. We begin with a somewhat technical 
lemma, whose proof we defer until the end of this section. 
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Lemma 2.3.1. Let p : C — > D be an inner fibration of oo- categories, let £ and K be simplicial sets, and 
suppose given a diagram 

f 



K x£. 



p 



Suppose further that for each vertex E of E, there exists an extension f ^ : 
with the above diagram a,nd is a p-limit. Then: 



C of fs which is compatible 



(1) There exists a map f : x £ ^ 6 rendering the above diagram commutative, with the property that 
for each vertex E of £, the induced m.ap f ^ : Q is a p-limit diagram. 

(2) Let f : x E ^ C be an arbitrary map which renders the above diagram commutative. Then f 
satisfies the condition of (1) if and only if the adjoint map — > Fun(£,e) is a p^ -limit diagram, 
where p^ : Fun(£, C) Fun(£, D) is given by composition with p. 

Proposition 2.3.2. Let G be a monoidal oo-category, and let M be an oo-category which is left-tensored 
over C. Let K be a simplicial set such that M admits K-indexed limits, and let 9 : Mod(M) Alg(C) be the 
forgetful functor. Then: 



(1) For every diagram 



■ Mod(M) 



Aig(e) 



there exists a dotted arrow as indicated, which is a 6-limit diagram. 

(2) An arbitrary map g : Mod(M) is a 9-limit diagram if and only if the induced map — > M js 

a limit diagram. 

Proof. Let n > 0. We first observe that the equivalence M^j ~ C^^j x M'^^y implies the following: 
(1') For every diagram 



there exists a dotted arrow as indicated, which is a g'[„]-limit diagram. 
(2') An arbitrary diagram — > M^j is a (jr[„] -limit diagram if and only the composition 



M 



in} 



M 



is a limit diagram. 
Combining this observation with Corollary T. 4. 3. 1.15, we deduce: 
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(1") For every diagram 



K- 



9[n] 



there exists a dotted arrow as indicated, which is a q-hmit diagram. 
(2") An arbitrary diagram K'^ M^j is a g-hmit diagram if and only the composition 



is a limit diagram. 



Let Mod'(M) be the full subcategory of MapN(A)<'p (N(A)°p, M®) spanned by those objects which project 
to algebra objects of C. Combining (1"), (2"), and Lemma 2.3.1, we deduce: 



(1"') For every diagram 



■Mod'(M) 



•Aig(e) 



there exists a dotted arrow as indicated, which is a ^'-limit diagram. 
(2"') An arbitrary map p : Mod'(M) is a 6''-limit diagram if and only if, for every n > 0, the 



composition 



M' 



~ M is a limit diagram. 



To deduce (1) from these assertions, it will suffice to show that if if 5 : Mod'(M) satisfies (2"'), and 

g ='g\K factors through Mod(M), then 3 factors through Mod(M). Let / : [m] [n] be a convex morphism 
in A such that f{m) ~ n. Then / induces a natural transformation 'Qim] of functors M*^. We 

wish to show that this natural transformation is {p o g)-coCartesian. Since /(m) = n, we have a homotopy 
commutative diagram 





M, 

and it suffices to show that the associated transformation t : a o ^j^j - 
hypothesis implies that t restricts to an equivalence t : a o ijij^] — > /3 o 
a o and (3 o ^j^j are both limit diagrams in M. It follows that t is an equivalence as well, as desired. 

We now complete the proof by observing that if g : — » Mod'(M) factors through Mod(M), then the 
criteria of (2) and (2"') are equivalent. □ 



(3 o gj^j is an equivalence. Our 
. Since g satisfies (2"), the maps 



Corollary 2.3.3. Let Q be a monoidal 00-category, M an 00-category which is left-tens ored over 6, and 
6 : Mod(M) ^ Alg(C) the forgetful functor. Then is a Cartesian fihration. Moreover, a morphism f in 
Mod(M) is 9 -Cartesian if and only if the image of f in JA is an equivalence. 



Proof. Apply Proposition 2.3.2 in the case K = A'^. 



□ 



Remark 2.3.4. Proposition 2.3.2 has an analogue for nonunital modules, with exactly the same proof. In 
particular, we obtain the following nonunital version of Corollary 2.3.3: 
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(*) The forgetful functor 9 : Mod""(M) — > Alg""(e) is a Cartesian fibration. Moreover, a morphism 
f : M N oi nonunital module objects is ^-Cartesian if and only if its image in M is an equivalence. 

Corollary 2.3.5. Let G be a monoidal oo- category, M an oo-category which is left-tensored over 6, and 
: Mod(M) Alg(C) the forgetful functor. Let A be an algebra object of 6. Suppose that M admits 
K-indexed limits. Then: 

(1) The oo-category ModA(M) admits K-indexed limits. 

(2) A map p : — > ModA(M) is a limit diagram if and only if the induced map M is a limit 
diagram. 

(3) Given a morphism (f> : B ^ A of algebra objects of A, the induced functor ModAC^) — > Mods(M) 
preserves K-indexed limits. 

Wc now turn to the problem of constructing colimits in oo-categories of modules. We begin with the 

following very general principle: 

Proposition 2.3.6. Let A C Catoo be a subcategory of the oo-category of {not necessarily small) oo- 
categories. Assume that A has the following properties: 

(a) The oo-category A admits small limits, and the inclusion A C Catoo preserves small limits. 
(6) If X belongs to A, then Fmi{A^ , X) belongs to A. 

(c) If X a,nd Y belong to 6, then a functor X Fim(A^, Y) is a morphism in A if and only if, for every 
vertex v of , the composite functor X Fun(A"'^, Y) — > Fun({w}, y) ~ y is a morphism of A. 

Let G be a monoidal co-category, A an algebra object of G, M an oo-category which is left tensored over C. 
Suppose M is an object of A, and that the functor A(8>»:M— »-M is a morphism of A. Then: 

(1) The oo-category ModA(M) is an object of A. 

(2) For every oo-category Ji belonging to A, a functor "H — >■ ModA(M) is a morphism in A if and only if 
the composite functor Ji — »■ Mod^(M) — > M is a morphism in A. 

In particular, the forgetful functor ModA(M) — »■ M is a morphism in A. 

Proof. Let p : — > 6® exhibit M as left-tensored over C. Form a puUback diagram 

X ^M® 

p' p 

N(A)°p -^-^ e® . 

We observe that p' is a locally coCartesian fibration (Lemma 2.1.13), each fiber of p' is equivalent to M, and 
each of the associated functors can be identified with an iterate of the functor A ® • : JA lii. Assertion 
(1) is now an immediate consequence of Proposition T. 5. 4. 7. 11. 

Now suppose that / : 3\f ^ Mod/i(M) is as in (2). Proposition T. 5. 4. 7. 11 implies that / is a morphism 
of A if and only if, for every n > 0, the composite map K Mod^(M) -~> belongs to A. We complete 
the proof by observing that each of the functors ModA(M) X[„] is equivalent to the forgetful functor 
ModA(M) ^ M. □ 

Corollary 2.3.7. Let G be a monoidal oo-category, let M be an oo-category which is left-tensored over G. 
Let K be a simplicial set such that M admits K-indexed colimits. Let A € Alg(C), and suppose that the 
functor A (g) • : M ^ M preserves K-indexed colimits. Then: 
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(1) Every diagram f : K —> ModA(M) has a colimit. 

(2) An arbitrary diagram f : K'^ — »■ Mod^(M) is a colimit diagram if and only if it induces a colimit 
diagram — > M. 

Proof. Let A C Catoo be the subcategory whose objects are cx)-catcgories which admit X-indexed colimits, 
and whose morphisms are functors which preserve -ftT-indexed cohmits. Applying Proposition 2.3.6, we 
conclude that ModA(M) belongs to A, and that the forgetful functor Modyi(M) ^ M is a morphism of 
A. This proves (1), and the "only if" direction of (2). The "if" direction then follows formally, since the 
forgetful functor ModA(M) — > M is conservative. 

□ 

Corollary 2.3.8. Let C he an oo-category equipped with a monoidal structure and let M be left-tensored 
over C. Suppose that M is presentable and that, for each C G 6, the functor C • : M — > M preserves small 
colimits. Then: 

(1) For every A G Alg(e), the oo-category ModA(M) is presentable. 

(2) For every morphism A ^ B of algebra objects of 6, the associated functor Mods(M) Mod^CM) 

preserves small limits and colimits. 

(3) The forgetful functor 9 : Mod(M) — » Alg(e) is a presentable fibration {Definition T.5.5.3.2). 
Proof. Assertion (1) is a special case of Proposition 2.3.6. Corollary 2.3.3 implies that the diagram 

ModB(M) ^ ModA(M) 




commutes up to homotopy. Assertion (2) follows immediately from Corollaries 2.3.5 and 2.3.7. Assertion 
(3) follows from (1), Corollaries 2.3.3 and 2.3.5, and Proposition T.5.5.3.3. □ 

Remark 2.3.9. Under the hypotheses of Corollary 2.3.8, if ^ — > B is a morphism of algebra objects of 

C. then the forgetful functor il) : ModB(M) Modyi(M) admits both loft and right adjoints (Corollary 
T.5.5.2.9). In §4.5 we will prove the existence of a left adjoint to ip under much weaker assumptions (Lemma 
4.5.12). 

We conclude this section by giving a proof of Lemma 2.3.1. 

Lemma 2.3.10. Let p : Ti ^ S be a right fibration of oo- categories, let C 6 &e a full subcategory, and let 
D° = e° xe©. Letq-.X^S be an inner fibration of simplicial sets, and let F : Q ^ X be a map which is 
a q-left Kan extension of F\ 6°. Then F op is a q-left Kan extension of F op\D^ . 

Proof. Let D be an object of D, C = p(-D), and define 
We wish to show that the composition 

is a 5-colimit diagram. Since is a g-left Kan extension of F| 6°, it will suffice to show that the map 
: Dy£, — » e°(^ is a trivial Kan fibration. The map (j)o is a puUback of the map (/) : D /jj G/c, which is a 
trivial Kan fibration by Proposition T. 2. 1.2.5. □ 



64 



Lemma 2.3.11. Let p : X ^ S and q : Y ^ Z be maps of simplicial sets. Assume that q is a categorical 
fibration, and that p is either a Cartesian fibration or a coCartesian fibration. 

Define new simplicial sets Y' and Z' equipped with maps Y' S, Z' ^ S via the formulas 

Homs(i^,y') ~ Hom(X XsK^Y) 

Horns {K, Z') Hom(X XsK,Z). 

Let C' be an oo-category equipped with a functor / : C' — > Y' , and let Q be a full subcategory of C'. 
Then: 

(1) Composition with q determines a categorical fibration q' : Y' ^ Z' . 

(2) Let F : X Xs G' ^ Y be the map classified by f, and suppose that F is a q-left Kan extension of 
F\X X5 e. Then f is a q'-left Kan extension of f\ 6. 

Proof. We first prove (1). We wish to show that q' has the right hfting property with respect to every 
inclusion i : A ^ B oi simphcial sets which is a categorical equivalence. For this, it suffices to show that q 
has the right lifting property with respect to every inclusion of the form i': XxsA^XxsB. Since q is 
a categorical fibration, it suffices to prove that i' is a categorical equivalence. This follows from Proposition 
T.3.3.2.3. 

Let C be an object of C', and let Q/c denote the fiber product 6 Xg' 6/^. We wish to show that the 
composition 



e' Ay' 



is a g'-colimit diagram. Replacing C C C' by the inclusion G/c C Q^^q (and applying Lemma 2.3.10), we can 
reduce to the case C' = C^. Replacing C by a minimal model if necessary (Proposition T.2.2.3.8), we may 
assume that 6 is minimal. Similarly, we may assume that p is minimal as an inner fibration. 
Let n > 0, and suppose we are given a diagram 



Y' 



Z\ 



where /'I C*{0} coincides with /. We wish to show that there exists a dotted arrow, as indicated in the 
diagram. Composing g with the map Z' S, we obtain a map 6 ★A" S. Let D denote the fiber product 
X xs (Ct^tA"), and let D° = X Xg (6*9 A"). Unwinding the definitions, we are reduced to solving a lifting 
problem depicted in the diagram 

F' 




Let D' denote the inverse image of A" in T>. For every simplicial subset W C D', we let 1){W) denote 
the collection of all simplices of D whose intersection with D' belongs to W. Let P denote the partially 
ordered collection of pairs (W, Fw), where W CD' contains the inverse image of 9 A", and Fw ■ D{W) Y 
satisfies Fw\ 2)° = F', and Fw fits into a commutative diagram 

■D{W)^^Y 



Z. 



65 



Applying Zona's lemma, we deduce that P has a maximal element. To complete the proof, it will suffice 
to show that W = D' . Assume otherwise, and let tr be a simplex of D' of minimal dimension which does not 
belong to W. We note that a surjects onto A", so the dimension of a is necessarily positive. Let £ denote 
the fiber product D xg^A" C- Using the minimality of p, C^A", and Proposition T.2.2.3.9, we deduce the 
existence of a pushout diagram 

l*da ^D{W) 

^DiW). 

In view of the maximality of {W,Fiy), it follows that F^r does not admit an extension to D{W'). In other 
words, there is no solution to the associated lifting problem 

y 

\ 

£ ★(7 > Z. 

Let h' denote the restriction of h to £*{u}. where v is the initial vertex of a. Then h' is not a g-colimit 
diagram. However, h' can be written as a composition 

£^H^(D/,xe*An ef^Y, 

where h" is a g'-colimit diagram. The map £ — > D/^ xe*A" C is a pullback of the trivial fibration D/^ — > D/^, 
and therefore cofinal; we therefore obtain a contradiction and the proof is complete. □ 

Proof of Lemma 2.3.1. Without loss of generality, we may suppose that £ and K are oo-categorics. Let oc 
denote the cone point of K^. For each object E e the inclusion K x {ids} C K x 8.^/ — {K x £)(oo,b)/ 
is left anodyne. Consequently, / satisfies (1) if and only if / is a p-right Kan extension of /'. The existence 
of / follows from Lemma T. 4. 3. 2. 13. 

The "only if" direction of (2) follows immediately from Lemma 2.3.11. The converse follows from the 
uniqueness of limits (up to equivalence). 

□ 

2.4 Free Modules 

Let C be a monoidal cxD-category, and let A be an algebra object of 6. Our goal in this section is to construct 
a left adjoint to the forgetful functor ModA(C) — > C. In fact, we will treat a slightly more general problem, 
by allowing modules taking values in an arbitrary oo-category left tensored over C. 

Definition 2.4.1. Let C be a monoidal oo-catcgory, let M be an oo-catcgory which is Icft-tcnsored over 
e. Let A e Alg(e), let 9 : ModA(M) M denote the forgetful functor, and let Mq G M. A free A- 
module generated by Mq is an object M e ModA(M) together with a map a : Mq — > 6{M) with the 
following universal property: for every N G ModA(M), composition with a induces a homotopy equivalence 

MapMod^(M)(M, A^) MapM(Mo,0(iV)). 

The goal of this section is to prove the following result: 

Proposition 2.4.2. Let G be a monoidal oo-category, and let M be an oo-category which is left-tensored 
overt. Let A& k\g{iZ). Then: 

(1) The forgetful functor 6 : Mod^(M) — > M admits a left adjoint. 

(2) For every Mq G M, there exists a free A-module M generated by Mq. 
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(3) An arbitrary map Mq — >■ 0{N) exhibits N as a free A-module generated by Mq if and only if the 
composition 

A^Mo^A® e{N) e{N) 

is an equivalence in M. 

Corollary 2.4.3. Let G be a monoidal oo-category, le the unit object of 6, A an algebra object of C, 
6 : Mod^(C) G the forgetful functor, and M S ModA(C)- Then composition with the unit map of 
A induces a homotopy equivalence Ma,p-^^^^(^Q^{A, M) — *• Mapg(le, ^(M)). Here we identify A with the 
corresponding left A-module {Example 2.1.7). 

Proof. Proposition 2.4.2 implies that A is freely generated by the unit map Ig ^ A as a left ^-module. □ 

Corollary 2.4.4. Let C be an oo-category equipped with a monoidal structure, and let M be an oo-category 
which is left-tensored over C. Let A be an algebra object of Alg(C) such that the unit map 1q ^ A is an 
equivalence in C. Then the forgetful functor 6 : ModA(M) ^ M is an equivalence of oo- categories. 

Proof. Let F be the left adjoint to 6 supplied by Proposition 2.4.2, and let 

u : idM o F, v : F o 9 ^ id^vt 

be a compatible unit and counit for the adjunction. We wish to prove that u and v are equivalences of 
functors. 

We first consider the functor u. Proposition 2.4.2 implies that the composition 9 o F can be identified 
with the functor M i-^ A<^ M. The unit map u is given by tensor product with the unit map uq : '^e ^ A 
of the algebra A. By hypothesis, uq is an equivalence in C, so that u is an equivalence in Fun(M,M). 

We now show that v is an equivalence. Since the functor detects equivalences (Corollary 2.3.3), it will 
suffice to show that the induced transformation a:^oFo^— >^isan equivalence of functors. We now 
observe that u provides a right inverse to this a. Since u is an equivalence, we conclude also that a is an 
equivalence. □ 

Proof of Proposition 2.4.2. Let M® A 6*^ N(A)°p realize M as left-tensored over C. Let 3 be the 

subcategory of [1] x defined as follows: 

(a) Every object of [1] x belongs to 3. 

(6) Given < i < j < I and a map a : [m] — > [n] in A, the corresponding morphism («, [n]) {j, [m]) 
belongs to 3 if and only if either j = 1 or a{m) = n. 

We let Jo C A°^ and 3i ~ A"^ denote the inverse images in of the objects 0, 1 e [1]. We regard N(3) as 
an object of (SetA)/e» via the composition N(3) C N([l] x A^^) N(A)°p 4 e® . Let K denote the fiber 

product N(3) Xg« M®, and let p' : "N ^ be the projection. Lemma 2.1.13 implies that p' is a locally 
coCartesian fibration. Let T) denote the full subcategory of MapN(3)(N(3), Jsf) spanned by those functors 
/ : N([J) ^ M® with the following properties: 

(i) The restriction f\ N(3o) carries each morphism in 3q to a p'-coCartesian edge of 3Nf. 

(a) The restriction f\ N(3i) is a module object of M®. 

Let Do be the full subcategory of T) spanned by those functors / which satisfy the following additional 
condition: 

(iiio) The functor / is a p'-left Kan extension of f\ N(3o)- 

Let 2)i be the full subcategory of T> spanned by those functors which satisfy the following additional condition: 
{iiii) The functor / is a p'-right Kan extension of f\ N(3i). 
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We observe that every for every n > 0, the oo-category N(3i)(o,[„])/ has a final object (1, [n]), and the 
oo-category N(3o)/(i,[n]) has an initial object (0, [n] ★ [0]). Using Lemma T. 4. 3. 2. 13, we deduce: 

(*) Every functor /q G MapN(j)(N(Jo), ^) admits a p'-lcft Kan extension / e MapN(j-)(N(3), K). Moreover, 
an arbitrary extension /' is ap'-left Kan extension if and only if p' carries each morphism (0, M*[0]) — > 
(1, [n]) to a locally p'-coCartesian edge of K (any such edge is automatically p'-coCartesian, in view of 
Lemma 2.1.16). 

(*') Every functor /i e Mapj^i-^-, (N(3i), 7^) admits a p'-right Kan extension / e MapN(3) (N(3), ?\f). More- 
over, an arbitrary extension /' is a p'-right Kan extension if and only if q carries each morphism 
(0, [n]) — > (1, [n]) to a p'-Cartesian edge of K (these are the morphisms which project to equivalences 
in M®). 

Using (*), we deduce that (i) and (iiio) imply (ii). Similarly, using (*'), we deduce that {ii) and (iiii) 
imply (i). Let Dq be the full subcategory of MapN(a)(N(Jo), spanned by the coCartesian sections, and 
let D'l be the full subcategory of MapN(3)(N(Ji),K) spanned by those functors which classify A-modules. 
Proposition T. 4. 3. 2. 15 implies that the restriction maps 

</.o : 2)o ^ Do, : Di ^ D[ 
are trivial Kan fibrations. The functor 0i has a canonical section s, given by composition with the projection 

A°P ~ai. 

Let 1^0 = 1^ XN(a) N(3o)- Using Proposition T.2.3.2.8, we deduce that the projection pf, : 3\fo ^ N(3o) is 
a coCartesian fibration. Each fiber of pg is equivalent to M, and each of the associated functors between the 
fibers is an equivalence. Since N(Jo) is weakly contractible (the category Jq has a zero object (0, [0])), we 
deduce that 'No is equivalent to a product N(3o) x M. It follows also that the oo-category T)'q is equivalent, 
via evaluation at the zero object of Uq, to M. 

The forgetful functor ModA(M) ^ M is equivalent to the composition 

6 : ModA(M) ~ D; a ^ !)[, ^ M, 

where the final pair of maps are given by restriction and evaluation at the zero object of 3o- Using Proposition 
T. 4. 3. 2. 17, we deduce that has a left adjoint, given by the composition 

M X Do ^ Do C D D'l ~ ModA(M) 

where the penultimate map is given by restriction, and the maps s' and s" are sections of the trivial fibrations 
Do ^ Do M. This proves (1). 

The equivalence (1) <^ (2) follows from Proposition T.5.2.4.4. More precisely, given Mo S M, a free 

A- module M generated by Mo can be constructed as follows. Choose a morphism a : {s" o s'){Mq) D 
in D, where D G Di. Then D restricts to an object M € ModA(M), and the natural transformation a 
determines a map 

i;:Mo = iis" o s')(Mo))(0, [0]) ^ ((,s" o ,s')(Mo))(l, [0]) D{1, [0]) = e{M). 

Since (s" o s')(Mo) is a g-left Kan extension of D\ Jq, (*) implies that the edge 

{{s" o 5')(Mo))(0, [1]) - {{s" o s')(Mo))(l, [0]) 

is g-coCartesian. It follows that the canonical map A (gi Mo d{M) is an equivalence. This proves the "only 
if" direction of (3), since a free ^-module generated by Mo is uniquely determined up to equivalence. 

We now prove the "if" direction of (3). Suppose given an A-module N and a map -0' : Mo 0{N) which 
induces an equivalence A Mo A''. Let M e ModA(M) be defined as above. Then ^' is equivalent to a 
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composition Mq — > 6{M) ^(-^) for some map g : M ^ N. We have a commutative diagram 



e{M) 




A(^Mo ^ 9iN). 

It follows from the two-out-of-three property that 6{g) is an equivalence in M. Corollary 2.3.5 now implies 
that g is an equivalence, so that tjj' exhibits A'^ as an A- module freely generated by Mq. □ 

2.5 Modules in a Monoidal Model Category 

Let A be a simplicial model category, equipped with a compatible monoidal structure. In §1.6, we saw that 
the underlying oo-catcgory N(A°) inherits the structure of a monoidal cxD-catcgory. Moreover, in good cases 
we can show that every algebra object € Alg(N(A°)) arises (up to equivalence) from a strictly associative 
algebra object A e Alg(A) (Theorem 1.6.16). Our goal in this section is to compare the oo-categorical 
theory of Ao-modulcs in N(A°) with the classical theory of A-modulcs in A. 

We begin by observing that if A is a monoidal category equipped with a compatible simplicial structure, 
and ^ is a (strictly associative) algebra object of A, then ModA(A) inherits a simplicial structure in a 
canonical way. Moreover: 

Proposition 2.5.1. Let A be a combinatorial monoidal model category, and let A he an algebra object of A 
which is cofibrant as an object of A. Then Mod^(A) has the structure of a combinatorial model category, 
where: 

(W) A morphism f : M ^ N is a weak equivalence in Mod^ (A) if and only if it is a weak equivalence in 
A. 

{F) A morphism f : M ^ N is a fibration in Mod^(A) if and only if it is a fibration in A. 

The forgetful functor ModA (A) A is both a left Quillen functor and a right Quillen functor. Moreover, 
if A is equipped with a compatible simplicial structure, then the induced simplicial structure on Mod^(A) 
endows ModA(A) with the structure of a simplicial model category. 

Proof. The proof is similar to that of Proposition 1.6.14. We first observe that ModA(A) is presentable 
(Corollary 2.3.8). Let T : Modyi(A) ^ A be the forgetful functor. Then T admits a left adjoint given by 
the formula F{X) = A(SiX, and a right adjoint given by the formula G{X) X. Since A is combinatorial, 
there exists a (small) collection of morphisms / = {ia : C ^ C'} which generates the class of cofibrations in 
A, and a (small) collection of morphisms J = : D —>■ D'} which generates the class of trivial cofibrations 
in A. Let F(/) be the saturated class of morphisms in ModA(A) generated by {F(i) : i E I}, and let 
F{,J) be defined similarly. Unwinding the definitions, we see that a morphism in ModA(A) is a trivial 
fibration if and only if it has the right lifting property with respect to F{i), for every i E I. Invoking the 
small object argument, we deduce that every morphism f : M ^ N in ModA(A) admits a factorization 

M ^ N' ^ N where /' G F{I) and /" is a trivial fibration. Similarly, we can find an analogous factorization 
where /' € F{J) and /" is a fibrat ion. U sing standard arguments, we are reduced to the problem of showing 
that each morphism belonging to F{J) is a weak equivalence in Mod^(A). Let S be the collection of all 
morphisms f : M ^ N in ModA(A) such that T(/) is a trivial cofibration in A. We wish to prove that 
F{J) C S. Since T preserves colimits, we conclude that S is saturated; it will therefore suffice to show that 
for each j e J, F{j) S S. In other words, we must show that if j : X — > y is a trivial cofibration in A, then 
the induced map A^ X A^Y is again a trivial cofibration. This follows immediately from the definition 
of a monoidal model category, in view of our assumption that ^ is a cofibrant object of A. This completes 
the proof that ModA(A) is a model category. 
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The forgetful functor T : MocIa (A) ^ A is a right Quillen functor by construction. To see that T is also 
a left Quillen functor, it suffices to show that the right adjoint G : A ModA(A) preserves fibrations and 
trivial fibrations. In view of the definition of fibrations and trivial fibrations in ModA(A), this is equivalent 
to the assertion that the composition T o G : A A preserves fibrations and trivial fibrations. This follows 
immediately from the definition of a monoidal model category, since A S A is cofibrant. 

Now suppose that A is equipped with a compatible simplicial structure. We claim that Mod^(A) 
inherits the structure of a simplicial model category. For this, we suppose that f : M ^ N is a. fibration in 
Mod>i(A) and that g : X ^ Y is a cofibration of simplicial sets. We wish to show that the induced map 
— > X;v^ is a fibration in ModA(A), which is trivial if either / or g is trivial. This follows 
immediately from the analogous statement in the simplicial model category A. □ 

Remark 2.5.2. Proposition 2.5.1 admits the following generalization: suppose that A is a combinatorial 
model category, and that F : A ^ A is a left Quillen functor which is equipped with the structure of a 
monad. Then the category of algebras over F inherits a model structure, where the fibrations and weak 
equivalences are defined at the level of the underlying objects of A. The proof is exactly as given above. 

Remark 2.5.3. If A is a symmetric monoidal model category satisfying the monoid axiom, then the hy- 
pothesis that the algebra A be cofibrant is superfluous; see [32] . 

Theorem 2.5.4. Let A be a combinatorial simplicial model caiegory equipped with a compatible monoidal 
structure, let : N(Alg(A)°) ^ Alg(N(A°)) be as in Theorem 1.6.16, and let A e Alg(A)°. Then the 
canonical map N(ModA(A)°) Modg(^)(N(A°)) is an equivalence of oo- categories. 

Proof. Consider the diagram 



We will show that this diagram satisfies the hypotheses of Corollary 3.4.11: 

(a) The oo-categories N(Mod/i(A)°) and Mode(^)(N(A°)) admit geometric realizations of simplicial ob- 
jects. In fact, both of these oo-categories are presentable. For N(Alg(A)°), this follows from Proposi- 
tion T.A.3.7.4 and 2.5.1. For Mod0(A)(N(A)°), we first observe that N(A)° is presentable (Proposition 
T.A.3.7.4) and that the functor A (g) • preserves colimits, and then apply Corollary 2.3.8. 

(&) The functors G and G" admit left adjoints F and F' . The existence of a left adjoint to G follows from 
the fact that G is determined by a right Quillen functor. The existence of a left adjoint to G' follows 
from Proposition 2.4.2. 

(c) The functor G' is conservative and preserves geometric realizations of simplicial objects. This follows 
from Corollaries 2.3.3 and 2.3.7. 

{d) The functor G is conservative and preserves geometric realizations of simplicial objects. The first 
assertion is immediate from the definition of the weak equivalences in ModA(A), and the second 
follows from the fact that G is also a left Quillen functor. 

(e) The natural map G' o F' ~> G o is an equivalence. Unwinding the definitions, we are reduced to 
proving that if iV £ A°, then the natural map N ^ A ® N induces an equivalence F'(N) c^. A® N . 
This is a special case of Proposition 2.4.2. 



N(ModA(A)°) 



^Mod,(A)(N(A°)) 




N(A°). 



□ 
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2.6 The oo-Category of Tensored oo-Categories 

According to Remark 1.2.15, there are at least three possible ways to define a monoidal oo-category: 
{A) As a coCartesian fibration 6® — > N(A)°P; this is the point of view we have chosen to adopt. 
{B) As a monoid object in the oo-category Catoo- 

(C) As an algebra object of Catoo , where we view Catcxa as endowed with the Cartesian monoidal structure. 

The purpose of this section is to obtain a similar picture for the theory of oo-categories tensored over 
6. Our first step is to establish an analogue of Proposition 1.2.14, which will allow us to describe module 
objects in an oo-category endowed with a Cartesian monoidal structure. 

Definition 2.6.1. Let C be an oo-category. A left monoid action in C is a functor F : x N(A)°p C 
with the following properties: 

(1) The restriction F\{1} x N(A)°J' ^ 6 is a monoid object of C (Definition 1.2.12). 

(2) For n > 0, the maps F(0, {n}) ^ F{0,[n]) F{l,[n]) exhibit F{0,[n]) as a product F{0,{n}) x 
F{1, [n]) in C. 

We let Mon^(e) denote the fuU subcategory of Fun(A^ x N(A)°p, 6) spanned by the left monoid actions. 
We now have the following analogue of Proposition 1.2.14: 

Proposition 2.6.2. Let C be an oo-category which admits finite products, let p : ^ N{A)°p be the 

associated (Cartesian) monoidal oo-category (see Proposition 1.2.8), and let Q^-^ exhibit C as left 

tensored over itself (Example 2.1.3). Then composition with the Cartesian structure ^ 6 induces an 
equivalence of oo-categories Mod(C) Mon^(e). 

Proof. Let t : A — > A be the functor [n] [n] ★ [0] , and a : id — > t the canonical transformation, which we 

may identify with a functor [1] x A ^ A. Let 3 = A^ xa([1] x A). Objects of 3 can be identified with 
triples (a, [n\,i < j), where < a < 1 and 0<i<j<n-\-a. Let Oq be the full subcategory (equivalent to 
[1] x A) spanned by objects of the form (a, [n],0 < n -\- a). 

Unwinding the definitions, we see that Mod(M) is equivalent to the full subcategory of Pun(N(J)°*', C) 
spanned by those functors F : N(3)°P C which have the following properties: 

(i) For < a < 1 and 0<i<j<n-\-a, the natural maps F(a, [n],i < j) — > F(a, [n]. A; < A: -|- 1) exhibit 
F(a, [n],i < j) as a product ni<fe<j -^('^' [n]. A; < -|- 1) in the oo-category C. 

(ii) For every convex map a : [m] [n], and every < j < j < m, the associated map F(0, [n],a(i) < 
a(j)) — > F(0, [m], i < j) is an equivalence. 

(in) For every < i < j < n, the canonical map F(l, [n], i < j) ^ F(0, [n],i < j) is an equivalence in C. 

(iv) For every morphism a : [m] ^ [n] such that a(m) = n, the map 

F(l, [n], n<n + l)^ F(l, [m], m<m+l) 

is an equivalence. 

On the other hand, Mon^(C) can be identified with the oo-category of functors Fq : N(3o)°^ C with 
the following properties: 

(i') For each n > 0, the natural map Fo(0, [n],0 < n) ^ no<i<n -^o(0, {i,i-\-l},i < i-\- 1) is an equivalence. 
(ii') For n > 0, the inclusion [0] ~ {n} C [n] induces an equivalence 

Fo(l, [n], < n + 1) ^ Fo(0, [n],0 < n) x Fo(l, [0], < 1). 
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The map Mod(M) Mon^(e) is given by restriction from 3 to Jo- In virtue of Proposition T. 4. 3. 2. 15, 

it will suffice to verify the following: 

(a) Every functor Fq : N(Jo)''^ — >■ 6 which satisfies {i') and {ii') admits a right Kan extension to N([I). 

(6) A functor F : N(3)°p 6 satisfies conditions (i) through (iv) if and only if the restriction Fq = 

F\ N(3o)°^ satisfies {i') and {ii'), and F is a right Kan extension of Fq. 

Assertion (a) is obvious, since for every object X = {a,[n\,i < j), the category 3o Xj3x/ has a final 
object. Moreover, we see that a functor F : N{3)°p ^ C is a right Kan extension of F\ N(3o)°^ if and only if 
the following condition is satisfied: 

{Hi') For every < a < 1 and every < i < j < n, the natural map 

F{a, [n],i< j) ^ F(0, {i, i + l,...j},i< j) 

is an equivalence. 

{iv') For < i < n + 1, the map F{1, [n], i < n + 1) — » F{1, {«,..., n}, « < n + 1) is an equivalence. 

It remains only to show that conditions (i) through {iv) are equivalent to conditions {i') through (if'). 
This is straightforward and left to the reader (we observe that each of the relevant conditions depends only 
on the underlying functor 3°^ — > hC). □ 

Our next goal is to relate monoid actions in Catoo with tensored oo-categories. For this, we will need to 
introduce a bit of notation. 

Notation 2.6.3. Let A = (§ct^)/ n(^)op denote the category of marked simplicial sets {X,E,) equipped 
with a map X — » N(A)°p. We will regard A as endowed with the model structure opposite to the marked 
model structure defined in §T.3.1. The fibrant objects of A are of the form X\ where p : X N(A)°^' is a 
coCartesian fibration and X^ = {X, £), where £ is the collection of p-coCartesian edges of X. 

We let A^^l denote the category of fimctors from [1] to A, endowed with the injective model structure 

(see §T.A.3.3). Then A^^l inherits from A the structure of a simplicial model category. We let CatMod 
denote the underlying oo-category N((A[^1)°), obtained by taking the simplicial nerve of the category of 
fibrant-cofibrant objects of A^^l. 

Note that every object of A^^l is cofibrant. Consequently, we may identify (A[^1)° with the category of 
fibrant objects of A'^J . These, in turn, can be described as fibrations between fibrant objects of A. The 
following result describes the structure of such a fibration: 

Proposition 2.6.4. Suppose given a commutative triangle of oo-categories 



X 




Y 



S 



where p and q are coCartesian fibrations, and f carries p-coCartesian morphisms in X to q-coCartesian 
morphisms in Y. The following conditions are equivalent: 

(1) The map f is a categorical fibration of simplicial sets. 

(2) The map f induces a fibration X^ in the category (Set^)/g, endowed with the opposite of 
the model structure defined in %T.3.1 {here X^ and Y^ denote the marked simplicial sets obtained by 
marking all of the coCartesian edges of X andY, respectively). 
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Proof. According to Theorem T. 3. 1.5.1, the forgetful functor (Set^) — > (SetA) /s is a right Quillen functor, 
where (§etA)/s is endowed with the Joyal model structure. Thus (2) (1). Conversely, suppose that / is 
a categorical fibration. We must show that every lifting problem 




in (§et^)/s has a solution, provided that i is a trivial cofibration in (Set^)/^. We first invoke Proposition 
T. 3. 1.4.1 to deduce that and F'' are fibrant objects of (Set^)/5. Consequently, / extends to a map 

F : B ^ X''^. The maps p o g : B ^ agree on A. Since y'' is fibrant, wc conclude that there is a 
homotopy from p o F to g. Thus, there exists a contractible Kan complex K containing a pair of vertices v 
and v' , and a map h: BxK^ ^Y''^ such that h\B x {v} =poF and h\B x {v'} = g, and h\A x coincides 

with the composition A x A ^Y^. The inclusion 

{B X {v}) ]J {Ax K^) (ZB X 

Ay.{v} 

is a categorical equivalence (on the level of the underlying simplicial sets). Invoking assumption (1), we 

conclude that the homotopy h lifts to a map of simplicial sets H : B x K X such that H\Ax K coincides 

f 

with the composition A x K ^ A ^ X and H\B x {v} = F. Since the collection of p-coCartesian edges of 
X is stable under equivalence, we deduce that H underlies a map of marked simplicial sets B x X'^. 
The restriction H\B x {v'} is therefore a map B ^ X^ with the desired properties. □ 

Suppose given a diagram M® ^ 6® — > N(A)°J' which exhibits an oo-category M as left-tensored over a 

monoidal oc-catcgory C. According to Proposition 2.6.4, wc can view p as a fibration between fibrant objects 

of A; that is, as an object of the oo-category CatMod. Of course, not every object of CatMod is of this form. 

Definition 2.6.5. Let CatMod denote the full subcategory of CatMod corresponding to those diagrams 
M® — > e® ^ N(A)°^' which exhibit C® as a monoidal (X)-category and as an oo-category left-tensored 
over e®. 

CoroUciry 2.6.6. There are canonical equivalences of oo-categories 

CatMod ~ Mon^(eatoo) ^ Mod(eatoo), 

where Catoo is endowed with the Cartesian monoidal structure and regarded as left-tensored over itself. 

Proof According to Proposition T.A.3.6.1, there is a (canonical) equivalence of oo-catcgorics CatMod ~ 
Rm(Ai, N(A°)). Theorem T.3.2.0.1 allows us to identify N(A°) with Fun(N(A)°P, Catoo). Consequently, we 

obtain an equivalence CatMod ~ Fun(A^ x N(A)°^', Catoo)- Unwinding the definitions, we see that under this 
equivalence, CatMod corresponds to the full subcategory Mon^(eatoo) C Fun(A^ x N(A)°p, Catoo)- This 
proves the existence of the first equivalence. The existence of the second follows from Proposition 2.6.2. □ 

Corollary 2.6.7. Let p : C® ^ N(A)°p be a monoidal oo-category, let q : C®'^ C® exhibit C as 
left-tensored over itself, let q' : M® ^ C® be an arbitrary oo-category left-tensored over C, and let £ C 
Mape®(C®'^,M®) be the full subcategory spanned by those functors which carry q o p-coCartesian edges 
to q' o p-coCartesian edges. Then evaluation on the unit object 1q induces an equivalence of oo-categories 
6* : £ ^ M = Mg, . 
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Proof. It will suffice to prove that, for every simplicial set K, the map induces a bijection from the set 
of equivalence classes of objects of Fun(_fi', £) to the set of equivalence classes of objects of Fun(i(', M). 
Replacing M® by the fiber product XFun(K,e'S) Fun(_ftr, M®), we may reduce to the case where K = A^. 
In this case, it suffices to show that 9 induces an equivalence from the largest Kan complex contained in £ 
to the largest Kan complex contained in M. The latter Kan complex is equivalent to the mapping space 
Mapgg^j^ (*, M). Using Corollary 2.6.6, we can identify the former with Map^y^Q^^^ (gg^j^-j (e®'^,M®). The 
desired result is now a special case of Corollary 2.4.3 (applied to the monoidal oo-category Catoo, endowed 
with the Cartesian monoidal structure). □ 

2.7 Endomorphism Algebras 

Let 6 be a monoidal category containing an object X, and suppose that there exists an endomorphism 
object End(X): that is, an object of 6 equipped with evaluation map e : End(X) ® X ^ X which induces 
a bijection Home(F, End(X)) — » Home(l^ (8i X,X) for every Y G Q (such an object always exists if the 
monoidal category C is closed). Then End{X) is automatically equipped with the structure of an algebra 
object of C: the unit map Ig End(X) classifies the identity map id^ : X X, while the multiplication 
End(X) (g) End(X) End(X) classifies the composition 

End(X) (End(X) ^ X) ^ End(X) (^X^X. 

Our goal in this section is to obtain an cx)-categorical generalization of the above construction. With an 
eye toward later applications, we will treat a slightly more general problem. Suppose that C is a monoidal 
oo-category, M an oo-catcgory which is left-tensored over C, and M is an object of M. Let us say that an 
object C e 6 acts on M if we are given a map C^M—tM. We would like to extract an object End(M) e C 
which is universal among objects which act on M, and show that End(-M) is an algebra object of C (and 
further, that M can be promoted to an object of ModEnd(M)(^))- 

Our first goal is to give a careful formulation of the universal property desired of End(M) . We would like to 
have, for every algebra object A e Alg(e), a homotopy equivalence of MapAig(e) (^i Eiid(M)) with a suitable 
classifying space for actions of A on M. The natural candidate for this latter space is the fiber product 
{A] XAig(e) Mod(M) Xjvt {M}, which can be viewed as a fiber of the projection map : Mod(M) {-^} — * 
Alg(C). We will see below that is a right fibration (Corollary 2.7.8). Our problem is therefore to find an 
object End(M) G Alg(C) which represents the right fibration 6, in the sense that we have a an equivalence 
Mod(M) Xm {M} ~ Alg(e)/E„d(M) of right fibrations over Alg(e) (see §T.4.4.4). 

The next step is to realize the oo-category Mod(M) x^ {M} as (equivalent to) the oo-category of algebra 
objects in a suitable monoidal oo-category Q[M]. Roughly speaking, we will think of objects of C[M] as pairs 
{C,ri), where C G C and rj : C M ^ M is a morphism in M. The monoidal structure on G[M] may be 
described informally by the formula (C, rj) (g) (C, t]') = (C (g) C", rj"), where r]" denotes the composition 

C (g) C" M '"^S"' C®M ^M. 

The desired object End(M) can be viewed as a final object of C[M]. Provided that this final object exists, it 
automatically has the structure of an algebra object of C[M] (Corollary 1.5.5). The image of End(A'/) under 
the (monoidal) forgetful functor Q[M\ — * 6 will therefore inherit the structure of an algebra object of C. 
We are now ready to begin with a detailed definition of the monoidal oo-category &[M]. 

Notation 2.7.1. We define a category as follows: 

(a) An object of 3 is either pair ([n],i < j), where [n] £ A and < i < j < n, or a pair ([n], *), where 
[n] e A and * is a fixed symbol. 

(6) Morphisms in J are given as follows: 

Homa(([m],z < j), {[n],i' < j')) = {a e HomA(H, W) ■ i' < < "0') < f} 
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Homg(([m],*),([n],i < j)) = {{a,k) : a G HomA([m], [n]),i < k < j} 
Romg{{[m],i < j), ([n], *)) = Homa(([m], *), ([n], *)) = HoniA([m], [n]). 

Let A' denote a new copy oo-category A (to avoid confusion below), and define functors 

^ : a ^ A V' : a ^ A' 

by the formulas 

i^{[n],i < j) = V(W, *) = N i^'{[n],i < j) = {i,i+l,...,j} *) = [0]. 

We will identify A with the full subcateory of 3 spanned by the objects ([n], *) (note that the remainder of 
3 can be identified with the category A^ introduced in Notation 1.2.5). Similarly, we will identify A' with 
the full subcategory of 3 spanned by the objects ([n], < n). 

Let ^ N(A')°'' exhibit M = M^j as left-tensored over the monoidal oo-category 6 = 6^], and 

— -0 

let M be an object of M. We define a simplicial set Q[M] equipped with a map Q[M] — > N{A)°p as follows. 



Let K be an arbitrary simplicial set equipped with a map e : K ^ N(A)°p. Then HomN^A)"? (-^i G[M] ) is 
in bijection with the set of commutative diagrams 



K X 



N(A)<' 



N(A) 



op 



{MJ 



K xn(a)°p my 



poq 



op 



: N(A')°^'. 



N(A') 

For each [n] G A, we let 3[n] denote the fiber 3 x^{[n]}. An object of 3[n] can be identified with either a 

• 

pair of integers i and j such that < i < j < n, or the symbol *. A vertex of C[M] can be identified with 
the following data: 

(i) An object [n] e A. 

{ii) A functor / : N(a[„])°f ^ M®, covering the map N{3[n])°^ N{A')°p induced by the functor V'- 

We let e[M]'^ denote the full simplicial subset of G[M] spanned by those objects which classify functors 
/ : N(0[„])°^ satisfying the following additional conditions: 

(1) For every morphism a in 3[n]> the edge {q o /)(a) € Hom(A^, C®) is p-coCartesian. 

(2) Let a : ([n] , *) — > {[n],i < j) be the morphism in 3[n] corresponding to the element j G {i,. . . , j}. Then 
/(a) is {p o g)-coCartesian. 

We let e[M] denote the fiber e[M]® . 
Our first main result is: 

Proposition 2.7.2. Let G be a monoidal oo-category, M an oo-category which is left-tensored over G, and 
M gM an object. Then: 



(1) The map G[M]^ N(A)°*' constructed in Notation 2.7.1 is a monoidal oo-category. 
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(2) Restriction to A' C induces a monoidal functor C[M]® — »• . 

We will give the proof at the end of this section. First, we would like to have a better understanding of 
the category Q[M]. An object of G[M] can be identified with a diagram 

Mo ^ N ^ Ml 




M 



in M®. Here N e Mf^^ ~ 6 x M. We may therefore identify N with a pair of objects C e 6, M' e M. The 
triangle on the right determines equivalences M' ~ Mi ~ M in M, while the triangle on the left determines 
an equivalence Mq ~ M and a map C (E) M' Afo- Consequently, every object of C[Af] determines a 
morphism a:C(g)M^M in M, which is well-defined up to homotopy. In fact, we have the following more 
precise statement: 

Proposition 2.7.3. Let & he a monoidal oo-category, M an oo-category which is left-tensored over 6, and 
M gM an object. Then: 

(1) Consider the functor C ^ M given by C C (g) M. There exists an equivalence of oo-categories 
e : C xjvtM^^ C[M] such that the composition of e with the forgetful functor G[M] — » C is equivalent 
to the projection C x>[ 

(2) The forgetful functor C[M] ^ C is a right fibration. 

(3) Let N g C[M] be an object which classifies a m,orphism a : C ® M ^ M (see the discussion preceding 
Lemma 2.7.14). Then N is a final object of G[M] if and only if a exhibits C as a morphism object 
Mor3vc(M,M) (Definition 2. L 9). 

Again, we will defer the proof until the end of this section. 

Remark 2.7.4. Proposition 2.7.3 implies that the fiber G[M] xg {le} can be identified with the Kan 

complex Xm{M} ~ Mapj^^{M. M). The monoidal structure on G[M] induces a coherently associative 

multiplication on Map3v^(M, M), which simply encodes the composition in the oo-category M. In particular, 
if le is an object of G[M] xe {le} which classifies an equivalence from M to itself, then le is an invertible 
object of e[M] (see Example 1.3.2). 

Corollary 2.7.5. Let G he a monoidal oo-category, M an oo-category which is left-tensored over G, and 
M gM an object. Then: 

(1) For each n>0, the forgetful functor f : e[M]® induces a right fibration /[„] : e[M]®j Gf^y 

(2) Consider the diagram 

e[M]® ^ e® 




N(A)°?'. 



A morphism a in G[M]® is q-coCartesian if and only if f{a) is p-coCartesian. 

(3) Let A be a section of q. Then A e Alg(e[M]) if and only if f o A e Alg(e). Similarly, an object 
Ao e MapN(A)°p(N(A"")°f,e[M]®) belongs to Alg""(e[M]) if and only if f o Aq e Alg™(e). 
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(4) Composition with f induces isomorphisms of simplicial sets 

Alg(e[M]) ^ Alg(e) XMap,(,,.,(N(A)o.,e«) MapN(A)o.(N(A)°P,e[M]®). 

Alg-(e[M]) ^ Alg-(e) XMap,,,,„,(N(A.»)».,e«) MapN(A)°.(N(A-)°^e[M]®). 

Proof. Each of the functors is equivalent to the nth power of the forgetful functor Q[M\ — > C. Conse- 
quently, (1) follows immediately from Proposition 2.7.3 and Lemma 2.7.14. In particular, we deduce that a 
morphism a in C[M]P'^j is an equivalence if and only if /[„](«) is an equivalence. Since / preserves coCartesian 
edges (Proposition 2.7.2), assertion (2) follows. The implications (2) =^ (3) and (3) (4) are obvious. □ 

In the situation of Proposition 2.7.2, wc obtain an induced map Alg(C[M]) Alg(C). Wc may therefore 
think of an algebra object of C[M] as an algebra object of 6 equipped with some kind of additional structure. 
The following result makes this idea precise: 

Proposition 2.7.6. Let Q he a monoidal oo-category, M an oo-category which is left-tensored over C, and 
M £M an object. Then composition with the functor tp' of Notation 2. 7. 1 induces categorical equivalences 

Mod(M) xm {M} ^ Alg(e[M]) Mod""(M) xm {M} ^ Alg™(e[M]). 

In other words, wc can identify algebra objects of Q[M] with algebra objects A e Alg(C), together with 
an action of A on the fixed object M e M. The proof will be given at the end of this section. 

Proposition 2.7.7. Suppose given a diagram 

f 

s- 2)® 



N(A) 



which exhibits C = C^j and D = D^j as monoidal oo- categories. Suppose further that f is a categorical 
fibration, a monoidal functor, and that f induces a right fibration C — > D. Then composition with f induces 
right fibrations 

Alg(e) ^ Alg(2)) Alg""(e) ^ Alg""(D). 

Corollary 2.7.8. Let G be a monoidal co-category, M an co-category which is left-tensored over C, and 
M gM an object. Then: 

(1) The forgetful functors 

Aig(e[M]) ^ Aig(e) Aig""(e[M]) ^ Aig">^(e) 

are right fibrations of simplicial sets. 

(2) The forgetful functors 

Mod(M) xm {M} Alg(e) Mod""(M) x^; {M} Alg''"(e) 
are right fibrations of simplicial sets. 

Proof. Assertion (1) follows from Propositions 2.7.7, 2.7.3, and 2.7.2. Assertion (2) follows from (1), Propo- 
sition 2.7.6, and Lemma 2.7.14. □ 

Corollary 2.7.9. Let G be a monoidal oo-category, M an oo-category which is left-tensored over C. and let 
M S Mod(M) a (left) module object having images M G M and A G Alg(C). Suppose that the multiplication 
map A (g) M — > M exhibits A as equivalent (in G) to a morphism object Mor^ (M,M). Then, for every 
algebra object B 6 Alg(e), we have a canonical isomorphism MapAig(e)(-S, ^) — Mods(M) x^ {M} in the 
homotopy category J{ of spaces. 
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Proof. Consider the diagram Alg(e)/A (Mod(M) Xj^ {M})/jg Mod(M) Xm; {M}. Propositions 2.7.6 

and 2.7.3 imply that M is a final object of Mod(M) Xjvt {M}, so that the right map is a trivial Kan fibration. 
Since the map Mod(M) Xj^{M} — > Alg(C) is a right fibration (Corollary 2.7.8), the left map is also a trivial 
Kan fibration. Passing to fibers over the object B e Alg(e), we obtain the desired result. □ 

Remark 2.7.10. In the situation of Corollary 2.7.9, let € Alg""(e) denote the image of A under the 

forgetful functor. Then the same argument shows that, for every nonunital algebra object _Bo G Alg""(C), 
we have a canonical isomorphism MapAignu(e)(-Bo, ^o) — T^od^^{M) Xjyt {M} in the homotopy category 'K 
of spaces. 

The proof of Proposition 2.7.7 is based on the following easy lemma: 
Lemma 2.7.11. Consider a diagram of simplicial sets 



X 





S. 



Suppose that: 
(i) The maps p and q are coCartesian fibrations. 

(ii) The map f carries q-coCartesian edges of X to p-coCartesian edges ofY. 
(Hi) The map f is a categorical fibration. 

(iv) For every vertex s of S, the induced map Xg Ys is a right fibration. 
Then composition with f induces a right fibration Ma,pg{S,X) — » Ma,pg{S,Y). 
Proof. According to Corollary T. 2. 1.2. 10, it will suflace to show that the map 

</) : Fun(A\Maps(5,X)) ^ Fun(A\ Maps(5, F)) Xp„,({i},Maps(s,r)) Fun({l},Maps(5,X)) 
is a trivial Kan fibration. Set 

X' = Fun(Ai,X) Xfu„(ai,s) S, Y' = ¥nn{A\Y) Xf^„(ai,s) S, Z = Y' XFun({i},F) Fun({l},X), 

so that / determines a map <}) : X' ^ Z , and (/) can be identified with the induced map Map5(S', X') ^ 
Map5(S', Z). It will therefore suffice to show that is a trivial Kan fibration. Since </) is clearly a categorical 
fibration, it will suffice to show that is a categorical equivalence. 
We have a commutative diagram 

X' —-^ Z -—^ Y' 





S. 



Proposition T. 3. 1.2.1 and (?') implies that p' and q' are coCartesian fibrations, and (ii) implies that ipo(j} carries 
g'-coCartesian edges to p'-coCartesian edges. Combining {ii), (Hi), and Proposition 2.6.4, we deduce that r 
is also a coCartesian fibration, and that </> carries g'-coCartesian edges to r-coCartesian edges. According to 
Proposition T.3.3.2.5, the map is a categorial equivalence if and only if it induces a catcgoric;al equivalence 
: X'g ^ Zs, for each vertex s € S. We now observe that {iv) and Corollary T.2.1.2.10 imply that is a 
trivial Kan fibration. □ 
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Proof of Proposition 2.7.7. We will give the proof in the unital case; the assertion for nonunital algebras 
follows using the same argument. According to Corollary 2.7.5, we have a puUback diagram 

Alg(e) > Alg(D) 



MapN(^)„, (N(A)°P, e®) MapN(^)„, (N( A)°f , D^). 

Corollary 2.7.5 and Lemma 2.7.11 imply that 9' is a right fibration. It follows that 9 is also a right fibration. 

□ 

We now return to the proofs of Propositions 2.7.2, 2.7.3, and 2.7.6. We first need to establish some 
technical preliminaries. 

Lemma 2.7.12. Suppose given a puUback square of co- categories 




where p is a coCartesian fibration. Let f : K'' X' be an arbitrary diagram. Then f is a p' -limit diagram 
if and only if qo f is a p-limit diagram. 



Proof. Replacing the above diagram by 



X 



/pqf 



(and invoking Proposition T.2.3.3.3), wo can reduce to the case where = 0. In this case, we can identify 
/ with an object x' E X' . Let s' = p'{x') and s = q'{s'). Corollary T. 4. 3. 1.16 implies that x' is p'-final if 
and only if x' is a final object of the fiber X'^,. Similarly, x = q{x') is p-final if and only if a; is a final object 
of the fiber Xg. The desired result now follows from the observation that X'^, ~ Xg. □ 

Lemma 2.7.13. Let M® C® ^ N(A)°p exhibit M = M^j as left-tensored over C = ejfj. Let n>2, and 
suppose we are given a diagram ctq.' 

X^ X« 



in M , lifting the diagram tq: 




{0,...,n-l} 



{!,..., n} 



{l,...,n-l} 



in A. Suppose furthermore that a is a (poq)- coCartesian morphism in M®, and that q{j3) is a p- coCartesian 
morphism in 6®. Then: 
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(1) The diagram t: 




{l,...,n-l} 

in A can he lifted to a {po q)-lim.it diagram a: 



X 




XLR 

in M®. 

(2) Consider an arbitrary diagram a as in (1), which is compatible with both ctq and r. Then a is a {p°q)- 
limit diagram if and only if a is a {po q) -co Cartesian morphism in M*^ and q{P) is p-coCartesian 
morphism in 6®. 

Proof. We first prove (1). Let us identify r with a map x ^ N(A)°p, and form a pullback diagram 

N ^M® 

r poq 

Ai X Ai N(A)°p. 

Wc will regard as a simplicial subset of M® containing the diagram ctq- Iu view of Lemma 2.7.12 and 
the fact that (p o g) is a coCartesian fibration, it will suffice to prove that uo can be extended to an r-limit 
diagram tr : A^ x A^ — » N. 

Unwinding the definitions, we see that the coCartesian fibration r : K — > A^ x A^ is classified by the 
following diagram of oo-categories: 

P® X P® X Tvr® 



Here 




denotes the left action of C on M. Let denote the relative nerve of this diagram, so that we have an 
equivalence / : N' ^ Jsf of coCartesian fibrations over A^ x A^, and r' : Jsf' ^ A^ x A^ the projection. 
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The diagram ao is equivalent to a composition / o ctq. It will suffice to show that the analogues of (1) 
and (2) hold for ag: 

(!') The map ctq can be extended to an r'-limit diagram cr' : x ^ X' (which is simultaneously a 
section of r'). 

(2') Let a' be an arbitrary section of r' which extends ctq, and denote the diagram / o cr' as follows: 

X' 



X" 



X 



iR 



Then a' is an r'-limit diagram if and only if a' is a o (j')-coCartesian morphism in M® and q{P ) is 
p-coCartesian morphism in 6®. 



The diagram o-q determines objects 

{c,D,N)&e%,yxef,^ 

iD', M) 6 X Mf„_,,„j {D", N') e ef,,...,„_,j X Mf„_,j . 



and morphisms 



£, £)" D', NhN'f^ T{M) 



Since a is (p o g)-coCartesian, we conclude that 70 and are equivalences in n-i}- Similarly, since 
q{P) is p-coCartcsian, wc deduce that 5q is an equivalence in JA^^_^. Modifying CTq if necessary, we may 
assume that D = D' = D", N = N', and the maps 70, 71 and So are all identities. In this case, we can take 
cr' to be the diagram 

iC,D,M) 



iC,D,N) 





{D,M) 



{D,N). 

An easy calculation shows that a' is an r'-limit diagram. This proves (1). Moreover, a' satisfies the criterion 
of (2'). Since r'-limit diagrams extending ctq are uniquely determined up to equivalence, we deduce the "only 

if" direction of (2'). 

To prove the "if" direction of (2'), let us suppose given an arbitrary section a' of r' which extends ctq, 
depicted below: 

{Co, Do, Mo) 

^91x92 

^ox/ix/2 

{C,D,N) {D,M) 



{D,N). 
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Since a' is an r'-limit diagram, there exists a natural transformation s : a' ^ a' which is the identity, 
except possibly on the initial object. Suppose that a' satisfies the criterion of (2'). Then the maps /o, 
/i, and g2 are equivalences. Using the two-out-of-three property, we see that s induces an equivalence 
(Co, Dq, Mq) — > (C, D, M), so that s is itself an equivalence. Since a' is equivalent to a', it is also an r'-limit 
diagram, as we wished to prove. □ 

Proof of Proposition 2.7.2. Let M® ^ 6® A N(A)°p exhibit M = M^j as left-tensored over 6 = 6^]. The 
functor ^ : 3 — > A is an op-fibration of categories, so the induced map N(J)°^' — > N{A)°p is a Cartesian 
fibration. We now define a simplicial set X equipped with a map f : X ^ N{A)''p, characterized by the 
following universal property: for every map of simplicial sets K N(A)°p, we have a canonical bijection 
HomN(A)°p(^,^) ^ HomN(A')'"'(^ Xn(a)°p N(a)°P,M®). Invoking Corollary T.3.2.2.13, we deduce: 

(i) The map / is a coCartcsian fibration. 

(a) Let a be a morphism in X, covering a map a : [m] [n] in A. Then a is /-coCartesian if and only if 

the following conditions are satisfied: 

(a) For every < i < j < m, the induced map a([n],a(i) < a{j)) a{[m],i < j) is a {q o p)- 
coCartesian morphism in M®. 

(6) The map a([n], *) a([m], *) is a (g o p)-coCartesian morphism in M®. 

Restriction to the full subcategory A C (spanned by the objects of the form ([n],*)) gives rise to a 
commutative diagram 

X ^ M X N(A)°P 




The map / is obviously a coCartesian fibration, and {ii) implies that s carries /-coCartesian edges to / - 

, ® 

coCartcsian edges. Moreover, we have a canonical isomorphism C[M] ~ X X3ytxN(A)<'p ({-^} ^ N(A)°*'). 
Combining Proposition 2.6.4 with Proposition T. 3. 1.4.1, we deduce: 

-0 

{i') The projection g : e[M] — > N(A)°J' is a coCartesian fibration. 

{ii') Let a be a morphism in Q[M] , covering a map a : [m] ^ [n] in A. Then a is ^-coCartesian if and only 
if, for every < i < j < m, the induced map a{[n],a{i) < a{j)) — > a{[m],i < j) is a (gop)-coCartesian 

morphism in M®. 

It follows easily from {ii') that the map g restricts to a coCartesian fibration '■ C[M]® — > N(A)''p, and 
that a morphism in C[M]® is go-coCartesian if and only if it is gi-coCartesian. 

We now prove (1). We must show that, for each n > 0, the coCartesian fibration go induces an equivalence 
e[M]|f^j ~ e[Af]^p ^yX ... X Mf^_^ „-j . For n = this is easy: the cx3-category e[Af]^] is isomorphic to the 

full subcategory of spanned by the final objects, and therefore a contractible Kan complex (Proposition 
T. 1.2. 12. 9). For each object [m] G A, let 3[m] denote the fiber product 3 XA.{['m]}. Let P be the set of pairs 
of integers i,j G [n] satisfying i < j. We endow P with the following partial ordering: 

{i < j) < {i' < f) 

if and only if the interval {i,...,j} is contained in the interval {i' , . . . ,j'}; in other words, if and only 
if < i' < i < j < j' < n. We regard P as equipped with a functor P — > A', given by {i < j) i— > 
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+ 1, . . . ,j} ~ [j — i]- For every downward-closed subset Q ^ P, let denote the full subcategory of 
3[n] spanned by the objects ([n], *) and {([n],z < j)}(i<j)£Q, and let £(Q) denote the full subcategory of 

MapN(A')-(N(a3)°^M®) 

spanned by those functors F : N(3|'„])°p M® which satisfy the following conditions: 

(a) Let (i < j) & Q and let < z < i' < j < n. Then the induced map F{[n],i < j) F{[n],i' < j) is a 
{p o g')-coCartesian morphism in . 

(6) Let (i < j) £ Q and let < i < i' < / < j < n. Then g carries the induced map F{[n],i < j) — > 
i^([n], i' < j') to a p-coCartesian morphism in Q®. 

(c) Let (i < j) G Q and let a : ([n], *) — > ([n],i < j) be the morphism in 3[n] classified by the element 
j G + 1, . . . Then F{a) is a (p o g')-coCartesian morphism in M®. 

It is convenient to reformulate the conditions (a), (b), and (c). Using a transitivity argument, it is easy 
to see that (a) is equivalent to the following apparently weaker condition; 

(a') Let {i < j) e Q. Then the induced map F{[n],i < j) F{[n],i + 1 < j) is a (p o g)-coCartesian 

morphism in M®. 

Assuming (a'), another transitivity argument allows us to reformulate (6) as follows: 

(6') Let {i < j) G Q. Then q carries the induced map F{[n],i < j) F{[n],i < j — 1) to a p-coCartesian 
morphism in C®. 

Finally, assuming that (a') is satisfied, another transitivity argument gives the following reformulation of 

(c): 

(c') Let {i < i) € Q. Then the induced map -F([n], i < i) ^ *) is {p o <7)-coCartesian. 

Evaluation at the object ([n],*) induces a map £,{Q) M; let £-o{Q) denote the fiber 8,{Q) Xj^t {M}. 
We observe that e[M]^j is canonically isomorphic to £.o{P). Let P<i C P be the collection of all pairs 
{i < i) S P such that j <i + l. The simplicial set £o(-P<i) is canonically isomorphic to the fiber product 

and is therefore (since this fiber product is also a homotopy fiber product) equivalent to the product 
no<i<n ^[-^]fi j+i}- complete the proof of (1), it will suffice to show that the restriction map ro : 
£o(-P) — * £o(-P<i) is a trivial Kan fibration. 

We have a Cartesian rectangle of simplicial sets 

£o(P)^X£o(P<i) -{M} 

£(P) ^£(i^<i) -M. 

It will therefore suffice to show that the map r is a trivial Kan fibration. We will prove the following more 
general statement: for every P<i C Q C Q' C P, the restriction map £(Q') £-{Q) is a trivial Kan fibration. 
Using a transitivity argument, we can reduce the case where Q' is obtained from Q by adjoining a single 
element {i < j) £ P — Q. Since P<i C Q, we have j > i + 2. 

In view of Proposition T. 4. 3. 2. 15, it will suffice to prove the following, for every Fq e £.{Q): 
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(7) There exists a functor F G MapN(^/)op(N(3|^j)°^',M®) which is a (po (ji)-right Kan extension of Fq. 

{II) Let 7^ e MapN(A')op(N(a[^j)°P,M^) be an arbitrary extension of Fq. Then F is a (p o g)-right Kan 
extension of Fq if and only if F G £.{Q')- 

Let J = Xa[„j (3[ra])/([n],i<j)) and let denote the full subcategory of 3 spanned by the objects 

X'^ : {[n],i < i - 1) ^ {[n],i < j), X« : {[n],i + 1 < j) ^ {[n],i < j) 

X^^:([n],i + l<i-l)^([n],i<j). 

Let F^ denote the composition 'N{3)°p N(a^j)°f ^ . Using Lemma T.4.3.2.13 (and the equivalence 
between conditions (a), (6), and (c) with their analogues (a'), (6'), and (c')) we are reduced to proving: 

(7') There exists a. {po g)-limit diagram F', rendering following diagram commutative: 



N(JV 



F' 



op\< 



poq 

■ N(A')°f . 



(77') Let F' be an arbitrary map which renders the above diagram commutative. Then F' is a (p o (7)-limit 
diagram if and only if F'({X^}"^) is (p o (j')-coCartesian morphism in M®, and (g o F'){{X^}'^) is 
p-coCartesian morphism in 6'^. 

We observe that the inclusion Jo C J has a left adjoint, so the induced map N(Jo) N(J) is cofinal. 

Consequently, it suffices to prove the analogues of (7') and (77') obtained by replacing 3 by Jq- In this case, 
the desired result is an immediate conseqence of Lemma 2.7.13. This completes the proof of (1). 

We now prove (2). We wish to show that the restriction map e[M]® — > 6® carries 50-coCartesian edges 
to p-coCartesian edges. Let a be a go-coCartcsian edge of CfM]*^, covering a map a : [m] [n] in A. Let 
(3 : a{[n],0 < n) ^ a{[m],0 < m) be the induced map in M®. We wish to show that g(/3) is a p-coCartesian 
morphism in 6. We observe that g(/?) factors as a composition 

q{a{[n],0< n)) '^'^ g(a([n],a(0) < a(m))) g(a([m],0 < m)). 

Condition {ii') implies that f3" is {p o (7)-coCartcsian, so that g(/3") is p-coCartesian. Moreover, since the 
domain of a belongs to e[M]®, the map g(/3') is p-coCartesian. It follows that q{P) is p-coCartesian, as 
desired. □ 

We now turn to the proof of Proposition 2.7.3. Once again, we will need a lemma. 

Lemma 2.7.14. Suppose given a diagram of simplicial sets 

X' ^X 




where p is a right fibration, p' a categorical fibration, and the horizontal arrows are categorical equivalences. 
Then p' is also a right fibration. 
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Proof. Replacing X hy X x s' S (and invoking Proposition T.3.3.2.3), we can reduce to the case where S = S' 
and the bottom horizontal map is the identity. We wish to show that every lifting problem of the form 



A ^X' 

» / V 

B- ^S' 

admits a solution, provided that i is right anodyne. Applying Proposition T.5.2.4.4 (in the model category 
(§etA)/s', we can reduce to the problem of solving the associated mapping problem 




B ^S, 



which is possibly in virtue of our assumption that p is a right fibration. □ 

Proof of Proposition 2.7.3. We first prove (1). Let K denote the fiber product M® x^i-^/joj, ]<l(3[i])"^, and 
p : ?\f N(3[i])°P the projection. Then p is classified by a fimctor F from N(3[i])°p to the oo-category 
Catoo- Unwinding the definitions, we see that F is equivalent to the functor described by the diagram of 
oo-categories 




M. 



Here (g) : C x M ^ M denotes the tensor product functor, and tt : 6 x M ^ M denotes the projection onto 
the second factor. This diagram is described by a functor F' : 3|y Set a. Let 'N' denote the relative nerve 

^F'id^ij), so that we have an equivalence ^ N' of coCartesian fibrations over N(3[ij)°^'. This equivalence 
induces an equivalence of oo-categories e[M]' — > C[M], where G[M]' denotes the fiber product 

{M} Xfu„({2},m) Fun'(A2,M) XFun({o},M) Fim({0},ex M) Xp^,„({o},M) Fun"(A2,M) XFun({2},M) {M}; 
here Fun'(A^,M) denotes the full subcategory of Fun(A^,M) spanned by those diagrams 




N ^N" 

where 7 is an equivalence, and Fun"(A^,M) the full subcategory spanned by those diagrams where /3 
and 7 are both equivalences. Since A^ is weakly contractible, the diagonal map M — * Fun"(A^,M) is a 
categorical equivalence. An easy argument shows that this diagonal map induces a categorical equivalence 
e[M]" e'[M], where e[M]" denotes the fiber product 

{M} Xp„„({2},M) Fun'(A2,M) Xp„„({o},M) Fun({0},e); 

here 6 maps to M via the functor C C (g) M. We now observe that evaluation along the long edge of A^ 
induces a trivial Kan fibcation Fun'(A^,M) Fun(A^°'^^, M). We therefore obtain a trivial Kan fibration 
e[M]" —* e XjvfM^^ . Let s denote a section to this trivial fibration (for example, the section given by 
composition with a degeneracy map A^ — > A^), and define e to be the composition 

e xmM/^-^ a e[M]" c e[M]' ^ e[M]. 
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It is easy to see that e satisfies the requirements of (1). Assertion (2) follows from (1) and Lemma 2.7.14, 
since the projection — » M is a right fibration. 

We now prove (3). Note that the objects of C[M]" can be identified with pairs (C, a), where C G C and 
a : C ® M M \s a. morphism in M. In view of (1), it will suffice to show that an object (C, a) G C[M]" 
is final if and only if a exhibits C as a morphism object Mor3vt(M, M). Fix another object In view of (1), it 
will suffice to show that an object (C, a') G e[M]". Since the projection e[M]" ^ 6 is a right fibration, the 
induced map q : Q[M]'J^^ ^ C/c is a trivial Kan fibration. We therefore obtain a homotopy fiber sequence 

Mape[M]"((C',a'),(C,a)) ^Mape(C',C) ^e[M]" Xg {C}. 

It follows that (C, a) is an initial object of e[M]" if and only if 7 is a homotopy equivalence, for every choice 
of object C e C. We now observe that the codomain of 7 is canonically identified with Mapjyt(C(8>M, M), so 
that the 7 is an equivalence for every C" € C if and only if a exhibits C as a morphism object Motm{M, M). 
This proves (3). □ 

Proof of Proposition 2.7.6. Wc will give the proof for unital algebras; the nonunital case can be established 
using the same argument. Let -^^ 6® A N(A')°J' exhibit M = M^j as left-tcnsored over the monoidal 
00-category e = 6^]. In what follows, we will abuse notation by identifying the object M e M with the 
constant functor N(3)°p — s- M taking the value M, for a variety of categories 3. 

Let r : C[-M]® N(A)°p denote the projection map. Using the definition of C[M]'^ and the description 
of the r-coCartesian edges given in the proof of Proposition 2.7.2, we see that the c»-category Alg(C[M]) 
can be identified with the full subcategory of MapN^^^/jop (N(3)°^, M®) Xirmi(N(A)op,3vt) {-^} spanned by those 
functors / with the following properties: 

(a) Given a collection of integers < i < i' < j' < j < n, let a denote the induced map f{[n],i < j) — >■ 

f{\n\,i' < j'). THen q{a) is p-coCartesian. 

(6) Given a collection of integers < i < j < n, let f3 : {[n], *) {[n], i < j) be the map in 3 corresponding 
to the element j G {i, . . . Then is (p o g)-coCartesian. 

(c) Given a convex map 7 : [m] [n] in A and a pair of integers < i < j < m, the induced map 
f{[n],a{i) < a{j)) f{[m],i < j) is an equivalence in M®. 

We let X denote the full subcategory of MapN(A')°''(^(3)°^' •'^^) spanned by those functors / which 
satisfy. We observe that if f G X, then / satisfies the following additional condition: 

(do) The functor / carries every morphism a : ([m], *) — > ([n], *) to an equivalence in M. 

To prove this, we first use the two-out-of-three property to reduce to the case where m = 0. The map a 
is then classified by an element i G [n]. We have a commutative diagram in 3°^: 

([n],i <z)^-([0],0<0) 



{[n 



7 



7 



*) — ^([0],*). 



Assumptions (6) and (c) guarantees that / carries /3, 7, and 7' to equivalences in M, so that / carries /?' to 
an equivalence in M as well. 

Let 3+ denote the category obtained from 3 by adjoining a new element ([— 1], *), with 

Homg^(([-l], *), ([n], *)) = {*} Hom3^(([-l], *), {[n],i < j)) = {i, . . . , j} 
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Homg^K([-l],*)) 



{*} ifu=([-l],*) 
otherwise. 



The functor tp' : 3 ^ extends canonically to a functor tp'^ : d+ ^ A', with ■)/'+([— l]j *) = [0]- Let X 
denote the full subcategory of Mapp^^^z-jop (N(0_|_)°p, M®) spanned by those functors / which satisfy (a), (6), 
(c), and the following stronger form of (do): 

(d) The functor / carries every morphism a : ([m], *) — > ([n], *) in 3+ to an equivalence in M. 

Recall that we have identified A with the full subcategory of 3 spanned by the objects ([n],*)- We 
observe that the inclusion A ~ A Xg^(0_|_)([_i] C 3 y-3^{3+){[-i],*)/ has a right adjoint, given by the 
formula 

Combining this observation with (d). Lemma T. 4. 3. 2. 13, Corollary T. 4. 4. 4. 10, and the observation that 
N(A')°^' is weakly contractible, we deduce: 

(i) Every functor foGX admits a {p o q)-\eft Kan extension / G Mapp^^^/^op (N{3+)°^, M®). 

(m) Let / e MapN(A')<"'(I^(3+)°^,M®) be arbitrary. Then / G X if and only if /o = f\ N{3)°p belongs to 
X and / is a (p o g)-left Kan extension of /q. 

Recall that we have identified A' with the full subcategory of 3 spanned by the objects < n)}„>o. 
Similarly, we will category A^ of Notation 1.2.5 with the full subcategory of 3 spanned by the objects 
< j)}o<i<j<n- Finally, let 3' denote the full subcategory of 3+ spanned by A^ together with the 
object ([—1], *), so that we have a sequence of inclusions 

A' c A"" c a' c a+ . 

Wc make the following observations: 

(1) For every object {[n],i < j) G A', the category A' x^x ) / ([n\,i<j) has a final object, given by the 
map {{i,...,j),i<j) ([n],i<j). 

(2) The category A^ Xg' 3'([-i]^^,)/ has an initial object, given by the map ([—1], *) ([0], < 0). 

(3) For every object ([n],*) G 3+, the category 3' ^3^3 /{[n] *) has a unique (final) object, given by 
([-!],*)-(["],*)• 

Applying Lemma T. 4. 3. 2. 13, we deduce: 
(1') Every functor /o G Map^j^/jop (N(A')°p, M®) admits a (p o g')-right Kan extension 

/GMapN(A')-(N(A^)°f,M®). 

Moreover, an arbitrary functor / G Mapi,^(^/-,op(N(A^)°P,M^) is a {p o g)-right Kan extension of the 
restriction /| N(A')°^' if and only if the following condition is satisfied: 

(a') For every object {[n],i < j) G A^, the canonical map f{[n],i < j) f{{i,...,j},i < j) is an 
equivalence in M®. 

(2') Every functor /o G Ma.p^^^,y„ (N(A'' M®) admits a{po g)-left Kan extension 

/GMapN(A')-(N(a')°^M^). 

Moreover, an arbitrary functor / e Mapi,^(^/-)op(N(a')°P, M®) is a (p o q)-left Kan extension of the 
restriction f\ N(A^)°J' if and only if the following condition is satisfied: 
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(6') The canonical map /([0],0 < 0) ^ /([— 1], *) is an equivalence in M. 
(3') Every functor /q G Map]vj(2i/)op(N(3')°^',M®) admits a {poq)-vight Kan extension 

/eMapN(A')op(N(a+)°^M®). 

Moreover, an arbitrary functor / G Mapp^^^z-jop (N(3^)°*', M®) is a (p o g)-right Kan extension of the 
restriction /| N(3')°^' if and only if the following condition is satisfied: 

(c') For each n > 0, the canonical map /([n], *) — !■ /([—I], *) is an equivalence in M. 

Let Y denote the full subcategory of Map^j^/^op (N{3+)°^, M®) spanned by those functors / which satisfy 
(a'), (6'), and (c'), and the following additional condition: 

{d') The restriction f\ N(A')°p belongs to Mod(M). 

Applying Proposition T. 4. 3. 2. 15 repeatedly, we deduce that the restriction map Y — > Mod(M) is a 
trivial Kan fibration. Our next goal is to show that Y = X. In other words, if we fix a functor / e 
MapN(A')''p(^(3+)°^' •'^'^)' then / satisfies (a), (6), (c), and (d) if and only if / satisfies (a'), (6'), (c') and 
id'). 

Suppose first that / satisfies (a), (6), (c), and {d). Condition {a') follows immediately from (c), and 
conditions (l/) and (c') follow from (d). To verify (c?'), wo first observe that (a) and (c) imply that q o 
f\ N(A')°J' is an algebra object of 6. It remains only to show that if a : ([m], < m) — > ([n], < n) satisfies 
a(m) = n, then the induced map /([n], < n) ^ /([m], < m) is (p o g)-coCartesian. Using the equivalence 
M^] ~ X M and the fact that {q o /)| N(A')°p € Alg(e), we may reduce to the case m = 0. In this 
case, the desired result follows from (&). 

Now let us suppose that / satisfies (a'), (6'), (c') and {d'). Condition (c) follows immediately from (a') 
Condition (d) follows from (c') using a two-out-of-three argument. To prove (b), we observe that the map 
f} : ([«],*) ^ (N> * < i) corresponding to j € {i,. . . ,j} fits into a commutative diagram 

([-!],*) — ^ ([0], < 0) {{z, . . . , j}, 2 < j) 



/3o 



/33 



") ' ^ <j)- 



Condition (c') implies that /(/3o) and / (/3i) are equivalences, and condition (a') guarantees that /(A3) is an 
equivalence. It follows that /(/3) is (pog)-coCartesian if and only if /(/?2) is (po(j')-coCartesian, which follows 
from {d'). The verification of (a) is similar: let < i < i' < j' < i < n, and let a : {[n], i' < f) — > {[n],i < j) 
be the induced morphism in 3- Then a fits into a commutative diagram 



{{i',...,f},i'<f)^{{i,...,j},i<j) 

ao cti 

{W<3') -([n],^<J)■ 



Condition (a') guarantees that fiaa) and f{a2) are equivalences, so that (q o f){a) is p-coCartesian if and 
only if (g o /)(a2) is p-coCartesian. Since 0:2 is a convex morphism, this follows from assumption {d'). 

We have a diagram of trivial Kan fibrations X <— X = Y ^ Mod(M). For every full subcategory "3^3+, 
let £(3) denote the full subcategory of Fun(N(J)°^', M) spanned by those functors which carry each morphism 
in J to an equivalence in M. Let 3" be the full subcategory of 3+ spanned by the objects of A_)_ and the 
object ([0], < 0), and 3o the full subcategory spanned by the single object ([0], < 0). 
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Consider the diagram 

Alg(e[M]) ^ X X£(A) {M} ^ X X£(A) {M} ^ X xg(g..) {M} ^ X X£(a..) {M} H Mod(M) x^ {M}. 

The above arguments imply that 4>o and ^3 are trivial Kan fibrations. We now observe that the categories 
3", A, and 3o all have weakly contractible nerves (for S", this follows from the observation that ([0],0 < 0) 
is a final object). Consequently, the restriction maps £(A) ^ £(3") — > £(3o) — ^Vt are trivial Kan fibrations. 
Using this, we deduce that 0i and 02 are categorical equivalences. 

The functor Mod(M) {M} Alg(e[M]) induced by composition with ip' factors as a composition 

Mod(M) XM {M} ^ X xe(g-.) {M} ^ X x^a) {M} H Alg(e[M]). 

Consequently, it will suffice to show that is a categorical equivalence. We now observe that is a section 
of 03 o 02, hence a categorical equivalence by the two-out-of-three property. □ 

2.8 Application: Existence of Units 

Recall that a nonunital ring is an abelian group {A, +) equipped with an associative multiplication A® A A. 

Every associative ring determines a nonunital ring, simply by forgetting the multiplicative identity element. 
On the other hand, if A is an associative ring, then the ring structure on A is uniquely determined by 
underlying nonunital ring of ^. In other words, if ^ is a nonunital ring which admits a multiplicative 
identity 1, then 1 is uniquely determined. The proof is simple: if 1 and 1' are both identities for the 
multiplication on A, then 1 = 11' = 1'. Our goal in this section is to prove an 00-categorical analogue of this 
result. More precisely, we will show that if A is a nounital algebra object of a monoidal 00-category C which 
admits a quasi-unit, then A can be extended to an algebra object of C in an essentially unique way. 

In ordinary category theory, this is a tautology. However, in the oo-catcgorical setting the result is 
not quite as obvious; the unit in an algebra object A of 6 is required to satisfy a hierarchy of coherence 
conditions with respect to the multiplication on A, while the definition of a quasi-unit involves only the 
homotopy category hC. Nevertheless, we have the following result: 

Theorem 2.8.1. Let G be a monoidal 00-category. Then the restriction map Alg(C) — > Alg""(C) induces a 
trivial Kan fibration : Alg(e) Alg'»"(e). 

Before giving the proof, let us sketch the main idea. Suppose that A is a nonunital ring, and we wish 
to promote A to an associative ring. Let M = A, regarded as a (nonunital) right module over itself. Left 
multiplication induces a homomorphism of nonunital algebras (f> : A ^ Hom^ (M,M). If A admits a left 
unit 1, then A is freely generated by 1 as a right ^-module, so that evaluation at 1 induces an isomorphism 
Hom/i(A'/, A'/) ~ M. Under this isomorphism, corresponds to the map a al. If the clement 1 G A is 
also a right unit, then is an isomorphism. On the other hand, EndA{M, M) is manifestly an associative 
ring. To translate this sketch into the setting of higher category theory, we will need the following lemma, 
which will be proven at the end of this section: 

Lemma 2.8.2. Let C be a monoidal 00-category, and let A G Alg''"(C). There exists an 00-category M which 
is left-tensored over C and an object M e Mod^'^(M) which exhibits A as a morphism object Mor^yc (M, M) . 

Proof of Theorem 2.8.1. The map 6 is evidently a categorical fibration. It will therefore suffice to show that 
is a categorical equivalence. We first show that is essentially surjective. Let Aq be a quasi-unital algebra 
object of C. According to Lemma 2.8.2, we can find an 00-category M which is left-tensored over 6 and a 
quasi-unital module 

Mo e ModX,(M) c Mod™(M) 
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which exhibits as a morphism object Motm{M, M): here we let M denote the image of Mq under the 
forgetful functor Mod'*"(M) — > M. We have a commutative diagram 

Mod(M) xm {M} ^ Alg(e[M]) > Alg(e) 

e' e 
Mod""(M) Xm {M} > Alg'^"(e[M]) > Alg™(e). 

Let Aq be the image of Mq in Alg""(C[M]). To prove that Aq belongs to the essential image of 6, it will 
suffice to show that belongs to the essential image of 6' . 

Proposition 2.7.3 and Remark 1.5.6 imply that Aq is a final object of Alg""(C[M]). On the other hand, 
Proposition 2.7.3 an Corollary 1.5.5 imply that Alg(C[M]) admits a final object A, and Remark 1.5.6 implies 
that 0'{A) is a final object of Alg""(e[M]). It follows that 0'{A) ~ Aq, so that Aq belongs to the essential 
image of 6' as desired. 

We now prove that 9 is fully faithful. Fix objects A,B e Alg(e), and set Aq = e{A) e Alg''''(e), Bq = 
6{B) e Alg'^"(e). We wish to prove that the map MapAig(e)(S, A) — > MapAigqu(g)(Boj ^o) is a homotopy 
equivalence. Use Lemma 2.8.2 to choose Mq g Mod^"(M) as above. Consider the diagram 

ModA(M) ^ ModA(M) xm {M} ^ {A} XAig(e) Alg(e[M]) 

ModX„(M) ^ ModX;(M) xm {M} ^ {Ao} XAig.u(e) Alg'i"(e[M]). 

The left square is a puUback, and the left vertical map is a trivial Kan fibration (Proposition 2.2.16). The 
horizontal maps on the right are both categorical equivalences (Proposition 2.7.6). Using the two-out-of- 
three property, we deduce that V is a categorical equivalence. Since ),:!.' is also a categorical fibration, it is a 
trivial Kan fibration; we may therefore choose M G Mod^(M) lifting Mq. 

According to Corollary 2.7.9 and Remark 2.7.10, we have canonical homotopy equivalences 

(j) : MapAig(e)(S, A) ~ ModB(M) x^ {M} 

<^"" : MapAignu(e)(So,^o) ^ Mod^';(M) x^ {M}. 

Let f : Bq ^ Aq be a map of nonunital algebras, and let iVo be the corresponding object of Mod^"(M) Xjvt 

f 

{M}. Then / is quasi-unital if and only if the composition u : Iq ^ B ^ A is homotopic to the unit 
of A; here we abuse notation by identifying A and B with their images in C. Using the equivalence A ~ 
Mor]vt(Af, M), we can identify u e ttq Mape(le, Morjv[(M, M)) with a point u' e ttq Map3vt(M, M); then / is 
quasi-unital if and only if u' is homotopic to the identity. The map u' can be identified with the composition 
M~lei8)M— >B(g)M^M, so that / is quasi-unital if and only if No is quasi-unital. It follows that 0"" 
restricts to a homotopy equivalence 

(j) : MapAigqu(g) {Bo,Ao)c^Mod2{M) xm{M}. 

We wish to prove that induces a homotopy equivalence MapAig(e)(^) ^) ~^ MapAigqu(g)(So, j4o). In 
view of the above identifications, it will suffice to show that the restriction map 

g : Mods(M) x^ {M} ^ Mod^-^CM) x^ {M} 

is a homotopy equivalence. Proposition 2.2.16 implies that 5 is a trivial Kan fibration. □ 

Definition 2.8.3. Let C be a monoidal cx)-category, let M be an (X)-category which is left-tensored over 6. 
We let Mod''"(M) denote the full subcategory of Mod""(M) XAig»u(e) Algi"(e) spanned by those nonunital 
A-modules M satisfying the following condition: 
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(*) Let u : le — > A be a quasi-unit for A. Then the composition 

Mc^le<SiM^A<SiM^M 

is an equivalence. 

Remark 2.8.4. Let C be a monoidal oo-category, let M be an oo-catcgory which is left-tensored over C, let 
A be an algebra object of C and let Aq denote the underlying nonunital algebra. Then the fiber 

Mod'i"(M) XAig<,u(e) {Ao} C Mod;\"(M) 

coincides with the full subcategory Mod^"(M) C Mod™(M) introduced in Definition 2.8.3. 

Corollary 2.8.5. Let G be a monoidal oo-category, let M be an oo-category which is left-tensored over C. 
Then: 

(1) The restriction functor 6 : Mod(M) Mod'^"(M) XAig<i"(e) Alg(e) is a trivial Kan fibration. 

(2) The restriction functor Mod(M) Mod''"(M) is a trivial Kan fibration. 

Proof. It is clear that (2) follows from (1) and Theorem 2.8.1. It will therefore suffice to prove (1). Consider 
the diagram 



Mod'i^CM) 



■Mod""(M) 



p 



Aig<i"(e) 



Aig""(e). 



According to Remark 2.3.4, the map p' is a Cartesian fibration; moreover, a morphism f : M M' in 
Mod""(M) is p'-Cartesian if and only if it induces an equivalence in M. Suppose that / is the image of 
a morphism / : M — > M in Mod""(M) XAig<!i'(e) Alg""(e). If / is p'-Cartesian, we deduce easily that 
M G Mod'i"(M) if and only if M e Mod''"(M). It follows that p is also a Cartesian fibration, and that a 
morphism / : M ^ M in Mod'^"(M) is p-Cartesian if and only if it induces an equivalence in M. 
Consider next the diagram 



Mod(M) 



Aig(e) : 



.Mod^"(M) XAig.u(e) Alg(e) 



: Aig(e). 



The map q' is a puUback of p. It follows that q' is a Cartesian fibration, and that a morphism of 
Mod'^"(M) XAigiu(e) -A.lg(e) is g'-Cartesian if and only if its image in M is an equivalence. Corollary 2.3.3 
implies that q is also a Cartesian fibration, and that 6' carries g-Cartesian edges to g'-Cartesian edges. Ac- 
cording to Corollary T.2.3.4.4, 6* is a categorical equivalence provided that it induces a categorical equivalence 
of fibers ModA(M) — *■ Mod^'^(M) over every object A e Alg(e). The desired result now follows immediately 
from Proposition 2.2.16. □ 

Remark 2.8.6. Theorem 2.8.1 can be considered as a special case of Corollary 2.8.5. To see this, let 
g : ^ N(A)°P be a monoidal oo-category. The identity map 6'^ ^ C" 



exhibits M = C^j as left-tensored 



over e = C^j . We have a commutative diagram 



Mod(M) 



Aig(e) 



■Modi"(M) 



• Mod""(M) 



■Aig-^^ie) 



where the vertical maps are isomorphisms. 
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We now return to the proof of Lemma 2.8.2. The idea is to take M to be the oo-category of nonunital 
right ^-modules in 6, and M e M to be ^ itself, regarded as a right A-module. 

Proof of Lemma 2.8.2. Let A"" be the category obtained by adjoining an initial object [—1] to A"". Let 
: A X Al['^ A denote the join functor 

V'([m], [n]) = [m] ★ [n] ~ [m + n + 1], 

and let t/iq = '01 A X A"". Wc observe that there is a canonical natural transformation of functors a : 7r2 — > 
^/'o, where 7r2 : A x A'^" A denotes projection onto the second factor (followed by the inclusion A'^" C A). 
Set 

T = (N(A7)°f x {0}) W (N(A"")''f X A^) 

N(A"")°Px{0} 

SO that a determines a map of simplicial sets h : N(A)°^ x T ^ N(A)°^'. 

Let p : G'^ —>■ N(A)°^' exhibit C = C®] as a monoidal oo-category. We define a simplicial set equipped 

~ 

with a map M — » N(A)°p by the following universal property: for every simplicial set K equipped with a 

~ „ 
map K — > N( A)°P, we have a canonical bijection of HomN(A)°p {K, M ) with the set of maps f : K xT ^ 

for which the diagram 

K X (N(A"")°3' x {1}) ^ N(A"")°P 

A 

K xT > e® 

p 

N(A)°P X T > N( A)°P 

is commutative. 

A vertex of M classifies a map of simplicial sets / : T ^ 6*^. Let be the full simplicial subset of 
M spanned by those vertices corresponding to functors / which satisfy the following additional conditions: 

(i) For every object [n] G A™, the restriction x is a p-coCartcsian edge of C®. 

{ii) For every convex morphism a : [m] [n] in A"" such that a(0) = 0, the morphism /(a x {0}) is 
p-coCartesian. 

{Hi) For every object [n] S A"^", if a : [—1] [n] denotes the unique morphism in A^, then /(a x {0}) is 
g'-coCartesian. 

It is not difficult to see that the projection N(A)°p is a coCartesian fibration. Restriction to 

the object {[—!]} x {0} determines a map q : M® C®, which exhibits M M^j as left-tensored over C. 

Restriction to the simphcial subset N(A"")°p x C T determines a trivial Kan fibration M Mod'4"'-"(e). 

Finally, we observe that the composition N(A"")°^' x T N(A"")°^' ^ 6® determines a quasiunital left 
A-module M e Mo<r/{M). 

In what follows, we will abuse notation by identifying the nonunital algebra A and the A-modulc M with 
their images in C and M, respectively. To complete the proof, it will suffice to show that the (left) action of A 
on M 6 : A^ M ^ M exhibits ^ as a morphism object Motm{M, M). In other words, we must show that for 
every object C £ C, composition with 9 induces a homotopy equivalence Mapg(C, A) —> Ma.pj^{C ^ M, M). 

We must show that for every Kan complex K, 9 induces a bijection 

[K, Mape(C, A)] [K, Map3vt(C O M, M)]; 
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here X] denotes the set of maps from K to X \n the homotopy category % of spaces. Replacing C by 
Vwi{K, e) and A by the nonunital algebra A' € Alg™(Fun(ii:, 6)) ~ Fun(i(', Alg''"(e)) corresponding to the 
constant map K — > {A} C Alg""(e), we can reduce to the case where K = (I). In other words, it will suffice 
to show composition with 9 induces a bijection q : ttq Mapg(C, A) ttq Ma,pj^{C M, M). 

Our next step is to construct an inverse to q. Let w : Ig ^ A be a quasi-unit. Let cj) : C ® M ^ M he 
an arbitrary morphism in M. Then 4> determines a map C ^ ^ ^ in C. Let g'((/>) denote the composition 

Cc±C®U^C®A-> A. 

We may view q' as a map of sets from 7roMap]yj(C ® M,M) to ttq Mapg(C, A). The composition q' o q : 
7roMapg(C, A) 7roMapg(C, ^) is induced by the map '■ A ^ A given by right multiplication by u. 
Since w is a right unit of A, we deduce that q' o q \s the identity. In particular, q is injective. 

To complete the proof, it will suffice to show that q is surjective. For this, we use the results of §2.7. 
According to Proposition 2.7.3, if C is an object of C, then giving a map (f) : C ® M ^ M '\s equivalent to 
lifting C to an object C <E G[M]. In particular, the left action of A on M gives rise to a canonical clement 
A e Q[M]. Then (p belongs to the image of q if and only if there exists a map C ^ Ain G[M]. Consequently, 
the surjectivity of q is equivalent to the following assertion: 

(*) For every object C G C[M], there exists a morphism C — > A in G[M]. 

Proposition 2.7.3 asserts that the projection G[M] ^ C is a right fibration. Consequently, the quasi-unit 
u : le ^ A can be lifted to a map m : Ig ^ yi in C[M]. Since u is a left unit of A, the object Ig classifies a 
map ti : Ig (g) M ^ M which determines an equivalence in 6. Using Remark 2.3.4, we conclude that v is an 
equivalence in M. It follows from Remark 2.7.4 that Ig is an invertible object of C[M], so that the functor 
C 6 (g) le is an equivalence from G[M] to itself. Consequently, condition (*) is equivalent to: 

(*') For every object C G C[M], there exists a morphism C ® le ^ A in e[M]. 

In view of the existence of w : Ig — » ^, it will suffice to prove the following slightly stronger assertion: 

(*") For every object C G G[M], there exists a morphism C <Si A ^ A in e[M]. 

Applying Proposition 2.7.3 again, we see that (*") is equivalent to the following assertion: for every map 
: C (g) M — > M, there exists a commutative diagram 

C(SiA(SiM ^C0M 



AiSiM ^M; 

in M, where the horizontal arrows are given by the canonical action of A on M. This is a straightforward 
consequence of our construction of M and M; we leave the details to the reader. 

□ 

3 Monads and the Barr-Beck Theorem 

F 

Suppose given a pair of adjoint functors C < ^ T) between ordinary categories. Then: 

G 

{A) The composition T = GoF has the structure of a monad on C; that is, an algebra object of the category 
Fun(e, C) of endofunctors of C. Here the unit map idg — » T given by the unit of the adjunction between 
F and G, and the product is given by the composition 

ToT = Go(FoG)oF -^GoidjjoF = T 

where the second map is given by a compatible counit v for the adjunction between F and G. 
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(B) For every object D E V, the object G{D) has the structure of a module over the monad T, given by 
the map TG{D) = ((G o F) o G){D) = {G o {F o G)){D) G{D). This construction determines a 
functor 9 from D to the category of T-modules in C. 

(C) In many cases, the functor 6 is an equivalence of categories. The Barr-Beck theorem provides necessary 
and sufficient conditions on the functor G to guarantee that this is the case. We refer the reader to 
[26] for a detailed statement (or to Theorem 3.4.5 for our oo-categorical version, which subsumes the 

classical statement). 

Our goal in this section is to obtain oo-categorical generalizations of assertions (A) through (C). Our 
first step is to define the notion of a monad on an oo-category C. We will do so by introducing a monoidal 
structure on the cxD-catcgory Fun(C, 6), which is determined by the (strictly) associative composition product 
on Fun(e, C). The details of this construction are outlined in §3.1, using a relative version of the nerve 
construction which is of some independent interest. We can then define a monad on C to be an algebra 
object of Fun(e,e). 

The next step is to establish an analogue of assertion (A). Suppose given a pair of adjoint functors 

F 

C < ^ D between oo-catcgories. The composition T = G o F is equipped with natural transformations 

G 

id ^ T, T o T — > T, given by composition with unit and counit maps for the adjunction between G and 
D. Moreover, the classical proof of the associative law can be carried through unchanged in the homotopy 

category, so that T can be viewed as an algebra object of the monoidal category hFun(C, C). However, 
endowing T with the structure of a monad on 6 is more difficult. To carry it out, we need to construct an 
elaboration of the monoidal structure on Fun(e, 6), which involves not only C but also 2). We will outline 

this construction in §3.2. Using this construction, we will define an adjunction datum: roughly speaking, this 
is a structure relating the oo-catcgories 6 and 2) that simultaneously determines a pair of adjoint functors 

F 

C < ^ D and a monad T on 6, where T is equivalent to G o _F. Our main result. Theorem 3.2.10, asserts 

G 

that every functor : 6 — > 2) which admits a right adjoint can be extended, in an essentially unique way, 
to an adjunction datum. Surprisingly, this turns out to be quite a bit harder to prove than the Barr-Beck 
theorem itself; we will therefore postpone the proof until §3.5. 

Once we have extracted the relevant monad T G Alg(Fun(C, C)), we can consider the oo-category of 
T-modules ModT(C). In §3.3, we will show that there is a canonical functor D ModT(C), which is 
well-defined up to contractible ambiguity. More precisely, we will construct a diagram 



D <^ ADat,7(e, V) A ModT(e), 

and prove that is a trivial Kan fibration (Corollary 3.3.6). This is our oo-categorical analogue of (B). 

In §3.4, we will formulate and prove an oo-categorical version of the Barr-Beck theorem (Theorem 3.4.5), 
which gives a necessary and sufficient condition for the functor -0 appearing above to be an equivalence of 
oo-categories. The same argument will be used to prove a very useful assertion concerning the existence of 
simplicial resolutions (Proposition 3.4.9), whose formulation does not require the theory of monads. 

3.1 cxo-Categories of Endofunctors 

Let M be an oo-category. In §2, we introduced the definition of a monoidal oo-category C equipped with a 
left action of C on M. In this section, we will construct the universal example of such a left action, given by 
C = Fun(M, M). It is clear that C is a monoid object in the ordinary category of simplicial sets, and that M 
is equipped with a (left) action of C in the classical sense. Our first goal is to convert this data into a left 
action of a monoidal oo-category, in the sense of Definition 2.1.1. 

We begin with a few generalities. Let 3 be an ordinary category, and let / ; N(J) Cat^ be a diagram. 
We can associate to / a Cartesian fibration X — » N(3). Let us briefly review the construction (see §T.3.3.3). 
We first identify / with a simplicial functor F : £[N(3)]°^' — > §et^, where Set^ denotes the category of 
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marked simplicial sets (§T.3.1). The fmictor F is a weakly fibrant object of (Set^)^''^^''^!"'', so that after 
applying the unstraightening functor Un^^j^ we obtain a fibrant object of (§ct^) /n(3)! which we can identify 
with the desired Cartesian fibration p : X ^ For many pmposes, this construction is imnecessarily 

complicated. For example, the fiber of p over an object / S J is equivalent to /(/), but not isomorphic to 
/(/). In the case where / arises as the nerve of a functor 3 —>■ Set^, there is an equivalent construction 
which is quite a bit simpler. We will present this construction in a dual form (since our primary interest is 
in coCartesian fibrations). 

Definition 3.1.1. Let J be a category, and let / : 3 ^ SetA be a functor. We define a new simplicial set 
Nj(J), the nerve of 3 relative to f, as follows. For every finite linearly ordered set J, a map A'' — > Nj(J) 

consists of the following data: 

(1) A functor a from J to 3. 

(2) For every nonempty subset J' C J having a maximal element j' , a map t(J') : A'^ — > f{(j{j'))- 

(3) For nonempty subsets J" Q J' J, with maximal elements j" € J", j' G J', the diagram 



.J' 



r(J") 



r(J') 



commutes. 

Remark 3.1.2. The simplicial set N/(J) of Definition 3.1.1 depends ftmctorially on /. When / takes the 
constant value A°, there is a canonical isomorphism N/(3) ~ N(3). In particular, for any value of /, there is 
a canonical map N/(3) — > N(J); the fiber of this map over an object I g3 can be identified with the simpicial 
set /(/). 

Remark 3.1.3. Let 3 be denote the linearly ordered set [n], regarded as a category, and let / : J ^ SetA 
correspond to a composable sequence of morphisms 



■■Xo 



Then N/(J) is closely related to the mapping simplex M°p{4>) (sec §T.3.2.2). More specifically, there is a 
canonical map N/(3) M°P{(j)) compatible with the projection to A", which induces an isomorphism on 
each fiber. 

Lemma 3.1.4. Let 3 be a category and let a : f ^ f be a natural transformation of functors f,f':3^ SetA- 

(1) Suppose that, for each I g3, the map a{I) : f{I) f'{I) is an inner fibration of simplicial sets. Then 
the induced map N/(J) — > N/'(J) is an inner fibration. 

(2) Suppose that, for each I g3, the simplicial set f{I) is an oo-category. Then N/(J) is an oo-category. 

(3) Suppose that, for each I G 3, the map a{I) : /(/) f'{I) is a categorical fibration of oo-categories. 
Then the induced map N/(J) — > N//(J) is a categorical fibration of oo-categories. 

Proof. Consider a commutative diagram 



A 



•N/(J) 



A" ■ 



■N/'(3), 
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and let / be the image of {n} C A" under the bottom map. If < i < n, then the hfting problem depicted 
in the diagram above is equivalent to the existence of a dotted arrow in an associated diagram 



A?' 



m 

■ni)- 



If a{I) is an inner fibration and < i < n, then we conclude that this lifting problem admits a solution. 
This proves (1). 

To prove (2), wc apply (1) in the special case where /' is the constant functor taking the value A*^. It 
follows that Nj(3) N(3) is an inner fibration, so that Nj(3) is an (X)-category. 

We now prove (3). According to Corollary T.2.3.6.5, an inner fibration of 6 — > D of oo-categories is a 
categorical fibration if and only if the following condition is satisfied: 

(*) For every equivalence e : D ^ D' vnD, and every object C € 6 lifting D, there exists an equivalence 
e : C ^ C in e hfting e. 

We can identify equivalences in N/'(3) with triples {g : I ^ I' ,X,e : X' ^Y) where g is an isomorphism 
in J, X is an object of /'(/), X' is the image of X in f'{I'), and e : X' — > F is an equivalence in f'{I'). 
Given a lifting X of X to /(/), we can apply the assumption that a{I') is a categorical fibration (and 
Corollary T.2.3.6.5) to lift e to an equivalence e : X — > F in /(/'). This produces the desired equivalence 



{g:I^I',X, 



X 



Y) in Nf{3). 



Proposition 3.1.5. Let 3 be a category, and let f :3 
for each / G J. Then: 



□ 



Set A be a functor such that f{I) is an oo-category 



(1) The projection p : N/(3) ^ N(3) is a coCartesian fibration of simplicial sets. 

(2) Let e be an edge o/N/(3), covering a morphism I ^ I' in 3. Then e is p-coCartesian if and only if 
the corresponding edge of f{I') is an equivalence. 

(3) The coCartesian fibration p is associated to the functor N(/) : N(J) Catoo (see %T.3.3.3). 
Proof. Lemma 3.1.4 implies that p is an inner fibration. Consider a commutative diagram 



Nf{3) 




and lot / be the image of {n} C A" under the bottom map. Then the lifting problem depicted in the diagram 
above is equivalent to the existence of a dotted arrow in an associated diagram 



AS 



■m 



A". 

If n > 1, an extension exists provided that g carries the initial edge of Ag to an equivalence in /(/). This 
proves the "if" direction of (2). 

We next observe that for every morphism h : I ^ I' in3 and every object x G f{I), there exists morphism 
h : X ^ x' inN f{3) which lifts h and classifies an equivalence in f{I'); in fact, we can choose h to correspond 
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to the identity map from h\{x) G /{!') to itself. The above argument shows that h is p-coCartcsian. This 
completes the proof of (1). The "only if" direction of (2) now follows from the fact that p-coCartesian lifts 
of morphisms in N(J) are unique up to equivalence. 

To prove (3), we use the formalism of marked simplicial sets (see §T.3.1). Let f°P : N(3) Set^ denote 
the functor given by the formula f°^{I) = {f{I)°^)\ and let Z be the result of applying the unstraightening 
functor Un^^js^op to /°^. Then Z is a fibrant object of (Set^)/N(3)°p, and is therefore of the form {X°p)\ 
where q : X ^ N(3) is a coCartesian fibration. Unwinding the definitions, we see that there is a commutative 
diagram 

N/P) '- -X 




m 

where r carries p-coCartcsian edges to g-coCartcsiau edges. It follows from Theorem T. 3. 2. 0.1 (applied over 
a point) that r induces an equivalence of oo-categories after passing to the fiber over each object / G 3. The 
desired result now follows from Corollary T.2.3.4.4. □ 

Notation 3.1.6. Let M be a simplicial set. We define functors E, E : — > Set^ as follows: 

(1) If n > and K \s a. simplicial set, then elements Homggt^ (X, E{[n])) can be identified with collections 
of maps {(Ty e I{ou\x{K x M, iv' x M)}o<i<j<n such that each an is the identity, and cTy o ajk = ^ik 
iov < i < j < k < n. 

(2) If n > and K is a. simplicial set, then elements IIomsotA(-^: -^(["D) can be identified with collections 
of maps {(Jij S Homx(if x Ji/i,K x 3V[)}o<i<j<n) {ti G Honix {K, K x 3Y[)}o<i<ra such that each cTjj is 
the identity, ct^ o ajk = aik fov < i < j < k < n, and Tj = aij o tj for < i < j < n. 

(3) For each morphism a : [m] ^ [n] in A, the associated maps 

E{[n])^E{[m]), E{[n]) ^E{H) 

are given by composition with a. 

We set End®(M) = N£;(A°^') an_d (M) = N-g(A°^') (sec Definition 3.1.1). We observe that there is a 
natural transformation of functors E E, given by forgetting the morphisms Tj; this natural transformations 
induces a map of simplicial sets End'^(M) — > End'^(M). 

Proposition 3.1.7. Let M be an oo-category. Then: 

(1) The map p : End®(M) — > N(A)°^' determines a monoidal structure on the oo-category Fun(M,M) ~ 
End^,(M). 



(2) The map q : End (M) ^ End®(M) exhibits M End[o](M) as left-tensored over Fun(M,M). 

Proof. Proposition 3.1.5 implies that p and p o q are coCartesian fibrations, while Lemma 3.1.4 impies 
that g is a categorical fibration. We observe that the fiber of p over a vertex [n] G N(A)°p is isomorphic 
to Fun(M,M)", while the fiber of q over [n] is isomorphic to Fun(M,M)" x M. It is easy to see that 
these identifications are compatible with the associated functors, so that p and q satisfies the hypotheses of 
Definitions 1.1.2 and 2.1.1, respectively. □ 

We will refer to the monoidal structure on Fun(M, M) supplied by Proposition 3.1.7 as the composition 
monoidal structure. 
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Definition 3.1.8. Let M be an cxD-category. A monad on M is an algebra object of Fun(M, M) (with respect 
to the composition monoidal structure). If T is a monad on M, we let ModT(M) denote the associated oo- 
category of T-modules in M. 

Remark 3.1.9. More informally, a monad on an oo-category M consists of an endofunctor T : M ^ M 
equipped with maps 1 ^ T and T o T ^ T which satisfy the usual unit and associativity conditions, up 
to coherent homotopy. A T-m,odule is then an object M £ M equipped with a structure map T{M) — > M 
which is compatible with the algebra structure on T, again up to coherent homotopy. 

Remark 3.1.10. Let M be an oo-category, which we regard as an object of Catoo, and regard Catoo 
as endowed with the Cartesian monoidal structure. According to Corollary 2.6.6, giving a monoidal oo- 
category 6 over which M is left-tensored is equivalent to lifting M to a (left) module object of Catoo. In view 
of Proposition 2.7.6, this is equivalent to producing an algebra object of the monoidal oo-category Catoo [M]. 

In particular. End (M) determines an algebra object of ^ e Alg(eatoo[M])- 

For every oo-category B, the action of End(M) on M determines a homotopy equivalence (even an 
isomorphism of simplicial sets) Mapg^.^.^^ (D, End(M)) Mapgat^(D x M, M). Combining Proposition 2.7.3 
with Corollary 1.5.5, we deduce that A is a final object of Alg(eatoo[3V[]). In other words, End®(M) is 
universal among monoidal oo-categories which act on M. 

3.2 Adjunction Data 

F 

Suppose given a pair of adjoint functors 6 < * T) between oo-categories C and 2). Our objective in this 

G 

section is to associate to the pair {F,G) a monad T e Alg(Fun(e, C)), given informally by the formula 
T = GoF. 

The basic obstacle we need to overcome is that an adjunction is overdetermined by the pair of functors 

F and G. Specifying only the functor F : G ^ D determines a right adjoint G to F up to contractible 
ambiguity, provided that G exists. If we also specify the functor G, we should really include additional data 
which identifies G with an adjoint to F. Such data is provided by either a unit u : ide — > G o F or a counit 
V : F o G ^ idi) for the adjunction. However, if we specify both a unit and a counit, then the adjunction is 
again overdetermined. In classical category theory, one imposes a condition on a unit and counit: they are 
said to be compatible if the composite transformations 

a: F ^ F o{Go F) = {F oG) o F ^ F 

(3:G^{GoF)oG = Go{FoG)^G 

coincide with the identity. In the higher categorical setting, we should instead require the existence of 
homotopies ft : a ~ idi?, /i' : /3 ~ ida- Once again, we obtain the correct theory if we speciiy either h or 
/i', but specifying both will overdetermine the adjunction. This leads us to formulate further compatibilities 
between h and h\ and so forth. There are two different strategies for dealing with the situation: 

(1) Specify a minimal amount of data: for example, the single functor F. 

(2) Specify all of the relevant data: the functors F and G, the unit u and counit v, the homotopies h and 
h' , and all of their higher-dimensional relatives. 

For most applications, approach (1) is entirely sufficient. However, if we wish to extract a monad from 
the adjoint pair {F,G), then we are forced to adopt approach (2). Our primary goal in this section is to 
make precise sense of (2), by introducing the notion of an adjunction datum between the oo-categories C and 
D. Our main result Theorem 3.2.10, which asserts that (1) and (2) are actually equivalent to one another: 
in other words, if F : C — > D is a functor which admits a right adjoint, then F can be promoted (in an 
essentially unique way) to an adjunction datum. The proof of this result is very technical (probably the 
most difficult result in this paper) and will be given in §3.5. 
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We begin with some generalities. Recall that the classical theory of monoidal categories can be regarded 
as a special case of the theory of (weak) 2-categories. More precisely, giving a monoidal category (C,®) 
is essentially the same thing as giving a 2-category D having only a single, fixed object X € T). The 
correspondence assigns to X G CD the category KomD{X, X), with monoidal structure given by composition 
in D. We can obtain a generalization of the theory of monoidal categories by allowing D to have many 
objects. We now describe the analogous generalization of the theory of monoidal oo-catcgories. 

Definition 3.2.1. Let 5 be a set of symbols. We define a category Ag as follows. An object of As 
consists of a pair ([n],c), where [n] € A and c : [n] ^ 5 is an arbitrary map. Given a pair of objects 
([to], c), ([n], c') e As, we set 

HomAs(([TO],c), ([n],c')) = {a e HomA([m], [n]) : (VO < i < m)[c{i) = (c' o a){i)]}. 

We will think of an object of As as a (nonempty) finite sequence [c(0), c(l), . . . , c(n)] of elements of S; 

in other words, as a nonempty word in the alphabet S. 

One can define an S-colored monoidal co-category to be a coCartesian fibration 6*^ N(As)°^, satisfying 
an appropriate analogue of the condition (*) of Definition 1.1.2. We can think of an 5-colored monoidal 

oo-category as encoding the structure of an (cxd, 2)-catcgory whose objects are in bijection with the set S. 
We will refrain from going into the details, since wc arc primarily interested in only a single example. 

Notation 3.2.2. Let C and D be simplicial sets, and let S = {C, D}. We define a functor E : Af SetA 
as follows: 

(1) Let n > be a finite nonempty linearly ordered set, and let c : [n] ^ {C, D} be a map, and let 
K G SetA be arbitrary. Then elements of Hom§etA(-ft', -E([7t], c)) can be identified with collections of 
maps {aij G lioniK{K x c{j),K x c{i))}o<i<j<n such that an = id for i £ J, and cry o ajk = <Tik for 
i < j < k. 

(2) Given a map / : ([to],c) ([n],c') in As, the associated map E{[n],c') E{[m],c) is given by 
puUback along /. 

Remark 3.2.3. In Notation 3.2.2, and all that follows, we will implicitly assume that C ^ 2), so that the 

set S — {C, ©} contains exactly two symbols. (This is no loss of generality, since we can always achieve this 
state of affairs by replacing 6 or D by an isomorphic simplicial set.) This is purely a matter of notational 
convenience. 

Definition 3.2.4. Let 6 and D be oo-categories, and let S = {e,D}. We let End® (6, D) denote the relative 
nerve NsiAf). 

Remark 3.2.5. The projection map q : End®(C,2)) — > N(As)°^ is an example of an S-colored monoidal 

oo-category. One can think of this monoidal oo-category as follows: the collection of all oo-categories really 
constitutes an (oo, 2)-category, since we can associate to every pair of oo-categories £ and £ an oo-category 
Fun(£, £'). Then q encodes the full subcategory spanned by the pair of oo-categories C and D. 

Definition 3.2.6. Let C and 2) be oo-categories, and let S = {C,D}. We will say that a morphism 

a : ([to],c) {[n\,c') in As is C-convex if, whenever j S [n] satisfies c'{j) — C and a{i) < j < a{i') for 
suitably chosen G [to], there exists a unique jo € [m] such that a{jo) = j- We will say that a section U 
of the projection q : End® (6, D) — > N(As)°^ is an adjunction datum if it carries every C-convex morphism 
in As to a q-coCartesian morphism of End®(C, D). We let ADat(C,D) denote the full subcategory of 

MapN(Aa)°p(N(As)°^',End®(e, D)) spanned by the adjunction data. 

Remark 3.2.7. We can identify A ~ •^{e} with the full subcategory of As spanned by the objects ([n], c), 
where c : [n] ^ {6, D} takes the constant value 6. Under this identification, a morphism in A is C-convex 
if and only if it is convex in the sense of Definition 1.1.7. 
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The fiber product End'^(C, D) Xn(As)°p N(A)°p is canonically isomorphic to the monoidal cx)-category 
End®(e) defined in §3.1. Restriction determines a functor ADat(e, 2)) — » Alg(End(e)), so that every ad- 
junction datum determines a monad on C. 

We can use the same argument to produce a restriction map ADat(C, D) Alg(End(D)). However, this 
map is less interesting: the monad on © induced by an adjunction datum is always equivalent to the initial 
object of Alg(End(I')) (since every morphism of ^{-d} is C-convex in Ag. 

Wc now proceed to unwind the details of Definition 3.2.6. 

Remark 3.2.8. Let C and D be oo-categories, let S = {6,©}, and let U € ADat(e, CD). Let us agree to 
denote an object of by a finite (nonempty) string of elements of S. Then: 

{i) Evaluation of U at the object [D, C] S Ag determines a functor F : C — > D. 

(ii) Evaluation of U at the object [6, D] G Ag determines another fimctor G : D ^ C. 

{Hi) Evaluation of U at the object [D, D] € Ag determines a functor i : D ^ D. The morphism [D, D] — » 
I'D] determines a natural transformation idn — > i in Fun(D,D). Since the morphism [2), 2)] D is 
C-convcx, this natural transformation is an equivalence, so that i is (canonically) equivalent to the 

identity functor on D. 

(iv) Evaluation of U at the object [C, 6] e As determines a functor T : C ^ 6. The morphism [6, 6] — > [G] 
determines a natural transformation ide T. This transformation is generally not an equivalence. 
Rather, it is the unit map of a monad structure on T (see Remark 3.2.7). 

{v) Evaluation of U at the object [D, G, D] € A5 determines a diagram 




e. 



Moreover, applying s to the inclusions of ['D,C], ['D,C], and [CD,!'] into [©.d)] determines natural 
transformations a : F' ^ F , (3 : G' ^ G, and F' o G' ^ i. Since the first two of these inclusions are 
C-convex, we deduce that a and (3 are equivalences. Combining these three transformations with [iii), 
we obtain a natural transformation v : F oG ^ idn , well-defined up to homotopy. 

{vi) Evaluation of U at the object [6, D, C] s Ag determines a diagram 




D. 



Moreover, applying s to the inclusions of [6,2?], [6,6] and [2), 6] into [6, 2), 6] yields natural trans- 
formations F" F, G" G, and G" o F" T. All three of these inclusions are 6-convex, so the 
induced natural transformations are all equivalences. In particular, the transformation ide — > T" of (iv) 
determines a natural transformation u : ide G o F, which is well-defined up to homotopy. 

Lemma 3.2.9. Let 6 and D be 00 -categories, and suppose given an adjunction datum U G ADat(C, 2)). Let 
F : e D , G : T) ^ e, u : ide ^ G o F , and u : F o G ^ id© be defined as in Remark 3.2.8. Then u 
is the unit of an adjunction between F and G, and v is the counit of an adjunction between F and G. In 
particular, F and G are adjoint to one another. 
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Proof. Let S = {C, D}. We will show that u and v determine an adjunction between the underlying functors 
between the homotopy categories hC and hD. For this, it sufRccs to show that the compositions 

F^Fo{GoF) = {FoG)oF-^F 

G^{GoF)oG = Go{FoG)^G 

are homotopic to the identity. 

To prove the first claim, we consider the commutative diagram 

[D,e] 



[D,D,e] 



[D,e,e] 



[D,e] 



[D,e,D,e] 



[D,e] 



in A5, where each of the corresponding maps of linearly ordered sets preserves both the initial and final 
objects. Applying the functor U and evaluating at those initial and final objects, we obtain a diagram in 
the homotopy category hFun(e, D), which is equivalent to 



FoGoF 




FoGoF 



F. 



The desired result now follows from the observation that the composition of a with u is (homotopic to) the 
identity. 

The proof of the second claim is similar, but we consider instead the diagram 

[e,D] 



[e,D,D] 



[CCD] 



[C2)] 



[CD, CD] 



[CD]. 



Applying s and evaluating at the initial and final objects, we obtain a diagram in hFun(D, C) which is 
equivalent to 

G. 

id , 

G GoFoG 

id /■ ^\ id 





G GoFoG G, 

and the desired result follows from the observation that the composition of u with /3 is the identity on G. □ 
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In the situation of Lemma 3.2.9, either the unit u or the counit v are sufficient to identify F with the 
left adjoint of G. An adjunction datum U therefore supphes two such identifications. However, these two 
identifications are compatible with one another, up to coherent homotopy: this compatibility is encoded in 
the values U on more complicated objects of Ag. The result is that, up to a contractible space of choices, 
the entire diagram U is determined by the functor F: 

Theorem 3.2.10. Let 6 and D be oo- categories, let S = {e,D}, and let 9 : ADat(e, D) Fun(e,D) be 
given by evaluation at [D, C] e A5. Then 6 induces a trivial Kan fibration ADat(C, D) Fun'(C, D), where 
Fun'(C, D) denotes the subcategory o/Fun(C,D) whose objects are functors from G to 1) which admit right 
adjoints, and whose morphisms are equivalences of functors. In particular. ADat(C, D) is a Kan complex. 

In other words, if a functor F : G ^ V admits a right adjoint G, then F can be extended (in an essentially 
unique way) to an adjimction datum U G ADat(C,D). Invoking Remark 3.2.7, we see that F determines a 
monad on 6, whose underlying functor from C to 6 can be identified with G o F (Remark 3.2.8). We may 
therefore regard Theorem 3.2.10 as an 00-categorical analogue of assertion (A) (see the introduction to §3). 
The proof will be given in §3.5. 

3.3 Pointed Adjunction Data 

Our goal in this section is to establish an 00-categorical analogue of assertion (B) of §3. Let C and D 
be a pair of 00-categories, fixed throughout this section, and let S = {6,©}. For each adjunction datum 
U G ADat(e, D), we will construct a diagram D <— ADat;7(e, D) ModT(e), where T is the monad on C 
determined by U. Moreover, we will show that the left map is a trivial Kan fibration (Corollary 3.3.6), so 
that U determines a map D — > ModT(C), which is well-defined up to a contractible space of choices. 
Our first step is to introduce an elaboration of the siniplicial set End®(C, D). 

Notation 3.3.1. We define a functor E : Ag' §ctA as follows: 

(1) Let n > 0, let c : [n] {G,D} be a map, and let K be a simplicial set. Then elements of 
liom§et^{K, E{[n], c)) can be identified with collections of maps 

{aij e RomK{K x c{j),K x c{i))}o<i<j<n, {n e RomK{K,K x c(i)}o<j<„ 

such that an = id for < i < n, a^j o ajk = fov < i < j < k < n, and a^j o tj = Ti for 
0<i<j<n. 

(2) Given a map / : ([m],c) ([n],c') in Ag, the associated map E{[n],c') E{[m],c) is given by 
puUback along the induced map [m] [n]. 

We let End®(e,D) = N;e(^s') (see Definition 3.1.1). 
Remeirk 3.3.2. Let C and D are 00-categories. Proposition 3.1.5 implies that the projection 

&Id®(e,D) ^N(As)°f 

is a coCartesian fibration of simplicial sets. We observe that there is a canonical projection End (6, D) — > 
End®(e, D), given by forgetting the maps Tj. Moreover, if we identify A with the full subcategory of A5 
spanned by those functions which take the constant value C, then the fiber product 

EEd®(e,D) Xn(As)o. N(A)°f 


is canonically isomorphic to the simplicial set End (6) defined in §3.1. 

Definition 3.3.3. Consider the maps Eild® (6, D) A End® (6, D) ^ N(As)°p. A pointed adjunction datum 
is a map U : N(As)°p End (6, D) with the following properties: 
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(1) The map f7 is a section of qop; that is, qopoU = id. 

(2) The map poU : N(As)°f End® (6, D) is an adjunction datum. 

(3) Suppose that a : ([m], c) {[n], c') is a morphism in A5 such that a(m) = n. Then U{a) is a locally 
p-coCartesian morphism in End (C, D). 

(4) Let a be the unique morphism from [C] to [6, D] in A5. Then U{a) is a locally p-coCartesian morphism 
inEM®(e,D). 

We let ADat(e, D) denote the frill subcategory of Map^^^gjop {^{^s)"^, End (C, D)) spanned by the pointed 
adjunction data. 

Remark 3.3.4. Restriction to the subcategory N(A{e})°^ C N(As)''p determines a functor ADat(e, D) 

Mod(C), where we regard C as left-tensored over End® (6). Composition with the projection End^(C, 2)) — > 
End®(e,2)) determines another functor ADat(e, D) —> ADat(e,D). Finally, evaluation on the object [D] € 
As determines a functor ADat(e, D) — > T>. 

Our main result can be stated as follows: 

Proposition 3.3.5. Let 6 and T) he 00-categories, and let 9 : ADat(e, D) ADat(e, T>) xT) be the product 
of the maps described in Remark 3.3.4- Then 6 is a trivial fibration of simplicial sets. 

Corollary 3.3.6. Let C and D be (x- categories, let s G ADat(C, D), and let ADats(C,I') denote the fiber 
product ADat(C, D) XADat(e,i>) Then the evaluation map ADats(C,D) T) is a trivial fibration of 

simplicial sets. 

The proof will require the following somewhat technical lemma: 
Lemma 3.3.7. Consider the projection map p : End® (6, D) End® (C, D). Then: 

(1) The map p is a locally coCartesian fibration. 

(2) Suppose that a : ([m], c) ([n], c') is a morphism in Ag which induces a convex morphism [m] [n], 
and let f be a morphism in End (6, D) which projects to a. Then f is p-coCartesian if and only if f 
is locally p- coCartesian. 

(3) Suppose that a : ([m], c) — > ([n], c') is a morphism in A5 such that a{m) = n, and let f be a morphism 
in End (C, D) which projects to a. The following conditions are equivalent: 

{i) The morphism f is locally p-coCartesian. 
(m) The morphism f is locally p-Cartesian. 
{Hi) The morphism f is p- Cartesian. 

Proof. Assertion (1) follows from Proposition T. 2. 3. 2.11. The map p is generally not a coCartesian fibration, 
because the class of locally p-coCartesian morphisms is not stable under composition. Nevertheless, suppose 
given a 2-simplex 



Y 




X 



103 



in End (C, 2)) where the morphisms e' and e" are locally p-coCartesian, covering a diagram 

(N,C) 





([n],c")- m,c) 

in the category A5. Using the description of the class of locally p-coCartesian morphisms provided by 
Proposition T. 2. 3. 2.11, we conclude that e is locally p-coCartesian provided that the following condition is 
satisfied: 

(*) The map a determines a bijection 

{iG[m]:i> a"{k)} —>■ {j G [n] : a{k) < j < a'{m)}. 
(This implies, in particular, that if a"{k) < i < m, then a{k) < a{i).) 

Wc note that condition (*) is always satisfied if the map a' induces a convex map [m] ^ [n]. Assertion 
(2) now follows from Lemma T.2.3.2.7. Similarly, condition (*) is automatically satisfied if a"{k) — m. Using 
Lemma T.5.2.2.3, we deduce the equivalence (m) <^ {Hi) of (3). The equivalence {i) ^ (ii) follows from the 
observation that if / : X ^ y is as in (3), then the associated functor End (C, 'D)x End (6, D)y is an 
equivalence of 00-categories. □ 

Remark 3.3.8. In the situation of Definition 3.3.3, condition (4) is can be replaced by the following 

apparently stronger condition: 

(4') Let n > 0, let c : [n] {6, D} satisfy c(n) = D, let Cq = c\{0, . . . ,n - 1}, and let a : {[n - 1], Cq) 
([n], c) be the inclusion. Then s{a) is a p-coCartesian morphism in End (6, D). 

It is clear that (4') => (4). Conversely, suppose that U satisfies the conditions of Definition 3.3.3, and let a 
be as in the statement of (4'). We wish to prove that U{a) is p-coCartesian. Lemma 3.3.7 shows that U{a) 
is p-coCartesian if and only if U{a) is locally p-coCartesian. Using assumption (2), we deduce that U{a) is 
locally p-coCartesian if and only if s{a) is locally p-Cartesian. 
If c(n — 1) = D, then we have a commutative diagram 



(He) 



in A5. In view of Proposition T. 2. 3. 1.7, it will suffice to show that U{id) and U{0) are p-Cartesian. For 
U{id) this is obvious; for U{l3) we combine Lemma 3.3.7 with assumption (3). 

Suppose instead that c{n — 1) = C. Let c' = c\{n — 1, n} and let c'q = c\{n— 1}. We have a commutative 
diagram 

{{n-l},c',)^{{n-l,n},c') 




{[n - 1], Co) ^ {[n 



in the category A5. We wish to prove that U{a) is locally p-Cartesian. Using (2) and Lemma 3.3.7, we 
deduce that U{(3) is p-Cartcsian. According to Lemma T.2.3.2.7, it will suffice to show that U{a o [3) is 
locally p-Cartesian. Using (2), we reduce to showing that U{ao j3) is locally p-coCartesian. Conditions (3) 
and (4) imply that U{a') and U{(3') are locally p-coCartesian. Invoking Lemma 3.3.7, we deduce that U{(3') 
is p-coCartesian. Lemma T.2.3.2.7 now implies that U{(3' oa') ~ U{ao(}) is locally p-coCartesian, as desired. 
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Remeirk 3.3.9. In the situation of Definition 3.3.3, condition (3) is equivalent to the following apparently 
weaker condition: 

(3') For every object ([n], c) € As, let cq = c\{n} and let a : ({n}, Cq) — *■ ([n], c) denote the inclusion. Then 
U{a) is locally p-coCartesian. 

It is clear that (3) (3'). Conversely, suppose that (3') is satisfied, and consider an arbitrary morphism 
f3 : ([m], c) — > ([n], c') such that (3{m) = n. Let cq = c|{m}, and form a commutative diagram 

(M,c) 





({m},co) 



([n],c'). 



We wish to show that C/(/3) is locally p-coCartesian. In view of Lemma 3.3.7, it will suffice to show U{(}) is 
p-Cartesian. Using Lemma T.2.3.2.7, it will suffice to show that U{a) and U{fi o a) are p-Cartesian. This 
follows immediately from (3') and Lemma 3.3.7. 



Remark 3.3.10. Suppose wc are in the situation of Definition 3.3.3, and that U : N(A5)°p — > End (C,D) 
satisfies conditions (1), (2), and (4') (see Remark 3.3.8). Then (3) is equivalent to the following apparently 
weaker condition: 

(3") Let ([n],c) be an object of As such that c{n) = D, let Cq = c\{n} and let a : ({n},co) (N,c) be 
the inclusion. Then U{a) is locally p-coCartesian. 

It is clear that (3) ^ (3")- To prove the converse, it will suffice to show that (3") implies condition (3') of 
Remark 3.3.9. Suppose given an object ([n],c) G As, let cq = c\{n} and let a : ({n},co) — *■ ([?i],c) be the 
inclusion. We wish to prove that U{a) is locally p-coCartesian. If c(n) = C this follows immediately from 
(3"). Otherwise, define c' :[n+l]^ {G, D} by the formula 



if < z < n 
if i = n + 1, 



and let Cg = c'\{n, n+1}. We have a commutative diagram 

(W,co) — - — ^ (K 



0' 



{{n,n+l},c'o) 



{[r 



in the category A5. Condition (4') implies that U{P) is p-coCartcsian. Lemma T.2.3.2.7 now asserts that 
U{a) is locally p-coCartesian if and only if U{P o a) is locally p-coCartesian. For this, it will suffice to 
show that U{a') and U{0') are p-coCartesian. For U{f3'), this follows from (4'). To show that U{a') is 
p-coCartesian, we first invoke Lemma 3.3.7 to reduce to the problem of showing that U{a') is locally p- 
coCartesian, then (2) to reduce to the problem of showing that U{a) is locally p-Cartesian. We now set 
c[ = c'\{n + 1} and consider the commutative diagram 

({n,n+ l},c^) 




{{n+l},c[)) 



{[n+l],c'). 



In view of Lemma T.2.3.2.7, it will suffice to show that U{j) and U{a' o 7) are p-Cartesian. This follows 
immediately from (3") and Lemma 3.3.7. 
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Proof of Proposition 3.3.5. Lemma 3.1.4 implies that the projection End'^(C, D) End®(C,D) is a cate- 
gorical fibration. It follows easily that ^ is a categorical fibration. It will therefore sufHce to show that is 
an equivalence of oo-categories. 

Theorem 3.2.10 implies that ADat(C,'D) is a Kan complex. Since the projection • ADat(C, ©) — »■ 
ADat(e, D) is a categorical fibration, Proposition T.3.3.2.9 implies that 6q is a coCartesian fibration. Invoking 
Corollary T.2.3.4.4, we deduce that ^ is a categorical equivalence if and only if, for every adjunction datum 
U e ADat(C,D), the induced map ADat[/(C, D) ^ D is a categorical equivalence. In other words, we are 
reduced to proving a slightly weaker version of Corollary 3.3.6. 

Form a puUback diagram 



K ^End"(e,D) 



N(As)°f ^^End®(e,D). 
Using Lemma 3.3.7, we deduce: 
(al) The map p is a locally coCartesian fibration. 

(a2) Suppose that a : ([m], c) ([n], c') is a morphism in which induces a convex morphism [m] —> [n], 
and let / be a morphism in 3\f which projects to a. Then / is j3-coCartesian if and only if / is locally 
p-coCartesian. 

Let J be the subcategory of [1] x A"/ defined as follows: 

• An object (i, [n], c) of [1] x A^^ belongs to 3 if and only if cither i = 1 or c(n) — D. 

• Given a pair of objects {i, [m], c), (j, [n], c') € J, a morphism (i, [m], c) — > {j, [n], c') in [1] x A.°g belongs 
to J if and only if either j = 1, or the induced map a : [n] ^ [m] satisfies a{n) = m. 

Let Joi^i C J be the preimages of the objects 0, 1 e [1], respectively, so we have canonical identifications 
Jo C A°^'~ai. Let 

£ = MapN(As)op(N(J),K) 

£o = MapN(As)<'p(N(Jo),:^) £i = MapN(As)-(Npi),^). 

Then we have restriction maps 8o *— 8 8i . Moreover, £i can be identified with the oo-category of sections 
of p. Consequently, Remarks 3.3.8 and 3.3.10 allow us to identify ADat!7(C, D) with the full subcategory of 
£i spanned by those sections u : N{As)°^ — > K which have the following properties: 

(bl) Let {[n],c) G Ag be such that c{n) = D, let cq = c|{n}, and let a : {{n}, cq) — > (M, c) be the inclusion. 
Then u{a) is a locally p-coCartesian morphism of N. 

(62) Let n > 0, let c : [n] {6, V} satisfy c{n) = D, let co = c|{0, . . . , n - 1}, and let a : ([n - 1], Cq) 
{[n], c) be the inclusion. Then u(a) is a p-coCartesian morphism of Tsf. 

Note that, for every object (l,[n],c) G 3i, the oo-category N(3o)/(i, [n],c) has a final object, given by 
(0, [n -|- 1], c/), where c' is defined by the formula 



c'(i) = 



c(i) if i < n 
D iii = n+l. 



Likewise, for every object (0, [n], c) G Oq, the oo-category N([Ii)(o,[n],c)/ has an initial object, given by (1, [n], c). 
Combining this observation, (al), (a2), and Proposition T. 4. 3. 2. 15, we deduce the following: 



106 



(cl) Every functor /o £ £o admits a p-left Kan extension / : N(3) yi. Moreover, an arbitrary extension 
/' : N(3) ^ 3\f of /o is a p-left Kan extension of /o if and only if it is compatible with the projection 
to N(A5)°P and carries each morphism a : (0, [n + 1], c') — > (1, [n], c) to a locally p-coCartesian edge 
of 3Nf, where c' is defined as above. Moreover, the projection £° ^ £o is a trivial Kan fibration, where 
£" C £ denotes the full subcategory spanned by those functors / which are p-left Kan extensions of 
/iNpo). 

(c2) Every functor fi e £i admits a p-right Kan extension / : N(J) — » Jsf. Moreover, an arbitrary extension 
/' : N(3) ^ of /i is a j)-right Kan extension of /i if and only if it is compatible with the projection 
to lSi{As)''^ and carries each morphism /3 : (0, [n],c) — > (1, [n],c) to an equivalence in 3\f. Moreover, 
the projection £^ — > £i is a trivial Kan fibration, where £^ C £ denotes the full subcategory spanned 
by those functors / which are p-right Kan extensions of /| N([Ii). 

F 

Applying Proposition T. 4. 3. 2. 17, we obtain a pair of adjoint functors £o < ^ £i , where: 

G 

• The fimctor F is given by a composition £o £" C £ ^ £x where ip is a. section of the trivial Kan 
fibration £" — > £o (a left Kan extension functor) and the last map is given by restriction. 

• The functor G is given by a composition £i^£^C£^£q where ip' is a section of the trivial Kan 
fibration £^ £i (a right Kan extension functor) and the last map is given by restriction. If we 
choose tp' to be given by composition with the retraction of J onto Ji, then we can identify G with the 
restriction map £i — > £o- 

Unwinding the definitions, and using the fact that U{[D, D]) is equivalent to the identity map from D to 
itself (see Remark 3.2.8), we deduce that the unit idg^ ^ Go F is an equivalence. Consequently, the functor 
F is fully faithful. The essential image of F can be identified with the full subcategory E'l C Ei spanned by 
those sections of p which satisfy condition (62). 

Form a puUback diagram 

No >N 



-N(A5)''f. 

If u e £o, then F{u) G £.[ satisfies (61) if and only if u satisfies the obvious analogue of (61). In view of 
Lemma 3.3.7, this can be reformulated as follows: 

(61') Let ([n],c) e 3q, let cq = c|{n}, and let a : ({n},co) — > (M,c) be the inclusion. Then u{a) is a 
Po-Cartesian morphism of DnTq. 

Let £q C £o be the full subcategory spanned by those functors u which satisfy condition (61'). Let 
% Q ^0 be the full subcategory spanned by the object [D] G A5. We observe that condition (61') is simply 
a reformulation of the requirement that m be a p-right Kan extension of u\ N{3q)°p. Moreover, Lemma 
3.3.7 implies that every partial section uq : N(Jo)°^ No admits a p-right Kan extension. It follows from 
Proposition T. 4. 3. 2. 15 that the restriction map Eq MapKf(3(,)op {N{3q)°p, No) ~ D is a trivial Kan fibration, 
hence a categorical equivalence as desired. □ 

3.4 The Barr-Beck Theorem 

Let F : e D be a functor between 00-categories which admits a right adjoint G. In §3.2, we saw that 
F determines an adjunction datum U G ADat(C,D), which restricts to give a monad T e Alg(Fun(e, C)). 

G' 

Moreover, the functor G factors canonically (up to homotopy) as a composition D ModT(C) C . Our 
goal in this section is to establish a criterion which can be used to test whether G' is an equivalence of 
00-categories. First, we need to introduce a bit of notation. 
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Notation 3.4.1. The category A_oo is defined as follows: the objects of Aoo are integers n > —1, and 
HoniA_^([TO], [n]) is the set of monotone maps [m] U {— 00} [n] U {— 00} which preserve the base point 
—00 (which is regarded as a least element of both [m] U {—00} and [n] U {— cx)}). We have inclusions of 
subcategories A C A_|_ C A_oo, where the latter identifies A_|_ with the subcategory of A_oo having the 
same objects, and a map / : [m] U {— oc} [n] U {— cxd} belongs to A_|_ if and only if /~^(— 00) = {—00}. 

Definition 3.4.2. Let C be an 00-catcgory. We will say that an augmented simplicial object U : N(A+)°^' — > 
e is split if U extends to a functor N(A_oo)°^ — *■ C- We will say that a simplicial object U : N(A)°p — > C 
is split if it extends to a split augmented simplicial object. Given a functor G : D — »■ C, we will say that an 
(augmented) simplicial object ?7 of D is G-split if G o [/ is split, when regarded as a simplicial object of C. 

Remark 3.4.3. Using the terminology of Definition 3.4.2, we can formulate Lemma T. 6. 1.3. 16 as follows: 
every split augmented simplicial object is a colimit diagram. (In [20], we used a slightly different notation, 
employing a category Aqo in place of the category A_oo defined above. However, these two categories are 
equivalent to one another, via the functor which reverses order.) 

Remark 3.4.4. Let f : C — > D be a functor between 00-categories, and let V be a split simplicial object of 
e. Then F o 1/ is a split simplicial object of D. Lemma T. 6. 1.3. 16 implies that V admits a colimit in C, and 
that F preserves that colimit. 

Theorem 3.4.5 (cx)-Catcgorical Barr-Bcck Theorem). Let G and D be 00-categories, and suppose given an 
adjunction datum U G ADat(e, T). Let G : D ^ 6 be the induced functor, T the induced monad on C, and 
let 4> '■ ADat[/(C, D) ModT(C) be the forgetful functor {here ADatc/(C, D) is canonically equivalent to D, 
in view of Corollary 3.3.6). Then tp is an equivalence of categories if and only if the following conditions are 
satisfied: 

(1) The functor G : ^ G is conservative; that is, a morphism f : D D' inD is an equivalence if and 
only if G{f) is an equivalence in C. 

(2) Let V be a simplicial object of D which is G-split. Then V admits a colimit in T), and that colimit is 
preserved by G. 

We will give the proof at the end of this section. 

Remark 3.4.6. Hypotheses (1) and (2) of Theorem 3.4.5 can be rephrased as the following single condition: 

(*) Let V : N(A)''^ — > 2) be a simplicial object of D which is G-split. Then V has a colimit in D. Moreover, 
an arbitrary extension V : N( A)°^' ^ D is a colimit diagram if and only if G o F is a colimit diagram. 

It is clear that (1) and (2) imply (*), and that (*) implies (2). To prove that (*) implies (1), let us consider 
an arbitrary morphism f : D' —> D in T). The map / determines an augmented simplicial object V of D, 
with 



The underlying simplicial object V = V\ N(A)°p is constant, and therefore G-split. Since N(A) is con- 
tractible, F is a colimit diagram if and only if / is an equivalence, and Go y is a colimit diagram if and only 
if G(/) is an equivalence. If (*) is satisfied, then these conditions are equivalent, so that G is conservative 

as desired. 

Remark 3.4.7. Let 6 be an 00-category, and regard C as left-tensored over End(C). We have a commutative 
diagram 




Mod(e) 



e 



^ e X Alg(End(e)) 





Alg(End(e)), 
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where 9 is determined by the p and the forgetful functor Mod(C) C. The functor p' is obviously a Cartesian 
fibration, and Corollary 2.3.3 implies that p is a Cartesian fibration as well. Proposition 2.3.2 implies that 
6 carries p-Cartesian edges to p'-Cartesian edges. Consequently, classifies a natural transformation of 
functors F F', where F : Alg(End(e))°P Catoo is the functor classified by p (so that F{A) ~ ModrCC) 
for every monad T G Alg(End(C))) and F' is the constant functor taking the value C S Catoo- We may 
identify this transformation with a functor a : Alg(End(C))°P Cat^f ■ We can interpret Theorem 3.4.5 as 
describing the essential image of the functor a: namely, a functor G : D ^ 6 belongs to the essential image 
of a if and only if G admits a left adjoint and satisfies conditions (1) and (2) of Theorem 3.4.5. In a future 
paper, we will show that the functor a is fully faithful. In other words, we may identify monads on 6 with 
(certain) oo-categories lying over 6. 

In practice, it is often easier to apply the following slightly weaker version of the Barr-Beck theorem: 

Corollary 3.4.8. Lei G : D C and ip iT) —>■ ModT(e) be as in Theorem 34.5. Suppose that: 

(1) The functor G is conservative. 

(2) The oo-category D admits geometric realizations of simplicial objects. 

(3) The functor G preserves geometric realizations of simplicial objects. 

Then the functor ijj is an equivalence. 

The Barr-Beck theorem is an extremely useful tool. However, for many applications (such as our con- 
struction of coproducts of algebras in §1.5) it will suffice to know the following less precise statement (which 
makes no mention of the theory of monads): 

F 

Proposition 3.4.9. Let C < ^ D be a pair of adjoint functors between oo-categories which satisfies condi- 

G 

tions (1) and (2) of Theorem 3.4.5. For every object D gV, there exists a simplicial object D, : N(A)°^ D 
having colimit D, such that each lies in the essential image of F. 

Proof. Using Theorem 3.2.10 and Proposition 3.3.5, we may assume that the functors F and G are determined 

by an adjunction datum U G ADat(C, D), and that D G CD is the image of [D] G A5 under a pointed 



adjunction datum U : N{As)°^ End (6, D) which lies over U. 

We define a functor (p : A+ As by the formula 



Composing with s and evaluating at 1 G [n + 2] ~ [1] * [n], wc obtain an augmented simplicial object 
Dt : N(A_|_)°^' T>. It follows immediately from Definition 3.3.3 that D_i ~ D. To complete the proof, it 
will suffice to show that D, is a colimit diagram. In view of Remark 3.4.6, it will suffice to show that D, is 
G-split. _ 

Let G, : N{A+)°p ^ C be the functor obtained from tp by composing with U and evaluating at G [n-|-2]. 
Then G, is the image of D, under a functor G, : N(A+)°^' — > Fun(D, C) determined by the augmentation 
datum s. Invoking the definition of an augmentation datum, we conclude that G, is equivalent to the 
constant augmented simplicial object taking the value G G Fun(D, 6). It will therefore suffice to show that 
the augmented simplicial object G, is split. 

Let (j)' : A+ As be defined by the formula [n] ([0] * [n],c'), where c' takes the constant value 
C. Let C', be the augmented simplicial object of 6 obtained by composing (p' with s and evaluating at 



[n]^([l]*[n],c) 



where c is given by the equation 



c{i) = It) 

e 



if i = 

if i = 1 

iil <i<n + 2. 
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G [n + 1] ~ [0] * [n] . There is an evident natural transformation of functors 4>' —>■ (p, which iiicluccs a map 
of simplicial objects C, — > C^. Invoking the definition of a pointed adjunction datum, we deduce that this 
transformation is an equivalence. It will therefore suffice to prove that C, is split. For this, it suHices to 
show that (f)' can be extended to a functor A_oo — > A5, which is evident. □ 

Remark 3.4.10. The proof of Proposition 3.4.9 actually establishes a stronger result: namely, the simplicial 
resolution of an object D € D can be chosen functorially in D. Informally, we can describe this functorial 
choice as follows. Let V = F o G. A dual to Theorem 3.2.10 implies that V underlies a comonad on the 
cx)-category CD. Consequently, given D £ D we can construct an augmented simplicial object E,, with 
Dn — V"^^D. This augmented simplicial object is G-split, and therefore a colimit diagram. Consequently. 
D ~ D-i can be obtained as the colimit of the underlying simplicial object D,, and for n > we have 
Dn ^ F{{G o V"')D), so that £>„ belongs to the essential image of F. 

We conclude with few applications of Proposition 3.4.9: 

Corollary 3.4.11. Suppose given a commutative diagram of oo- categories 



e 




e' 



Suppose furthermore that: 

(a) The 00-categories 6 and C' admit geometric realizations for simplicial objects. 

(6) The functors G and G' admit left adjoints, which we will denote by F and F', respectively. 

(c) The functor G' is conservative and preserves geometric realizations of simplicial objects. 
Then: 

(1) The functor U admits a left adjoint T. 

(2) The functor U is an equivalence if and only if the following additional conditions are satisfied: 

(d) The functor G is conservative and preserves geometric realizations of simplicial objects. 

T 

(e) The unit of the adjunction Q' < ^ G induces an equivalence of functors 

G' oF' ^G' oU oToF' c:±GoF. 

Proof. We first prove (1). Let j' : C' — > Fun(e',S)°^' denote the Yoneda embedding, and consider the 
composition 

J' : e' ^ Fun(e', §)°P ^ Fun(e, S)°f . 

Let Cq C e be the full subcategory spanned by those objects C" € C' for which j'{C') belongs to the essential 
image of the Yoneda embedding j : 6 — > Pun(e, §)°p. We wish to prove that Cg = C'. 

Proposition T. 5. 1.3. 2 and assumption (a) guarantee that the essential image of j is stable under the 
formation of geometric realizations of simplicial objects. Moreover, Proposition T. 5. 1.3.2 also implies that 
j preserves geometric realizations of simplicial objects. It follows that Cq is stable under the formation of 
geometric realizations in C'. In view of Proposition 3.4.9, it will suffice to show that Cq contains the essential 
image of F'. This is clear, since j {F'{D)) 2i j{F{D)). This completes the proof of (1). 
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Wc now prove (2). If U is an equivalence, then (e) is obvious (since the unit itself is an equivalence) and 
(d) follows from (c). To prove the converse, choose compatible unit and counit transformations 

u:id^UoT v.ToU ^id. 

We wish to prove that u and v are equivalences. Since G is conservative, the functor U is also conservative. 
Consequently, the transformation v is an equivalence if and only \i U{v) : U oT oU — *■ J7 is an equivalence. 
Since U [v) has a section determined by w, it will suffice to prove that u is an equivalence. 

Let Q'l be the full subcategory of C' spanned by those objects C for which the map u{C) : C (UoT){C) 
is an equivalence. Since G = G' oU and G' both preserve geometric realizations and G" is conservative, we 
conclude that U preserves geometric realizations. The functor T is a left adjoint, and therefore preserves 
geometric realizations. It follows that U o T preserves geometric realizations, so that G'^ is stable under 
geometric realizations in C'. In view of Propsition 3.4.9, it will suffice to show that C'^ contains the essential 
image of F'. In other words, we must show that u induces an equivalence F' — > U oT o F' . Using our 
assumption that G' is conservative, we reduce immediately to (e). □ 

Our next result makes use of the notation and terminology of §S.14. 

F 

Corollary 3.4.12. Suppose given a pair of adjoint functors between oo-categories C < ^ D . Assume that: 

G 

(i) The co-category D admits filtered colimits and geometric realizations, and G preserves filtered colimits 

and geometric realizations. 

(ii) The oo-category 6 is projectively generated (Definition S. 14-19). 
(Hi) The functor G is conservative. 
Then: 

(1) The oo-category D is projectively generated. 

(2) An object D G T) is compact and projective if and only if there exists a compact projective object C e C 

such that D is a retract of F{C). 

(3) The functor G preserves all sifted colimits. 

Proof. Let C° denote the full subcategory of C spanned by the compact projective objects. Let D° denote 
the essential image of F\ 6°. Using assumption (i), we deduce that D° consists of compact projective objects 
of D. Without loss of generality, we may assume that the oo-category B is minimal, so that D° is small. 
Moreover, since C° is stable under finite coproducts in 6, and F preserves finite coproducts, we conclude 
that D° admits finite coproducts (which are also finite coproducts in D). 

Let T)' = ^^(D") (sec Definition S.14.7). Using Proposition S.14.13, we deduce that the inclusion D° C D 
is homotopic to a composition 

1)0 2^ 05' i, D, 

where the functor / preserves filtered colimits and geometric realizations. Combining Proposition S.14.18 
with Proposition 3.4.9 and assumption {ii), we conclude that / is an equivalence of oo-categories. This 
proves (1). Moreover, the proof shows that D° is spanned by a set of compact projective generators for D 
(Definition S.14.19), so that assertion (2) follows from Proposition S. 14.21. Assertion (3) now follows from 
Proposition S.14.13. □ 

We now return to the proof of Theorem 3.4.5. One direction is essentially contained in the following 
Lemma: 

Lemma 3.4.13. Let Q be a monoidal oo-category, M an co-category which is left-tensored over C, A an 
algebra object, and 9 : ModA^M) M the forgetful functor. Then: 
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(1) Every 9-split simplicial object o/Mod^(M) admits a colimit in M. 

(2) The functor 9 preserves colimits of 9-split simplicial objects. 

Proof. Note that a simplicial object of Mod^ (M) can be viewed as a bisimplicial object of . In order to 

avoid confusion, wc let K denote the simplicial set N(A)°p when we wish to emphasize the role of N(A)°^' as 
indexing simphcial objects, while we use the notation N(A)°p to denote the base of the coCartesian fibration 
M® ^ N(A)''P. 

Form a puUback diagram 

^M® 

p 

N(A)°p-^e®, 

so that p is a locally coCartesian fibration (Lemma 2.1.13). Let u : K ^ Mod^(M) be a ^?-split simplicial 
object, corresponding to a map V : K x N(A)°p Ji. We observe that every fiber of p can be identified with 
M, and each of the induced maps Vj„] : K x {[n]} 'i^[n] can be identified with the composition of V with 
the forgetful functor 9. It follows that each of the simplicial objects V[„] splits. Using Lemma T. 6. 1.3. 16, we 
deduce that each V[„] admits a colimit Vj^j : K'^ ^[n]) a.nd that these colimits are preserved by each of the 
associated functors Nj^j "^[m] (Remark 3.4.4). Applying Proposition T. 4. 3. 1.10, we conclude that each V[n] 
is a p-colimit diagram. We now invoke Lemma 2.3.1 to deduce the existence of a map V : K'^ x N(A)°p — > K 
which induces a j>colimit diagram on each fiber K'^ x {[n]}. Moreover, Lemma 2.3.1 implies that V defines 
a colimit diagram v : — > MapN(^)op (N(A)°^', !N). Since v = v\K factors through the full subcategory 
ModA(M) C Mapi^(^)op(N(A)°^',K), it is easy to see that v factors through ModA(M). It follows that v is 
a cohmit of v in Modyi(M). This proves (1), and (2) follows from the observation that 9 ov = V\K'^ x {[0]} 
is a colimit diagram in M by construction. □ 

Proof of Theorem 3.4-5. The "only if" direction follows from Corollary 2.3.5 and Lemma 3.4.13. For the 
converse, let us suppose that (1) and (2) are satisfied. Set S = {6, D}, and form a puUback diagram 



N ^End (e,D) 

p 

N(As)°f — ^End®(e,2)). 

We define full subcategories Ae C A^ C A5 as follows: 

• An object {[n], c) e A5 belongs to A° if and only if c{n) = 6. 

• An object ([n], c) G A5 belongs to Ag if and only if c is a constant map taking the value C. 
Define 00-categories 

£ = MapN(As)-(N(As)''^N), 
£' = MapN(As)-(N(A^)°^N), £" = MapN(A,)op(N(Ae)°^ N), 
so that we have restriction maps 

£ ^ £' ^ £" . 

We observe that ModT(C) can be identified with a full subcategory of £", and ADat;7(C, D) can be identified 
with a full subcategory of £. Let £[, C £' be the full subcategory spanned by those functors / : N(Ag 5-,)°^ 

such that / is p-right Kan extension of /o = /|N(Ae)°^, and fo € ModT(C). Let £0 C £ be the 
full subcategory spanned by those functors g : N(As)°^ —>■ N such that g is a p-left Kan extension of 
50 = g\ N(A^)°P, and go G £0- We will prove: 
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(i) Every /o : N(Ae)°^' N which belongs to ModrlC) admits a p-right Kan extension to N(A^)°f . 

(m) Every go : 'N{A.g)°P K whcih belongs to Sg admits a p-right Kan extension to N(A5)''^'. 

It will follow from Proposition T. 4. 3. 2. 15 that the restriction maps £o — > £o ModT(C) are trivial Kan 
fibrations. We will then complete the proof by showing: 



{in) The full subcategory £o C £ coincides with ADat(7(C, 2)). 

Observe that, for every object ([?t.],c) £ A°, the oo-catcgory N(Ag^)([„] g)/ has an initial object, given 
by a map a : {[k],c') — > ([rt],c) which induces a bijection [k] {i E [n] : c{i) = 6}. Since ([?t.],c) G Ag, the 
map a satisfies a{k) = n. Combining Lemmas 3.3.7 and T. 4. 3. 2. 13, we deduce the following slightly stronger 
version of (i): 

{i') Every functor /o G £" admits a p-right Kan extension / : N(A5)°p —>■ K. Moreover, an arbitrary 

fimctor / £ £' is a p-right Kan extension of /I N(Ae)°^ if and only if for every map a : {[k],c') (W,c) 
in Ag which induces a bijection [k] {i & [n] : cii) = C}, the morphism f{a) is locally p-coCartesian. 

Combining [i'), Proposition T. 4. 3. 2. 15, and the definition of ModT(C), we deduce: 

(i") The restriction map £9 — > ModT(C) is a trivial Kan fibration. Moreover, an arbitrary functor / £ £' 
belongs to £q if and only if, for every morphism a : {[k],c') {[n],c) in A5 such that a{k) = n, the 
morphism f{a) is locally p-coCartesian. 

The proof of (ii) is a bit more subtle. Fix an functor go : N{Ag)°P Jsf which belongs to £q. We wish to 
prove that go admits a p-left Kan extension to N(A5)''^'. According to Lemma T.4.3.2.13, it will suffice to 
show that, for every object ([n],c) £ As, the induced diagram (N(A5!; ,j;,)°p)/([„],c) N(A^)°p ^ admits 
a p-colimit. If ([n],c) £ A°, then there is nothing to prove. Assume instead that c(n) = D. We define a 
functor ^ : A — > {Ag)(^[n],c)/ by the formula 



c{i) if < i < n 
e if n + 1 < i < n 



^([k]) = {[n + k + l],c') 

c'{i) = 

We claim that the induced map N(A)°p (N(As)°p)/([„].c) is cofinal. According to Theorem T.4. 1.3.1, it 
will suffice to show that for every object a : ([n], c) ([m], c') in (As)q„] ,,)/> the category 

A' = A X(AO)((„, ,^)/((A^)([„],c)/)/([m],c') 

has weakly contractible nerve. Let J = {i G [m] : (a(n) < i) A {c'{i) = C)}. Then J contains m, and is 
therefore nonempty. Unwinding the definitions, we see that A' can be identified with A/j, which has a final 
object. 

Using Proposition T. 4. 3. 1.8, we are reduced to proving that the diagram 

N(A°^) 

y 

/ V 

N(A°f f N(As)''f 

admits an extension as indicated, which is a p-colimit diagram. Let h = ft,|N(A)°''. Wc observe that h 
determines a natural transformation H : N(A)°*' x ^ N(A5)°p from h to the constant map taking the 
value ([n],c). Using Lemma 3.3.7, we can lift to a p-coCartesian natural transformation : N(A)°J'xA^ 
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N from go ° V' to a simplicial object V : N(A)°^' — > N([„]^c). Using Proposition T. 4. 3. 1.9, we are reduced to 
proving that V can be extended to a p-colimit diagram. 

We now observe that the fiber l^([n].c) can be identiied with c(n) — D. We will prove that F is a G-split 
simplicial object of D. In view of assumption (2), this will imply that V can be extended to a colimit diagram 
V : N(A°^)'* — » J^(^[n],c) — We need to know a little bit more: namely, that ?7 is a p-colimit diagram in 
N. In view of Proposition T. 4. 3. 1.10, it will suHice to show that for every morphism a : ([m], c') {[n],c) in 

As, the composition N(A°^)'^ '^{[n],c) ^([m],c') is a colimit diagram. We observe that 3Nf([„i],c') can be 
identified with the cxD-catcgory c'{m) G {C, D}, and that a\ is equivalent to some iterated composition of the 
adjoint functors F and G. If ai is not an equivalence, then it is equivalent to a composition B oG, for some 
functor B : e — *■ c'{m). Invoking assumption (2), we deduce that G o y is colimit diagram in C. Moreover, 
since GoV is split, the augmented simplicial object Go^ is likewise split. It follows that the image of Go F 
under any functor remains a split augmented simplicial object, and therefore a colimit diagram (Lemma 
T.6.1.3.16). 

It remains to show that V \s a. G-split simplicial object of T). Our first step us to show that this assertion 
is independent of the original object ([n],c) € Ag. To prove this, consider the map /3 : ([0],c') — > ([n],c), 
where /3(0) = n and c'(0) = D. We define maps 



tA' : A ^ (A"s)([o],c')/, 
H' : N(A)°P X ^ N(As)°p, H' : N(A)°p x 



as above, so that H' is a p-coCartesian transformation from o ip' to a, simplicial object V : N(A) — > 
?\f([o],c') — f. We will show that V and V are equivalent (as simplicial objects of D), so that V is G-split if 
and only if V' is G-split. 

Let us be a bit more precise. Let ([n],c) denote the constant functor N(A)°J' N(As)°^' taking 
the value ([n],c), and define ([0],c') likewise. The morphism /3 determines a natural transformation f3 : 
([n],c) ([0],c') in the cx)-category of simplicial objects Fun(N(A)°P, N(As)°^'). Let p : Fun(N(A)°P, ?s[) ^ 
Fun(N(A)°*', N( A5)°P) be given by composition with p. Using Lemma 3.3.7, we can choose an p-coCartcsian 
transformation B : V ^ V" in Fun(N(A)°P, K). We will prove that V and V" are equivalent (as simplicial 
objects of ?^([o],c')- 

The functors ip and ip' determine simplicial objects N(A)°^' 'N{A.s)°^, 
and respectively. The map /3 determines a natural transformation (3 : cj) ^ 
diagram 



which we will denote by 
6' . We have a commutative 



H 



H' 



([n 








([0] 


,c), 



which we can describe by a map A^ x A^ — > Fun(N(A)°^', N(A5)°J'). Using Lemma 3.3.7, we deduce that p 
restricts to a coCartesian fibration 

Fun(N(A)°f,K) Xf„„(n(a)op,n(As)o.) (A^ x A^) ^ A^ x A^, 

so that we obtain an associated diagram of oo-categories and functors 



h; 



Fun(N(A)°P,?^), 

A 

Fun(N(A)°P,N)^ 

which commutes up to (canonical) homotopy. Since V is defined to be the image under H[ of go o ip g 
Fun(N(A)°P, J<)^ and V is defined to be the image under H! of gooip' € Fun(N(A)°P, 74)^,, it wiU suffice to 



Fun(N(A)°P,K([„],e)) 
.Fun(N(A)°f,N([oi,c')) 
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prove that gootp' is equivalent to (3i{gooip)- The desired equivalence is provided by the natural transformation 
go o (3 : N(A)°^' x ^ which is p-coCartesian in view of Lemma 3.3.7, {i"), and our assumption that 

We now return to the task of proving that V is G-split. Applying the above argument twice, we can 
reduce to the case where n > and c(n — 1) = C. Let cq = c|[n — 1], and let 7 : ([n — 1], cq) (Wi c) be 
the associated map in A5. Proceeding as above, we let {[n — l,co) denote the constant functor N(A)°p 
N(A5)°P taking the value {[n — l],co), 7 : (M,c) {[n — 1],cq) the associated natural transformation in 
Fun(N(A)''P,N(A5)°P), and 7, : Fun(N(A)°P, Jsf([„],c)) ^ Fun(N(A)°P, Jsf([„_i],co) t^e functor associated 
to the locally coCartesian fibration p. Then 7] can be identified with the functor Fun(N(A)°J', D) — > 
Fun(N(A)°P, C) given by composition with G. It will therefore suflace to show that J]{V) is a split simplicial 
object of ?^([„-i],co)- 

We have a commutative diagram 



{[n],c) 




described by a 2-simplex Fun(N(A)°^, N(A5)°p). Applying Lemma 3.3.7, we deduce that p restricts 

to a coCartesian fibration Fun(N(A)°^, 3sf) XFun(N(A)°p,N(As)°p) — * so that we have an equivalence 
^! ~ 7, o of functors from Fun(N(A)''P, K)^ ^ Fun(N(A)''P, N([„_i],co))- I* ^ill therefore suHice to show 
that Si{go o tp) is split. 

Define : A_oo —>■ (As)([„_i]^co)/ follows: 

• The functor 6 carries [k] to ([n + fc], Cg), where 



c'oii) = 



co(i) if < i < n 

e ifn <i <n + k. 



• Given a map a : {—00} U [k] {—00} U [k'] in A 

e{a){z} : 



the associated map 6{a) is given by the formula 



i if i < n 

n — 1 if i >n and a{i) = —00 

n + a{i — n) iii>n and a{i) ^ —00. 



Let : N(A_oo)°^ N(As)°'' be the map determined by 6, and let e be the induced natural transformation 
from 9 to the constant map N(A_oo)°^ — > N(As)°^ taking the value {[n — l],co). Using Lemma 3.3.7, we 
can choose a p-coCartesian transformation e : {go o 9) — * W, where W is a, map N(A_oo)°^ — * ^([n-i],co)- 
We now observe that W is an extension of Si{go otp), so that 5i{go o V') is split. This completes the proof of 
{ii). 

We now prove {Hi). Suppose first that g G £, and let go = g\ N(Ag 23)°^. We wish to show that g G Eg 
if and only if g £ ADat(7(C, D). In view of {i"), either of these conditions implies that 50 G £o- We will 
therefore assume that go € £q. By definition, 5 e £9 if and only if 5 is a p-left Kan extension of go. 
Unwinding the definitions, this condition holds if and only if g is a p-left Kan extension of go at ([n], c), for 
every object ([n],c) £ As. This condition is automatic if c(n) = C. Suppose instead that c(n) = D. Let 
i/) : A — > (Ag ©)([«], c)/ be defined as above. We observe that tp extends to a map V : ^+ — >■ (^s)([n],c)/) 
which preserves initial objects. Since rjj induces a cofinal map N(A)°^' (N(Ag 23)°^, wc conclude that g is 

a p-left Kan extension of go at ([n], c) if and only if g ojp is a p-colimit diagram. Using Lemma 3.3.7, we can 
construct a p-coCartesian transformation from g(o^ to an augmented simplicial object F : N(A°^)'* — > 3Nf([„] c). 
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In view of Proposition T. 4. 3. 1.9, (/ is a p-left Kan extension of go at ([n], c) if and only if V is a p-colimit 
diagram. The arguments given above show that this condition is satisfied if and only if F is a colimit diagram 
in 3sf( [„] (,). Moreover, this condition is independent of the choice of ([n],c). In particular, we may suppose 
that n = 1 and c is given by the formula 

[e ifi = 
^^^^ = \d ifi = l. 

Let Co denote the restriction of c to [0] C [1]. Using Lemma 3.3.7, wc can choose a p-coCartesian 
transformation N(A°p)^ x ^ from X to an augmented simplicial object Y : N(A°'')^ ^([o],co)- If 
wc view V as an augmented simplicial object of D, then X is equivalent to the augmented simplicial object of 
6 obtained by composing V with the functor G. Since the underlying simplicial object of V is G-split, Remark 
3.4.6 implies that V is a colimit diagram if and only X is a colimit diagram. Let W : N(A_oo)°^ ^ ^([o].co) 
be the map constructed in the argument above, and let Wq = W\ N(A°^)'^ be the underlying augmented 
simplicial object. Then g determines a natural transformation of augmented simplicial objects a : X — > Wq, 
which induces an equivalence ajj,] : -'^([fc]) ~ VFo([fc]) for all A: > 0. Lemma T. 6. 1.3. 16 implies that Wo is a 
colimit diagram in ^([oj^co)- Consequently, X is a colimit diagram if and only if a^-i] ■ X[[—l]) Wo{[—l]) 
is an equivalence. In other words, g is a p-left Kan extension of go if and only if Q![_i] is an equivalence. 
Unwinding the definitions, we observe that this latter condition is equivalent to the requirement that g carry 
the inclusion ([0], cq) ([!]> c) to a locally p-coCartesian morphism in W. We now observe that, in view {i") 
and our assumption that 50 S Sq, this last condition is equivalent to the requirement g G ADat(7(C, K). □ 



3.5 Existence of Adjunction Data 

Our goal in this section is to give the proof of Theorem 3.2.10. Fix a pair of 00-categories C and D, and let 
S = {e, CD}. We wish to prove that every functor F : C — > D which admits a right adjoint can be promoted 
to an adjunction datum U. The proof is somewhat technical, and can be safely skipped by the reader; the 
ideas introduced here will not be needed elsewhere. 

The passage from F to U will proceed in stages. To describe these stages in more detail, we need to 
introduce some terminology. 

Definition 3.5.1. Let 6 and D be cx)-categories. A nonunital adjunction is a pair of functors F : G ^ D, 
G : D ^ C, and a pair of maps F oG ^ U ^ idoj in the 00-category Fun(D, D), where a is an equivalence. 
We let Adj""(e, D) denote the full subcategory of 

(Fun(e,D) X Fun(2),e)) XE„d('D) Fun(A2, End(D)) XEnd(D) {idc} 

spanned by the nonunital adjunctions. We will refer to Adj""(C, D) as the 00-category of nonunital adjunc- 
tions. We let Adj(e, D) denote the full subcategory of Adj""(C, CD) spanned by those nonunital adjunctions 

FoG^U^idv 
for which v is the counit of an adjunction between F and G. 
Notation 3.5.2. Let the subcategory A5" C A5 be defined as follows: 

• Every object of A5 belongs to A^". 

• A morphism a : {[m],c) ([n],c') of A5 belongs to Ag" if and only if, whenever a{i) = a{j) and 

c(i) = c{j) = 6, we have i = j. 

Definition 3.5.3. Let q : End® (C, CD) N{As)°^ denote the projection. A nonunital adjunction datum 
is a functor F G MapN(^g)op(N(A™)°P, End®(e, CD)) which carries every C-convex morphism in A™ to a 
q'-coCartesian morphism in End® (C, CD) (note that every C-convex morphism in A5 is a morphism of A™). 

We let ADat""(e, V) denote the full subcategory of MapN(As)of (N(Ag")''f , End® (C, CD)) spanned by the 
nonunital adjunction diagrams. 
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The inclusion A™ C A5 induces a restriction functor ADat(C, D) ADat""(C, D). Similarly, evaluation 
on the diagram [©] ^ [D, D] [D,e,D] in A^" determines a functor r : ADat""(e,D) Adj""(e,D). 
Lemma 3.2.9 implies that the composition ADat(e, D) ADat™(e, D) Adj™(e, D) factors through the 
full subcategory Adj(C, CD). Consequently, we obtain a commutative diagram 

ADat(e, D) ^ ADat''"(e, D) 



Adj(e, D)c ^ Adj""(e, D). 

We will break the proof of Theorem 3.2.10 into three steps: 

Proposition 3.5.4. Let C and D be (x- categories. Then the projection map Adj""(C,D) Fun(C,I') 
induces a categorical equivalence Adj(C) — > Fun'(C, 2)), where Fun'(C, D) is the subcategory 0/ Fun(C, 2)) 
whose objects are functors which admit right adjoints and whose morphisms are natural equivalences. 

Proposition 3.5.5. Let C and D be 00 -categories. The restriction map r : ADat""(e, D) Adj""(C,2)) is 
a trivial Kan fibration. 

Proposition 3.5.6. Let C and T> be 00 -categories. Then the restriction map ADat(C,D) — > ADat""(C,2)) 

induces an equivalence of 00 -categories 

ADat(e, D) ^ ADat™(e, D) XAdjnu(e,D) Adj(e, D). 

Let us grant these assertions for the moment. 

Proof of Theorem 3.2.10. We observe that if F e ADat^CD), the induced object of Adj™(e,Ii) belongs 
to Adj(e, D) (Lemma 3.2.9). Consequently, the forgetful functor 9 : ADat(e, D) Fun(e, CD) factors as a 
composition of categorical equivalences 

ADat(e, D) ^ ADat""(e, D) XAdj-(e,D) Adj(e, D) ^ Adj(e, D) ^ Fun'(e, D), 

followed by the inclusion of Fun'(e, D) into Fun(e, D). It follows that ^ is a categorical equivalence. Since 
6 is evidently a categorical fibration, it is a trivial Kan fibration. □ 

The proofs of Propositions 3.5.4, 3.5.5, and 3.5.6 are very different from one another. Proposition 3.5.4 
is the easiest: it merely expresses the idea that when a functor F : Q ^ T) admits a right adjoint G, then G 
is uniquely determined. Proposition 3.5.5 is more difficult. Roughly speaking, we need to show that every 
nonunital adjunction Fq can be promoted to a nonunital adjunction datum F : N(A™)°^' End'*(C,D). 
Our strategy is to choose an appropriate filtration of A^", and construct F from Fq by forming a series of 
relative Kan extensions. 

Proposition 3.5.6 involves rather different ideas. It asserts that a nonunital adjunction diagram Fq can be 
extended to an adjunction diagram F if and only if the desired extension exists at the level of the homotopy 
category; moreover, in this case, F is essentially unique. Our strategy is to reduce this assertion to an 
analogous result for nonunital algebras, and then invoke the results of §2.8. 

Wc begin with the proof of Proposition 3.5.4. The first step is to reduce the size of the cx)-category 

Adj""(e,D). 

Notation 3.5.7. Let Adj~(C, CD) denote the full subcategory of 

(Fun(e, 2)) X Fun(CD, 6)) XEnd(a3) Endp)^'^^ / 

spanned by those transformations {F o G) ~> id© which are counits for adjunctions between F and G. We 
will regard Adj~(C, D) as a simplicial subset of Adj(C, CD), whose vertices correspond to diagrams F o G 
U ^ idii for which a is a degenerate morphism in End(D). 
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Lemma 3.5.8. The inclusion i : Adj (C, 2)) C Adj(C,2)) is an equivalence of oo- categories. 
Proof. We have a homotopy Cartesian square 



Adj-(e,2)). 



AO' 



Adj(e,D) 



where £ is the cx)-category of initial objects of End(CD)'^^/. Since £ is a contractible Kan complex, we 
conclude that i is a categorical equivalence. □ 

Lemma 3.5.9. The oo-category Adj~(C,2)) is a Kan complex. 

Proof. Wc note that a morphism / in Adj~(C,D) can be identified with a pair of natural transformations 
a : F ^ F' , (3 : G ^ G' , and a commutative square 



FoG- 



idD 



ao/3 

F' o G' id-D 

in the oo-category End(D). We wish to prove that a and /? are equivalences. For this, we observe that a 
induces a natural transformation of adjoint functors a' : G' ^ G, and /? induces a natural transformation of 
adjoint functors (}' : F' ^ F. Using the commutativity of the above square, we deduce that a' is a homotopy 
inverse to /3 and (}' is a homotopy inverse to a. □ 



Lemma 3.5.10. The projection map 



9 : Adj""(e, D) ^Fun(e,D) 



induces a categorical equivalence Bq : Adj (6) Fim'(C, D), where Fim'(C, D) is the subcategory o/Fun(C, D) 
whose objects are functors which admit right adjoints and whose morphisms are naiural equivalences. 

Proof. It is clear that the essential image of consists of functors which admit right adjoints, and Lemma 
3.5.9 implies that the image of every morphism in Adj~ (6, D) is an equivalence in Fun(C, D). Consequently, 
6*0 factors through Fun'(C, 2)) C Fun(C, D). It is easy to see that Oq is a categorical fibration. Since 
the domain and codomain of 9o are Kan complexes (Lemma 3.5.9), we deduce that 9o is a Kan fibration 
(Propositions T.3.3.2.9, T.2.3.2.4, and Lemma T. 2. 1.3. 2). It will therefore suffice to show that every fiber 
of 00 is contractible. We now observe that, if F e Fun'(e,'D), then the e^^lF} can be identified with the 
oo-category of initial objects of the fiber product Fun(D, C) XEnd(©) End(D)"^^ /. Since this oo-category is 
nonempty, it is a contractible Kan complex (Proposition T. 1.2. 12. 9). □ 

Proof of Proposition 3.5.4. Lemmas 3.5.10 and 3.5.8 imply that the restriction map Adj (6, B) Fun(e, D) 
factors as a composition Adj(C, D) ^ Fun'(e, D) C Fun(C,D). Since ro is a categorical fibration, it will 
suffice to show that ro is a categorical equivalence. This follows immediately from Lemmas 3.5.10 and 
3.5.8. □ 

We now turn to the proof of Proposition 3.5.5. In what follows, we let q denote the projection map 
End®(e,D) ^N(As)°P. 

Notation 3.5.11. We define full subcategories Jo ^ 3i C J2 C ^3 C A™ as follows: 

(Jo) An object ([n], c) G A™ belongs to 3o if and only if {i e [n] : c{i) = 6} is empty. 
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( Ji) An object ([n], c) G Ag" belongs to Ji if and only if either ([n], c) e Jo, or ([n], c) = [D, 6, D]. 

( J2) An object ([n], c) G A^" belongs to J2 if and only if {i e [n] : c{i) = 6} has at most one element. 

(J3) An object ([n],c) G A™ belongs to J3 if and only if {i G [n] : c{i) = 6} does not contain any pair of 
consecutive integers 

For every full subcategory J C A^", we let ADatj"(e,2)) C MapN(^g)„p(N(J)''P, End®(e, D)) denote the 
full subcategory spanned by those functors F which carry every C-convex morphism in J to a g-coCartesian 
morphism in End'^(e, D). 

Proposition 3.5.5 is a consequence of the following sequence of lemmas: 

Lemma 3.5.12. The restriction map ro : ADatj"(e, D) — » Adj™(e, D) is a trivial Kan fibration. 

Lemma 3.5.13. Let Fq G ADat3"(e,D). Then: 

(1) There exists a functor F G Map]sj(2^g-)op(N(J2)°^,End®(C,D)) which is a q-left Kan extension of Fq. 

(2) Let F G MapN(As)°p(Np2)°'',End®(e,Ii)) he an arbitrary extension of Fq. Then F is a q-left Kan 
extension of Fq if and only if F € ADatj"(e,D). 

Lemma 3.5.14. Let Fq g ADatj^"(e, D). Then: 

(1) There exists a functor F G Mapi,j(Ag)op(N(J3)°J',End®(C,2))) which is a q-right Kan extension of Fq. 

(2) Let F G MapN(As)°i'(^p3)''^'^^d'^(*^'^)) arbitrary extension of Fq. Then F is a q-right Kan 
extension of Fq if and only if F G ADatj"(e,D). 

Lemma 3.5.15. Let Fq g ADatj^(e,D). Then: 

(1) There exists a functor F G MapN(As)''f (N(As")°P,End®(e,D)) ^^^^^^ 

is a q-left Kan extension of Fq . 

(2) Let F G MapN(As)op(N(A5")°P,End'^(e,D)) be an arbitrary extension of Fq. Then F is a q-left Kan 
extension of Fq if and only if F e ADat''"(e, D). 

Proof of Proposition 3.5.5. The restriction map r : ADat''"(C, D) — > Adj""(C, D) factors as a composition 

ADat""(e,2)) ^ ADat5'3"(e,D) 

^ ADat;;;'(e,D) 
^ ADat;;;'(e,B) 
^ Adj""(e,'D). 

Lemma 3.5.12 implies that ro is a trivial Kan fibration. Combining Lemmas 3.5.13, 3.5.14, and 3.5.15 with 
Proposition T. 4. 3. 2. 15, we deduce that ri, r2, and rs are trivial Kan fibrations. It follows that r = roorior2or3 
is also a trivial Kan fibration. □ 

Proof of Lemma 3.5.12. We have a coCartcsian fibration p : N(Ji)°p A^, where the inverse image of 
{1} C Ai is N(ao)°^. Let K C N{3i)''p be the union of N(ao) and the j3-coCartesian edge joining [D, 6, D] to 
[D, D]. Using Proposition T.3.2.2.7, we deduce that the inclusion K C N(Ji)°p is a categorical equivalence. 
Consequently, the restriction map 

MapN(As)o.(N(ai)°^End®(e,D)) ^ MapN(As)o.(i^, End®(e, ©)) 
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is a trivial Kan fibration. We also observe that a functor F e Mapivj(^^-)op (N(Ji)°p, End (C, 2))) belongs to 
ADat3"(e,B) if and only if F\'N{3o)°p belongs to ADat^;;(e, D). It will therefore suffice to show that the 
restriction map 

r'o : MapN(A,)op(i^,End«(e,I))) XMap,(^^)„p(N(3o)-,End«(e,i3)) ADat^;'(e,D) ^ Adj""(e,©) 

is a trivial Kan fibration. We observe that Tq is a puUback of the restriction map Tq : ADatj"(C,I') £, 
where £ is the oo-category of initial objects in End(I')'^^ / and Tq is given by evaluation on the morphism 
[D] ^ [D,D] in N(A^")°P. 

We wish to show that Tq is a trivial Kan fibration. It is easy to sec that Tq is a categorical fibration. It 
will therefore suffice to show that is a categorical equivalence. For this, it suffices to show that the source 
and target of rg are contractible Kan complexes. We observe that Proposition 1.4.3 allows us to identify 
ADatj"(C, D) with the oo-catcgory of initial objects in Alg(End(D)). The desired contractibility assertions 
now follow immediately from Proposition T. 1.2. 12. 9. □ 

Proof of Lemma 3.5.13. We observe that for every object in ([n], c) e the category 3i Xj^ (32)([n],c)/ ^i^s an 
initial object. If ([fi], c) e "Jq, this initial object is given by the identity map from ([n], c) to itself; otherwise, 
it is given by the unique map ([r7,],c) ['D,C,D]. Since g is a coCartesian fibration. Lemma T. 4. 3. 2. 13 
immediately implies the following analogues of (1) and (2): 

(1') For every functor Fq e MapN(As)op(N(3i)°^, End®(e, D)), there exists a functor 

F G MapN(As)op(N(J2)°^End®(e,D)) 

which is a g-left Kan extension of Fq. 

(2') Let F e MapN(^g)„p {^{%Y^, End® (6, D)). Then F is a g-left Kan extension of Fq = F\ N(Ji)°p if and 
only if it satisfies the following condition: 

(*) For every object ([n],c) e J2 which docs not belong to Jqj carries the canonical map a : ([ra],c) — >■ 
[D, e, D] in J2 to a g-coCartesian morphism of End'^(e, D). 

It is clear that (1') implies (1). To prove that (2') implies (2), we must show that a functor 

F G MapN(As)-(N(32)''^End®(e,D)) 

belongs to ADat3^(e,D) if and only if F satisfies (*) and F|N(ai) belongs to ADat?;'(e, D). The "only if" 
direction is clear, since each of the morphisms a which appears in the statement of (*) is C-convex. 

Conversely, suppose that Fq = F|N(3i) belongs to ADatj"(e,D) and that F satisfies (*). Let a : 
([m], c) ([n], c') be a C-convex morphism in 32. We must show that F{a) is g-coCartesian. If {[n], c') G Oq, 
this follows from our assumption that Fq satisfies (*). If ([n],c') ^ 3o, then we have a commutative diagram 



([n],c') 




([m], c) ^- ^ [D, e, D]. 

According to Proposition T. 2. 3. 1.7, it will suffice to show that F{(3) and ^(7) are g-coCartesian. For /3, this 
follows from condition (*). If ([m],c) ^ Jo, then condition (*) also guarantees that -^(7) is g-coCartesian. If 

([m], c) G 3o, then 7 factors as a composition ([to], c) ^ [T>] ^ [B, C, D]. Then ^(7') is g-coCartesian (since 
7' is a C-convex morphism in Jq) and F{j") is g-coCartesian (since the oo-category End®(C,D)[D] is a Kan 
complex). Applying Proposition T. 2. 3. 1.7, we deduce that -^(7) is g-coCartesian, as desired. □ 

Proof of Lemma 3.5.14- Fix an object ([n],c) G ^3, and let 3 = ^2 X33 (33)/([n],c)- Our first goal is to prove: 
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(a) Consider the commutative diagram 



N(a°^) 
N(a°f)< 



^End«(e,D) 



■N(As)''P 



where / denotes the composition 

N{3°P) N{3"/) ^ End®(e,D). 
Then there exists a map /, as indicated, which is a g-Hmit diagram. 

(6) An arbitrary extension / rendering the above diagram commutative is a g-hmit diagram if and only if 

the following condition is satisfied: 

(★) For every convex morphism a : ([m],c') — > ([n],c) in 2, the image of {a}^ Q N(3°^)^ under / is a 
g-coCartesian morphism of End® (C, D). 

Let 3o be the full subcategory of 3 spanned by those objects a : {[m],c') (["■], c) such that the induced 
map [to] — > [n] is injective. We can identify the category 3q with the partially ordered sets of nonempty 
subsets S C [n] having the property that {j G S : c{j) = 6} has at most one element. Consider the following 
further properties which S may or may not satisfy: 

(Pi) The set S contains {j € [n] : c(j) = 2)}. 

(P2) For some < i < n such that c(z) = C, we have S = {i — l,i + 1}. 
(P3) For some <i <n such that c{i) = C, we have S = {i — + 1}. 
(P4) The set S consists of a single element. 
(P5) For some < i < n, we have S = + 1}. 

For 1 < i < 5, let 2i denote the full subcategory of 2o spanned by those objects which satisfy (Pj) for 
some j > i. Consider the following assertions: 



(a,) Consider the commutative diagram 



N(a: 



op\< 



End®(e,D) 



■N(As)°f 



where fi denotes the composition N(af ) C N{3°p) Nid^^) ^ End^(e, D). Then there exists a map 
/j, as indicated, which is a limit diagram. 

An arbitrary extension rendering the above diagram commutative is a g-limit diagram if and only 
if the following condition is satisfied: 

{■k'i) For every morphism a : ([to], c') {[n],c) in 3o satisfying P5, the image of {a}^ C N{3o^y under 
/j is a g-coCartesian morphism of End® (C, D). 
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Wc note that, since Fq G ADat"", if / is as in (6) and < i < 5, then / satisfies (★) if and only if 

7|N(3r) satisfies K). 

The inclusions 3i C ^f, 02 ^ Ss, and 04 C S5 admit left adjoints, so the induced inclusions N{8i) Q 3, 
N(32) C N(33), and ^{34} C ^{35) arc cofinal. It follows that (a) <^=> (ai), (02) <^ (as), and (04) <^ (05). 
Using the assumption that Fq G ADat"", wc deduce that /i is a (j-right Kan extension of /2 and that is 
a g-right Kan extension of f^. Applying Lemma T.4.3.2.7, wc deduce that (ai) <^ (^2), and (03) <^ (04). 
Composing these equivalences, we see that (a) is equivalent to (05). The same argument shows that (&) is 
equivalent to (65). We now observe that (as) and (65) are obvious, since g is a coCartesian fibration which 
exhibits End'^(e, D)([„]_c) as equivalent to the product 

Yl End®(e,D)({, ,i+l},c|{i,i+l})- 
0<i<n 

Assertion (1) now follows from (a) and Lemma T.4.3.2.7. Moreover, (&) implies the following analogue 
of (2): 

(2') Let F e MapN(^^)op(N(J3)°P,End®(e,D)) be an arbitrary extension of Fq. Then F is a g-right Kan 
extension of Fq if and only if F satisfies the following condition: 

(*) For every convex morphism a : ([m],c) ([n],c') in J3, where ([m],c) € J2, the image F{a) is a 
g-coCartesian morphism in End® (6, D). 

To complete the proof, it will sufSce to show that if € MapN(^g')op(N(33)°P,End®(C, D)) is an extension of 
Fq, then F satisfies (*) if and only if F carries every C-convex morphism in J3 to a g-coCartesian morphism in 
End®(C, D). The "if" direction is obvious, since every convex morphism in 3^ is C-convcx. For the converse, 
let us suppose that F satisfies (*) and that a : ([rn],c) — » ([n],c') is a C-convex morphism in ^3. We wish 
to prove that F{a) is g-coCartesian. Using the product decomposition of End'^(e, D)([m],c), we can reduce 
to the case where m = 1, so that ([rn],c) e 32- We now observe that a admits a unique factorization as a 

composition ([m],c) ^ ([no],CQ) ([n],c), where a' preserves endpoints and a" is convex. Assumption (*) 
guarantees that F{a") is g-coCartesian. Moreover, using the assumption that a is C-convex, we deduce that 
([no], Cq) e J2 and the morphism a' is C-convex. Since Fq e ADat3"(C, 2)), we conclude that F{a') = FQ{a') 
is g-coCartesian. Applying Proposition T. 2. 3. 1.7, we deduce that F{a) is g-coCartesian, as desired. □ 

The proof of Lemma 3.5.15 will require the following preliminary: 

Lemma 3.5.16. Let p : X ^ S be a coCartesian fibration of 00-categories, let K be a weakly contractible 
simplicial set, and suppose given a diagram 

r 

Suppose that fo carries each edge of K to a p-coCartesian edge of X. Then: 

(1) There exists a map f as indicated in the diagram, which is a p-colimit diagram. 

(2) Let f be an arbitrary morphism which renders the above diagram commutative. The following conditions 
are equivalent: 

{i) The map f is a p-colimit diagram. 

(ii) For every vertex k of K, the image of {k}'^ under f is a p- coCartesian morphism of X. 

{Hi) There exists a vertex k of K such that the image of {k}^ under f is a p-coCartesian morphism 
ofX. 
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Proof. Using Proposition T. 4. 3. 1.9, we can reduce to the case where the map g is constant at some object s 
of S, so that /o factors through the fiber Xg. Corollary T. 4. 4. 4. 10 guarantees the existence of an extension 
/ satisfying (ii). Moreover, Corollary T. 4. 4. 4. 10 also ensures that for every edge s — > s' in S, the image of / 
under the associated functor Xg X^i is a colimit diagram in Xg'- Proposition T. 4. 3. 1.10 implies that / is 
a p-colimit diagram. This proves (1), as well as the implication (ii) — > (i) of (2). The implication (i) (ii) 
follows from the uniqueness of relative colimit diagrams, and the equivalence (ii) <^ {Hi) follows from the 
connectedness of K. □ 

Proof of Lemma 3.5.15. Fix an object ([m],c) € Ag", and let 3 = ^3 x As(As)([„,]_c). Let 3o denote the full 
subcategory of 3 spanned by those morphisms a : ([m], c) ([n], c') with the following property: 

[-k) The map a preserves endpoints, and for < i < m, either a{i + 1) = (y.{i) + 1, or c{i) = c{i + 1) = C, 
a{i + 1) > a{i) + 1, and c'(j) = B for a{i) < j < a{i + 1). 

The inclusion do 3 admits a right adjoint, so that the inclusion N(3o)°^ Q N(3)°p is cofinal. We observe 
that 3o is equivalent to a product of copies of the category A, where the product is indexed by integers 
i such that 0<i<z+l<TO and c{i) = c{i + 1) = C. In particular, the simplicial set N(3o) is weakly 
contractible. 

We observe that, since Fq e ADat™(C, D), the composition 

N(3o)°^ C N(3)°P ^ N(a3)°P ^ End®(e, D)°p 

carries each morphism in 3o to g-coCartesian edge of End®(C, D). Combining Lemma 3.5.16 with Lemma 
T. 4. 3. 2. 13, we deduce (1) and the following analogue of (2): 

(2') Let F e MapN(A^)op(N(A^")°P,End®(e,D)) be an arbitrary extension of Fq. Then F is a q-left Kan 
extension of Fq if and only if F satisfies the following condition: 

(*) For every morphism a : ([m],c) — > ([n],c') in A™ which satisfies the image F{a) is q- 
coCartesian. 

To complete the proof, it will suffice to show that if F e Map^j^g-jop (N( A™)°J', End'^ (6, D)) is an extension 
of Fq, then F satisfies (*) if and only if F carries every C-convex morphism of A™ to a g-coCartesian 

morphism in End®(C. D). The "if" direction is obvious, since every morphism which satisfies (*) is C-convex. 

For the converse, let us suppose that F satisfies (*) and that a : ([m], c) ([n], c') is a C-convex morphism 
of A™. We wish to prove that F{a) is q-coCartesian. First, choose a morphism /3 : ([n],c') {[p],c") 
satisfying (★). Condition (*) guarantees that F{f3) is g-coCartesian. In view of Proposition T. 2. 3. 1.7, it 
will suffice to show that F{P o a) is q-coCartesian. In other words, we may replace ([n], c') by ([p], c") and 
thereby reduce to the case where ([n], c') e J3. We now observe that a factors as a composition 

(H,c) ^ ([no],Co) ^ ([n],c), 

where a' satisfies (★) and a" is C-convex. Condition (*) implies that F{a') is g-coCartesian, and our 
assumption that Fq e ADat3"(C, D) guarantees that F{a") is g-coCartesian. Invoking Proposition T. 2. 3. 1.7, 
we deduce that F{a) is g-coCartesian, as desired. □ 

We now give the proof of Proposition 3.5.6. We begin with a rough outline. Every nonunital adjunction 
datum _Fb determines a nonunital monad on C: that is, a nonunital algebra To G Alg""(End(C)). If Fq 
extends to an adjunction, then T extends to an algebra object in End(C). We would like to prove a converse 
to this result: that is, the only obstruction to the existence of a adjunction datum extending Fq is the 
existence of a monad extending Tq. Actually, this is not quite true: we will need to know not only that T 
exists, but that various (nonunital) To-modules can be extended to (unital) T-modules. Nevertheless, the 
arguments below will allow us to reduce to the problems regarding the existence and uniqueness of units 
which were treated in §2.2 and §3.5. 

We begin by introducing a bit of notation. 
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Notation 3.5.17. Let 3 denote the full subcategory of Fun([l], A5) spanned by those morphisms a. : 
([m],co) {[n],c) which induce a bijection {i € [m] : co{i) = D} — > {j G [n] : c{j) = T>}. We define a 
subcategory 3"" C as follows: 

• Every object of 3 belongs to 3™. 

• Given a pair of objects a, a' € 3, & morphism 



([to 


,co) - 













7 


([m' 









in 3 belongs to 3"" if and only if the morphism (3 induces an injection {i G [mo] : Co(i) = C} ^ {j G 

M,ci(i) = e}. 

Wc will identify A5 with the full subcategory of 3 spanned by constant functors [1] As- We observe 
that the intersection 3"" n A5 can be identified with the full subcategory A™ C As- The inclusions As C 3 
and A™ C 3"" admit right adjoints and V"") both given by the formula 

(a : ([to],co) -y {[n],c)) h-. id([„],eo) • 

Wc let AD^t{e,T)) denote the full subcategory of Map^j^^jop (N(a)°^', End® (C, D)) spanned by those 
functors F : N(3)°p ^ End®(e,D) such that qo F = N(V')°^, and whenever 7 : a ^ a' is a morphism 
in 3 such that tp{j) : ^ "0(0^') is C-convex, the morphism ^(7) is a g-coCartesian. Similarly, we let 

— ■ nu „ 

ADat (e, D) denote the full subcategory of MapN(As)°'' (N(3"")°^, End® (C, D)) spanned by those functors 
Fo : N(g™)°P End®(e, D) such that q o Fq = N(V'™)°p, and whenever 7 : a ^ a' is a morphism in 3™ 
such that ^(7) • V'(o;') is C-convex, the morphism Fo(7) is a g-coCartesian. 

Lemma 3.5.18. The restriction maps 

AD^(e, D) ^ ADat(e, D) AD^""(e, T>) ADat™(e, D) 
are trivial Kan fibrations. 

Proof. We will give the proof in the unital case; the nonunital case uses exactly the same argument. According 
to Proposition T. 4. 3. 2. 15, it will suffice to show: 

(a) A functor F G MapN(A^)op(N(a)°P, End®(e, D)) belongs to ADat(e, D) if and only if Fq = F|N(As)°p 
belongs to ADat(C, CD), and F is a g-right Kan extension of Fq. 

(6) Every functor Fq G ADat(C, D) admits a g-right Kan extension 

F G MapN(A^)„p(N(a)°^End®(e,D)). 



We observe that a functor F G Ma,p^(^^^^op{N{3y^ ,E^d {G,D)) is a g-right Kan extension of Fq = 
F| lSi{As)"^ at an object a G 3 if and only if F carries the counit map Va : V'(a) ^ a to an equivalence in 
End®(C, 2)). Assertion (6) now follows from Lenuna T. 4. 3. 2. 13, and the "only if" direction of (a) is obvious 
from the definitions. For the converse, let us suppose that F carries each Va to an equivalence in End®(C, 2), 

and that Fg G ADat(C, D). We wish to prove that F G ADat(C, ©). Let 7 : a a' be a morphism in 3 
such that i^i^) is C-convex. We wish to prove that F(7) is g-coCartesian. Since F is a g-right Kan extension 
of Fo, the morphisms F(7) and F(-0(7)) are equivalent. Moreover, F(^(7)) = Fo(V'(7)) is g-coCartesian in 
virtue of our assumption that Fo G ADat(C, D). □ 
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The advantage of the oo-categories ADat(C,D) and ADat (C,©) is that they are assembled out of 
"local" information. To be more precise, we need to introduce a bit more notation. 

Notation 3.5.19. Let denote an isomorphic copy of the category A5 (but with a new name, to avoid 
confusion). Let tt : 3 — > be defined by the formula 

(a:(H,c)-([n],c'))-([n],c'). 

We define a pair of simplicial sets M, M™ equipped with maps M M™ N{A'g)°P. These simplieial 
sets are characterized by the property that, for every simplicial set K equipped with a map K — > N{A'g)°P, 
there are canonical bijections 

HomN(A^)op(i^,M) ~ HomN(As)°p(if Xn(a's)cp N(a)°P, End«^(e, D)) 
HomN(A's)°^(-f^,M"") ~ HomN(As)»f Xn{^',)op N(a™)°f,End®(e,D)). 

nu 

It follows immediately from the definitions that we can identify ADat (C, 2)) with a full subcategory of 

the 00-category MapN(^/^)op(N(A™)°P,M) of sections of p™. Similarly, we can identify ADat(e, D) with 
the full subcategory 

— ■ ^nu 

MapN(A'g)o.(N(A's)''P,M) XMap^(^,^)o.(N(Asu)»^M) ADat (6,2)) 

ofMapN(Aj,)op(N(A's)°P,M). 

Proposition 3.5.6 is be a consequence of the following result: 

Lemma 3.5.20. There exists a subcategory C M"" with the following properties: 

(1) Let Mo = Mq" X3v[nu M. Then the projection Mq M™ is a trivial Kan fibration. 

. ^ nu 

(2) Let F G ADat (6,2)) be such that the image of F in Adj"^(e,2)) belongs to Adj(e,2)). Then the 
associated section N(As)''p ->■ o/p™ factors through M™. 

Let us assume Lemma 3.5.20 for the moment. 

Proof of Proposition 3.5.6. In view of Lemma 3.5.18, it will suffice to show that the restriction map r : 
ADat(e, D) ADat (6, 2)) induces an equivalence of oo-categories 

ro : AD^(e, D) AD^it""(e, 2)) XAdj-(e,i3) Adj(e, 2)). 

. ^ — ^nu 

Lemma 3.2.9 guarantees that r factors through ADat (C, 2)) XAdjn"(e.'D) Adj(C, 2)), so that ro is well-defined. 
Now suppose that Mg" and Mq are as in Lemma 3.5.20. Then ro is a puUbaek of the map 

MapN(A'^)c,p(N(A's),Mo) ^ MapN(A^)op(N(A^),M[;"). 

Since the projection Mq — > is a trivial Kan fibration, we conclude that ro is a trivial Kan fibration. □ 

In order to produce the full subcategory Mq" C M''" whose existence is asserted by Lemma 3.5.20, we 
will need to understand the oo-categories M and Mo a bit better. For this, we need a bit more notation. 

Notation 3.5.21. Let A5 + be the category obtained from A5 by adjoining a new initial object; we will 
think of this initial object as corresponding to a pair (0, c), where c : {6, 2)} denotes the empty word. 
Fix an object a = ([n], c) € A.s^+. We define functors 77^, r/^ : A — *■ A5 as follows: 

V^iH) = {[m] * [n],c') v^iH) = {[n] * [m],c"), 
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where 



|e ifO<i<m \c{i) ifO<i<n 

1 c(j) if i = n + 1 + j > n I e if i > n. 



We will let Fun®(cr,e) denote the fiber product N(A)°p Xn(As)°p End® (C, CD), where N(A)°p maps to 
N(As)°P via 7]^, and Fun® (6, a) the fiber product N(A)°p Xn(As)<>p End®(e,D) where N(A)°f maps to 
N(As)°P via r/^. 

We observe that there is a commutative diagram 

Fun®(e, a) ^ End® (e) ^ Fun® (a, C) 




N(A) 



This diagram exhibits Fun((7, C) = Fun® (a, C) [q] as left-tensored over the monoidal oo-category End(C) 
and Fun(C, cr) = Fun® (C, (t)[o] as right-tensored over the monoidal oo-category End(C). Note also that if 
a = (0, c), then the horizontal arrows in the above diagram are isomorphisms. 

Notation 3.5.22. Fix an object ([n],c) G A'g, and let E = {i G [n] : c{i) = C}. Wc observe that the fiber 
7r~^{([n], c)} can be identified with a full subcategory D of the product A^ = Yli^r ^^^^ subcategory 
cither coincides with A^ (if T, ^ [n]) or with the subcategory obtained by deleting the initial object of A^ 

(if S = [n]). 

Let £^(["1''=) : D SetA denote the composition D ~ 7r~^{([n], c)} C ^ As SetA, where the functor 
E is defined as in Notation 3.2.2. Let E^}"^'"^ : A+ ^ SetA be given by the formula 



£;([«],c)(-x) ifXeD 
A*^ otherwise. 



Let A™ C A+ be the subcategory consisting of all objects of A+ and injective maps between them. For 
every subset Sq C S, we set 



r(So) = ( n N(A-r) xn^.^,^ N(A+r. 



ieE-Eo 

V^^iHc) = MapN(^.)o,(T(So),N^ani,c)((A^)°f)). 

Let V'"'"([n],c) = y^([n],c) and y~([n],c) = y®([n],c). We observe that and V~ can be viewed as 
functors from (A^)"*' to the category of simplicial sets, and that we have canonical isomorphisms 

M~Ny+((A^)°f) M""~Ny-((A^)°f). 

Moreover, the restriction map M — > M''" is induced by a natural transformation y+ V~ . More generally 
we have canonical maps F^°([n],c) — > F^i([n],c) for every Si C S, given by restriction of functors. 

Notation 3.5.23. Let ([n],c) and S be as in Notation 3.5.22. For every morphism a : ([m],Co) — > (M,c) 
in 3, we set 

[m]+ = {j e [m] : a{j) > i} [m]~ = {j e [m] : a{j) < i} 
= {[m]+,co\[m]+} G As,+ = ([m]-,co|[m]-} G As,+ . 
Let TT : (A™)^ ^ (A!;")^-t*> be the restriction map, and fix X G (A"")^-^*}. We observe that, if 
X G 7r~^{X} corresponds to an object a G 0([„],c)7 then cr^, tr^ G A5;,+ are independent of the choice of X. 
We will denote these words by and tr^, respectively. Restriction to it~^{X} determines functors 

k^x : V-{[n],c) ^ MapN(A)°p(N(A"")°P,Fun®(ai,e)) 
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n,x : V-{[n],c) ^ MapN(A)o.(N(A"")°f,Fun«(e,a«)). 

We will say that an object v G F~([n],c) is i-good if, for each X S (A"")^~'f'^, the functors k^x and 
ri,x carry v to quasi-unital module objects of Fun®((7^, G) and Fun®(e, cr^), respectively In this case, both 
quasi-unital modules have the same underlying quasi-unital algebra Ai^x ■ N(A"")°*' — > End®(C). We will 
say that a morphism v ^ v' in V~{[n],c) is i-good if v and v' are i-good and the induced map of nonunital 
algebras Ai^x ~^ A'i x is quasi-unital, for every X S (A™)^^''^'''. 

Let us say that an object v G V^{[n\,c) is good if it is i-good for each i G S, and we will say that a 
morphism v —>■ v' in V~{[n\, c) is good if it is i-good for each i G S. More generally, for each Sq C S, we will 
say that an object or morphism in V"^" ([n], c) is good if its image in ([n], c) is good. The collection of good 
objects and morphsims in V^°{[n],c) determines a subcategory V'(f'°([n],c) C V^°{[n],c). In particular, we 
have subcategories (generally not full) 

Vo+(W,c) C V+i[n],c) Vo-{[n],c) C y-([n],c). 

It is not difficult to see that this construction determines a pair of functors V^"^, : (Ag)°P Set a • We 
now define 

Mo ^ N^^iiA'sD, Mr ^ ^y-iiA'sTn- 

Wc arc now almost ready to give the proof of Lemma 3.5.20. Wc require only one more preliminary: 

Lemma 3.5.24. Let A C B be a right anodyne inclusion of simplicial sets, K an arbitrary simplicial set, 
and p : X a categorical fibration. Then the map 

Fun{B^ xK,X)^ Fun(B^ x K,Y) Xp^^^^B^K)U^,^iA>xK),Y) Fun{{B x K) ]l {A" x K),X) 

AxK 

is a trivial Kan fibration. 

Proof. Replacing p by the induced map X^ , we can reduce to the case where K = 0. It now 

suffices to show that the inclusion i : BJJ^A'* ^ B'* is a trivial cofibration (with respect to the Joyal 
model structure). This is equivalent to the assertion that i has the left lifting property with respect to 
every categorical fibration. In fact, i has the left lifting property with respect to every inner fibration (sec 
Proposition T.2.1.2.5). □ 

Remark 3.5.25. According to Proposition T. 4. 1.1. 3, an inclusion of simplicial sets is right anodyne if 
and only if it is cofinal. In particular. Lemma 3.5.24 applies in the special case where B = N(A)°p and 
A = N(A™)°p (Lemma T.6.5.3.8). 

Proof of Lemma 3.5.20. We evidently have a Cartesian diagram 

Mo 

/ 

Mr ^ M"" . 

It remains only to show that the subcategory Mq" C M"" satisfies conditions (1) and (2). 

We first prove (1). We wish to show that the projection / : Mq Mq" is a trivial Kan fibration. 
Since / is a categorical fibration (Lemma 3.1.4), it will suffice to show that / is a categorical equivalence. 
According to Proposition T.3.3.2.5, it will suffice to show that for every object ([n],c) G A^, the induced 
niap f([n],c) • ^^(W)C) Vo~([n],c) is a categorical equivalence. 

Let S = {i G [n] : c(i) = C}. We will prove that, for each Si C Eq C S, the restriction map 
V^^°([n],c) Vq^^ {[n], c) is a trivial Kan fibration. Arguing inductively, it suffices to treat the case where 
So = El U {i}. Let T = A^^ x(Ar)^"^°, and set 

Y = MapN(A-)<>.(N(T)°f X N(A)°^N^(H,c)((A|)°P)) 
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y"" = MapN(^.)„,(N(T)°f X N(A"")°f,N^an].c)((A5)°^')). 

Let Yq^ be a subcategory of which contains the image of the restriction map Vo'iM,c) F™, and 
set lo = F Xy'nu Yq. We have a commutative diagram of simphcial sets 



^0^°(N,C)' 



V^^{[n],c)^Y'^.Y- 



Yo 



■Y 



Using Lemma 3.5.24 (and Remark 3.5.25), we deduce that g is a trivial Kan fibration. Since each square in 
the diagram is a pullback, it will suffice to show that g' is also a trivial Kan fibration, provided that Yq^ is 
appropriately chosen. 

We now analyze the map g'. For each object t of T, consider the composition 



Et : A°P ~ {A^'^yP X {t} C (A^)" 



SetA • 



Set 



Hit) = MapN(A)=.(N(A)°P,N^,(A°f)), = MapN(A)o.(N(A"")''f , N^, (A°p)). 



We observe that, as in Notation 3.5.22, the object t € T determines a pair of words (Tt,af^ G Ae,D,+ and 
functors 

It : ^ MapN(A)c,p(N(A™)''P,Pun®(at^,e) 

n : ^ MapN(A)op(N(A™)"^Fun®(e,a«). 

Let denote the intersection of 1^^ Mod''"(Fun(crf , C)) with r^^ Mod''"(Fun(e, erf)) (as subcategories 

of iJ™(t), and let Ho{t) = H(t) Xjjnu(t) HQ^{t). This construction determines functors 

H, iJ™, Ho, if™ : ^ SetA • 

Set Z = (T''^'), and define Zq, Z™, and similarly. We have canonical isomorphisms 

Y ~ MapN(j,)„p (N(T)°P, Z) ~ M&^^^^y, (N(r)°P, Z"") 

Set yo = MapN(r)°p(N(r)°P,Zo) and Fq"^ = MapN(r)°p(N(T)°P, Z^"). It is clear that we have a Cartesian 
diagram 

Yo ^Y 



-'0 



and that the restriction map ^d^'(N>c) ^ F"" factors through Fo™- It 

remains only to show that g' is a 

trivial fibration. For this, it will suSicc to show that the map h : Zq ^ Z"" is a trivial Kan fibration. The 
map /i is a categorical fibration (Lemma 3.1.4), so it will suffice to show that /i is a categorical equivalence. 
Invoking Proposition T.3.3.2.5, we are reduced to proving that for each t gT, the map ht : Ho{t) — > HQ^{t) 
is an equivalence of oo-categories. We observe that ht is induced by a map between the pullback squares 



Hoit) 



Mod(Fun(e, (if )) ■ 



•Mod(Fun(CTf,e)) 



■ Alg(End(e)) 



Mod'i"(Fun(e,af)) 



Mod''"(Fun((Tf,e)) 



Alg<»"(End(e)). 
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The desired result now follows from. Theorem 2.8.1 and (two applications of) Corollary 2.8.5. This completes 

the proof of (1). 

We now prove (2). Let s € ADat (C,D), and let F o G ^ i7 ~ idoj denote the associated object in 
Adj""(e,2)). Suppose that v is the counit of an adjunction between F and G. We wish to prove that the 
associated section of the projection M 'N{A.'g)°P factors through Mq. Wc observe that s determines a 
nonunital algebra T e Alg""(End(C)), whose underlying object of End(C) can be identified with G o F. 
Unwinding the definitions, we see that the desired result is equivalent to the following assertions: 

(i) The nonunital algebra T e Alg""(End(C)) admits a quasi- unit u. 

{ii) The left actions of T on G and G o F are quasi-unital. 

(iii) The right actions of T on _F and F o G are quasi-unital. 

A quasi-unit u for T can be identified with a morphism u : idg ^ G o F. Moreover, it is easy to see that u 
satisfies (i), {ii), and {Hi) if and only if the compositions 

F c:^ F aide ^ F o{Go F) = (F oG) o F ^ id'D oF = F 

G ~ ide oG A (G o F) o G = G o (F o G) G o id© = G 

are homotopic to the identity. In other words, (2) is equivalent to the assertion that there exists a map 
u : ide G o F which is a compatible unit for the adjunction determined by the counit v. This follows 
immediately from our assumption that the image of s lies in Adj(C, D) C Adj""(C, D). □ 

4 The Monoidal Structure on Stable Homotopy Theory 

Let §oo denote the oo-category of spectra (as defined in §S.9). The homotopy category h§oo can be identified 
with the classical stable homotopy category. Given a pair of spectra X,Y € h§oo, one can define new spectrum 
called the smash product of X and Y. The smash product operation determines a monoidal structure on 
h§oo- In this section, we will show that this monoidal structure is determined by a monoidal structure which 
exists on the oo-category So© itself. There are at least three ways to see this. 

{SI) Choose a simplicial model category A equipped with a compatible monoidal structure, whose imdcr- 
lying oo-category is equivalent to §oo- For example, we can take A to be the category of symmetric 
spectra (see [14]). According to Proposition 1.6.5, the underlying oo-category N(A°) ~ Soo is endowed 
with a monoidal structure. The advantage of this perspective is that it permits us to easily compare 
the algebras and modules considered in this paper with more classical approaches to the theory of 
structured ring spectra. For example. Theorem 1.6.16 implies that Alg(Soo) is (equivalent to) the oo- 
category Lmderlying the model category of algebras in symmetric spectra (that is, strictly associative 
monoids in A); see Example 1.6.18. 

The main disadvantage of this approach is that it seems to require auxiliary data (namely, a strictly 
associative model for the smash product functor), which could be supplied in many different ways. 
Prom a conceptual point of view, the existence of such a model ought to be irrelevant: the very 
purpose of higher category theory is to provide a formalism which allows us to avoid assumptions like 
strict associativity. 

{S2) Let Pun'"(Soo, §oo) denote the full subcategory of Pun(Soo,§oo) spanned by those functors from §^ 

to Soo which preserve small colimits. Corollary S.17.6 asserts that evaluation on the sphere spectrum 
yields an equivalence of oo-categories Fun'^(§oo, §oo) ^oo- On the other hand, since Fun'" (Soo, Soo) is 
stable under composition in Fun(Soo, Soo), the composition monoidal structure on Fun(Soo, §oo) induces 
a monoidal structure on Fun'" (Soo, §co)- This definition has the virtue of being very concrete (the smash 
product operation is simply given by composition of functors), and it allows us to identify the algebra 
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objects of Fun'^(§oo, §00): they are precisely the coUmit-preserving monads on the co-category §00 (for 
an apphcation of this last observation, see Theorem 4.4.9). The disadvantage of this definition is that it 
is very "associative" in nature, and therefore does not generalize easily to show that Sqo is a symmetric 
monoidal 00-category (as we will see in [23]). 

{S3) Let Catg^ be the 00-category whose objects are presentable 00-categories and whose morphisms are 
colimit-preserving functors (see §T.5.5.3), and let Cat,^ be the full subcategory of Ga.t^ spanned by 
those presentable 00-categories which are stable. As we will explain below, Cat^^ admits a monoidal 

LVt,u 

structure. Moreover, the algebra objects of Cat^^ can be identified with monoidal 00-categories 
6 which are stable, presentable, and have the property that the bifunctor : 6 x C ^ 6 is colimit 

preserving separately in each variable. We will show that §00 is the unit object of Cat^^ (with respect 
to its tensor structure). It follows from Proposition 1.4.3 that §00 can be endowed with the structure 

of an algebra object of Cat^^ , and in fact is initial among such algebra objects. This establishes not 
only the existence of a monoidal structure on §00, but also a universal property which can be used to 
prove uniqueness (Corollary 4.2.6). 

We will follow approach (53). Our first step is to construct a monoidal structure on the 00-category 

h^T 

Cat(^ of presentable 00-categories. This construction will be carried out in §4.1. Roughly speaking, given 
a pair of presentable 00-categories C and D, the tensor product 6 2) is universal among presentable 00- 
categorics which receive a bifunctor 6 x D 6 D which preserves (small) colimits separately in each 
variable. In §4.2, we will see that this monoidal structure induces (via the constructions of §1.3) another 
monoidal structure on the 00-category of stable presentable 00-categories, which we can use to carry out the 
reasoning outlined in the above discussion. 

We will define an A^-ring to be an algebra object of the 00-category §00. In §4.3, we will study some of 
the basic formal properties of the 00-category of Aoo-rings. For example, we will show that an Aoo-ring A 
satisfying tt; A ~ for alH 7^ is essentially the same thing as an associative ring, in the sense of classical 
algebra (Proposition 4.3.13). 

If A is an ^00-ring, then we have an associated 00-category Mod^ = Mod^(Soo) of left A-module spectra, 
or simply left A-modules. In §4.4, we will study the 00-category Mod^ in some detail. In particular, we will 
show that Mod^ is a stable 00-category, so that the homotopy category hMod^ is triangulated (Proposition 
4.4.3). In the case where A corresponds to an ordinary associative ring, hMod^ can be identified with the 
usual derived category of that associative ring (see Proposition 4.4.7 and Remark 4.4.8). 

There is also an (entirely dual) theory of right modules over A. Given a right A-module M and every left 
A-module N, one can construct a relative tensor product M^aN € §oo- We will describe this construction (in 
a very general setting) in §4.5. In §4.6, we will use the theory of relative tensor products to introduce a theory 
of flat modules. Roughly speaking, a left A-module N is fiat if the tensor product functor M ^ M ®a N 
has good exactness properties (at least when A is connective). Our main result is an analogue of Lazard's 
theorem: any flat A-module can be obtained as a flltcrcd colimit of free A-modulcs (Theorem 4.6.19). To 
prove this, we will introduce a spectral sequence which can be used (in favorable cases) to compute the 
homotopy groups 7r„(M ®^ N) in terms of the homotopy groups of M, A, and N. 

A theorem of Schwede and Shipley asserts that a stable 00-category C can be realized as the 00-category 
of left modules over an A^Q-ring A if and only if Q is presentable and compactly generated (we will give 
a proof of this result in §4.4, using the 00-categorical Barr-Beck theorem). In particular, the 00-category 
Mod^ is compactly generated. The compact objects of Mod^ are called perfect A-modules. We will study 
the class of perfect A-modules in §4.7, together with the somewhat larger class of almost perfect A-modules 
which arise frequently in applications. 
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4.1 Tensor Products of Presentable oo-Categories 

LVi 

Our goal in this section is to show that the oo-category Ga.t^ of presentable oo-categories admits a monoidal 
structure. This monoidal structure can be described informally as follows: given a pair of presentable cxd- 
categories 6 and D, the tensor product G^D is the recipient of a universal bifunctor C x D — » C (g) D which 
is "bilinear"; that is, which preserves colimits separately in each variable. 
We begin by introducing a bit of notation. 

Notation 4.1.1. Let Cattx, denote the oo-category of (not necessarily small) oo-categories. Then Catoo 
admits finite products. Consequently, there exists a monoidal oo-category Cat,^ endowed with a Cartesian 
structure Cat,^ Gutx which induces an equivalence (Catg^)]!] ~ Catoo- 

We can construct an explicit model for Ga.t^ as follows. Let A be the category of (not necessarily small) 

marked simplicial sets, as in Example 1.6.19. Then A is endowed with the structure of a monoidal model 

^ 

category, with monoidal structure given by Cartesian product. We now let Cat^^ = N(A®'°), as defined in 
the statement of Proposition 1.6.5. More concretely: 

(i) The objects of Cat,^ are finite sequences [Xi , Xn] , where each Xi is an oo-category. 

{ii) Given a pair of objects [Xi , . . . , Xn] , [Yi , . . . , 1^] G Cat^^ , a morphism from [Xi , Xn] to [Yi , . . . , 1^] 
consists of an order-preserving map / : [m] — > [n] and a collection of functors ry, : x . . . x 

Pr,® ® 

We define a subcategory Cat,^ C Q&t^ as follows: 
{iii) An object [Xi, . . . , Xn] G Gat^ belongs to Cat^^ if and only if each Xi is a presentable oo-category. 

Pr,® 

{iv) Let [Xi, . . . , Xn], [Yi, . . . , Y^] £ Cato^ , and let F : [Xi, . . . , X„] [Yi, . . . , Ym] be a morphism in 

-<8) ~-Pr,(gi 

Catgo covering a map f : [m] ^ [n] in A. Then F belongs to Cat^^ if and only if each of the induced 
functors rji : x . . . x -'^/(i) Yi is colimit-preserving in each variable. 

Pr,® 

Our next goal is to show that Cat^^ is a monoidal oo-category. First, we need a lemma. 

Notation 4.1.2. Let 6 and T> be oo-catcgories which admit small limits. Then we let Fun^(e,'D) denote 
the full subcategory of Fun(C, D) spanned by those functors which preserve small limits. Similarly, if 6 and 
D admit small colimits, we let Fun'" (6,1)) denote the full subcategory of Fun(e, D) which preserve small 
colimits. 

Warning 4.1.3. We used the same notation in §T.5.2.5 for a slightly different purpose: there, Fun'"(C. D) 
denoted the oo-category of functors from 6 to 2) which were left adjoints, and Fun^(e, D) the oo-category of 
functors which were right adjoints. In what follows below, we will work with presentable oo-categories, so that 
the two notations are almost consistent with one another in view of the adjoint functor theorem(Corollary 
T.5.5.2.9). 

Lemma 4.1.4. Let C and T) he presentable oo-categories. Then Fun^(C°^,D) is a presentable oo-category. 

Proof. Using Theorem T. 5. 5. 1.1 and the results of §T.5.5.4, we can choose a small oo-category C', a small 
collection S of morphisms in J'(C'), and an equivalence 6 ~ S^^ J'(C'). Then 

¥un^{V{e'yP,'D) ~ Fun^(?(e'),©°P)°^ ^ Fun(e',2)°^')°^' ~ Fun(e'°^,D) 

is presentable by Proposition T.5.5.3.6, where the second equivalence is given by composition with the 
Yoneda embedding (Theorem T. 5. 1.5. 6). For each morphism a G S', let £(a) denote the full subcategory 
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of Fun^(J'(C')°^, D) spanned by those fmictors which carry a to an equivalence in D. Then Fun^(C°^, D) 
is equivalent to the intersection Haes In view of Lemma T. 5. 5. 4. 21, it will suffice to show that each 

£(a) is a localization of Fun^ (^(e')"^, D). We now observe that £(a) is given by a puUback diagram 

£(a) > Fun^(y(e")''^, D) 



£C ^Fun(Ai,D), 

where £ denotes the full subcategory of Fun(A^,D) spanned by the equivalences. According to Lemma 
T. 5. 5. 4. 20, it will suffice to show that £ is an accessible localization of Fun(A^, D), which is clear. □ 

Lemma 4.1.5. Let Ci,...,C„ be a finite collection of presentable oo-categories. Then there exists a pre- 
sentable oo-category Ci (g) . . .(8)C„ and a functor / : Ci x . . . x e„ ^ Ci (8> . . .(8)C„ with the following properties: 

(1) The functor f preserves colimits separately in each variable. 

(2) For every presentable oo-category D , composition with f induces an equivalence from Fun'"(Ci . . . Cg) 
C„, D) onto the full subcategory of Fun(Ci x . . . x C„, D) spanned by those functors which preserve 
colimits separately in each variable. 

Proof. The proof goes by induction on n. If n = 0, we take Ci . . . ® C„ = S, choose the functor / to classify 
a final object of S, and apply Theorem T. 5. 1.5. 6. If n = 1 there is nothing to prove. Assume therefore that 
n > 1. 

Let D be an arbitrary presentable oo-category, and let Fun'(ei x . . . x e„,D) be the full subcategory 
of Fun(Ci X ... X C„,D) which preserve colimits separately in each variable. Then we have a canonical 
isomorphism Fun'(ei x . . . e„, D) ~ Fun'(ei x . . . e„_i, Fun^(e„, D)). Here the oo-category Fun^(e„, D) is 
presentable (Proposition T.5.5.3.8), so that the inductive hypothesis allows us to identify this oo-category 
with Fun'"(ei ® . . . ® C„-i, Fun'"(e,i, D)). If n > 2, then we can conclude by identifing the last oo-category 

with Fun^((ei ®...® e„_i) (g) e„, D). 

Suppose instead that n = 2. Using Corollary T.5.5.2.9 and Proposition T.5.2.5.3, we can identify 
Fun'"(e2,I') with the full subcategory of Fun^(2), 62)°^ spanned by those functors which are accessible. 
Consequently, we get a fully faithful embedding 

Fun' (Ci x 62,2)) ^ Fun^(ei,Fun^(I>,e2)°P) 

~ FunL(ei,FunL(D°f,ef )) 

~ FunL(T)°f,FunL(ei,e2^)) 

~ Fun"(D,Fun"(e7,e2))''f 

whose essential image consists of the collection of accessible functors from D to Fun^(e^^, C2). We now apply 
Lemma 4.1.4 to conclude that Fun^(e°^, 62), so that (using Corollary T.5.5.2.9 and Proposition T.5.2.5.3 
again) Fun'(ei x 62, D) can be identified with Fun^(Fun^(ei^, 62), D). We now conclude by defining 61 ® 62 

to be Fun^(e7,e2). □ 

Remark 4.1.6. Let Ci, . . . , e„ be a finite sequence of presentable oo-categories. It follows from the proof of 
Lemma 4.1.5 that, for n > 0, the tensor product can be canonically identified with the iterated functor oo- 
category Fun^(ei^, Fun^(e2^, . . . Fun^(e°'Li , e„) ...)). Combining this observation with Theorem T.5.5.3.18, 

we conclude that the bifunctor (g) : Cat,^ x Cat,^ — > Cat^^ preserves colimits separately in each variable 

— -L^r 

(remember that colimits in Cat^^ can also be computed as limits in Jr^, which are computed by forming 

limits in Catoo by Theorem T.5.5.3.18). Alternatively, one can observe that Cat,^ is actually a closed 
monoidal category, with internal mapping objects given by Fun'"(C, D) (see Proposition T.5.5.3.8). 
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Proposition 4.1.7. The natural map q : Cat,^ — > N(A)'''' determines a monoidal structure on the oo- 

— L^r Pr,0 ^Pr,® ® 

category Cat^ ~ (Cat^^ Moreover, the inclusion functor Qat^ C Cat^^ is lax monoidal. 

Proof. Wc will show that is a coCartesian fibration; the remaining condition that q induces equivalences 

-Pr.g;' -L^r 

(Catg^ )[„] =i {QsXoc )" '^ill then follow by inspection. According to Proposition T.2.3.2.8, it will suffice to 
verify the following conditions: 

(1) Let a : [m] — > [n] be a morphism in A, and let be an object of Cat,^ lying over [n]. Then there 

-Pr,® 

exists a locally g-coCartesian morphism — > Xj^j in Cat^o covering a. 

(2) Let a : [m] ^ [n] and /? : [n] — > [p] be morphisms in A, covered by locally g'-coCartesian morphisms 

X\p\ — >■ — > 

Pr,® 

in Catg^ . Then the composite morphism A"[p] X^^] is locally g-coCartcsian. 

Using the product structure on the fibers of g, we can reduce to the case where m = 1 and the morphisms 
a : [m] ^ [n] and /3 : [n] ^ [p] preserve the endpoints of intervals. Unwinding the definitions, we obtain the 
following reformulation of conditions (1) and (2): 

(1') Let Ci, . . . , C„ be a finite collection of presentable oo-categories. There exists a presentable oo-category 
Ci ® . . . (8) C„ and a functor / : Ci x . . . x C„ ^ Ci . . . (8) Cm which preserves colimits separately in 
each variable and which is universal in the following sense: 

(*) Let D be a presentable oo-category, let Fun'(Ci D) be the fuU 

subcategory spanned by those functors which preserve colimits separately in each variable. Then 
the fmictor Rm^(ei ® . . . ® e„. D) Fun'(ei X . . . X C„, T>) given by composition with / induces 
a homotopy equivalence between maximal Kan complexes contained in Fun'^(Ci (g) . . . (gi C„, D) 
and Fun'(ei x ... x e„,Ii). 

(2') Given an endpoint-preserving map a : [n] — > [p] and a collection of presentable oo-categories Ci, . . . , Cp. 
Then the canonical map 

Ci (8) . . . (8> Cp ^ (ea(o)+i o . . . e„(i)) ... (8) (e„(„_i)+i o . . . e„(„)) 

is an equivalence of (presentable) oo-categories. 

Assertion (1') follows immediately from Lemma 4.1.5, and (2') follows from Remark 4.1.6. □ 

Remark 4.1.8. In view of Remark 1.2.15, we can identify Alg(Catoo) with the oo-category of monoidal oo- 

categories. The (lax monoidal) inclusion Cat^^ C Cat^^ allows us to identify Alg(Cat3^ ) with a subcategory 

of Alg(eatoo)- Unwinding the definitions, we see that a monoidal oo-category C belongs to CAlg(eatgQ ) 
if and only if 6 is presentable, and the tensor product operation 0:6x6^6 preserves (small) colimits 
separately in each variable. 

Example 4.1.9. Let X and ^ be oo-topoi. Then is an oo-topos, and can be identified with the 

(Cartesian) product of X and y in the oo-category of oo-topoi. For a proof of a slightly weaker assertion, we 
refer the reader to Theorem T.7.3.3.9. The general statement can be proved using the same argument. 

Example 4.1.10. The proof of Proposition 4.1.7 shows that the oo-category 8 is the unit object of Cat^^ . 
In particular, for every presentable oo-category C we have canonical equivalences 6 ~ C (8) S ~ Pun^(e°^, S). 
The essential surjectivity of the composition is a restatement of the representability criterion of Proposition 
T.5. 5.2.2. 
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Example 4.1.11. Recall that, for every oo-category C, the cx)-category C* of pointed objects of C is defined to 
be the full subcategory of Fun(A^, C) spanned by those functors F : ^ C for which F{0) is a final object 
of C. The canonical isomorphism of simpHcial sets Fun^(e°^, D*) ~ Fun^(e°^,D)* induces an equivalence 

6(8)2)* ~ (C(8>2))* for every pair of presentable oo-categories C, 2) G Cat^^^ . In particular, we have a 
canonical equivalence 60 8* ~ 6*. 

Example 4.1.12. Let Soo denote the oo-category of spectra. Then S^o can be identified with a homotopy 
limit of the tower 

Ho n „ 

. . . — c)* — O* . 

Consequently, for every presentable oo-category 6, wc have equivalences 

6(8)800 =i Fun^^(e°f,8oo) ^ holim{Fun"(e°P,S*)} c:i holim{6*} ~ Stab(6), 
where Stab(6) denotes the stabilization of 6 defined in §S.10. 

4.2 The Smash Product Monoidal Structure 

In this section, we will apply the results of §4.1 to construct a monoidal structure on the oo-category 800 of 
spectra. Our first step is to construct a monoidal structure on the oo-category of stable presentable monoidal 
oo-categories. 

Notation 4.2.1. Let 6at^ C Gat^ denote the full subcategory spanned by the objects [Xi, . . . ,Xn] 
where each Xi is a stable presentable oo-category. 

-L3'r,CT LVt 

Remark 4.2.2. Let QB,t^ denote the full subcategory of 6att^ spanned by the stable oo-categories. In 

view of Corollary S.17.5, the inclusion Gat^ C Qa.t^ admits a left adjoint L : Ga.t^ — > Gat^ , given 
by the formula 

6 ^ Stab(6). 

In view of Example 4.1.12, we can identify L with the functor 6 1— > 6(8iSoo- It follows easily that L is 

compatible with the monoidal structure on Gat^ . (We could equally well make the same argument with 
"stable" replaced by "pointed", and Example 4.1.11 in place of Example 4.1.12). 

(7,^ 

Proposition 4.2.3. (1) The projection Gat^ — > N(A)°^' determines a monoidal structure on the 00- 

~L'J>r,a 



category Gat ^ ' ^ (6at^ )[i]. 



Pr 



tj ^ ) 'O' 

(2) The inclusion functor i : Gat^ C Gat^ is a lax monoidal functor. 

(3) The localization functor Stab : 6at;^ — )• Gat^ extends to a monoidal functor from Gat^ to 
Gat^ . 

(4) The unit object of Gat^ is the oo-category Sqo of spectra. 

Proof Assertions (1) through (3) follow from Proposition 1.3.9 and Remark 4.2.2. Assertion (4) follows from 
(3), Example 4.1.10, and the observation that Sqo — Stab(S). □ 

Lyr,<7 

Remark 4.2.4. Applying the reasoning of Remark 4.1.8, we deduce that Alg(6atoQ ) can be identified 

with a full subcategory of Alg(6at3^ ). A monoidal oo-category 6 belongs to this full subcategory if and 
only if 6 is stable, presentable, and the bifunctor (8 : 6 x 6 — > 6 preserves colimits separately in each variable. 
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Remark 4.2.5. The inclusion functor i : Gat^ C Cat,^ is almost a monoidal functor. Unwinding the 

definitions, wc see that i is monoidal if and only if, for every finite collection [Ci, . . . , C„] of presentable 
stable cxD-categories, the tensor product Ci . . . Cn is again stable. This is true provided that n > 0; in 
fact, Remark 4.1.6 implies that Ci (8> . . . C„ is stable provided that Cj is stable for some j € {1, . . . , n}. 

However, in the degenerate case n = 0, the tensor product is equivalent to S, which is not stable. In other 
words, i fails to be a monoidal functor only because it does not preserve the unit object. 

- — -Mon 

Corollary 4.2.6. Let Ga.t^ denote the oo-category of {not necessarily smalt) monoidal oo- categories. Let 

cr,Mon 

Cat(^ denote the subcategory whose objects are required to be stable presentable monoidal co-categories 
such that the bifunctor (8) preserves colimits in separately in each variable, and whose morphisms are given 
by colimit-preserving monoidal functors. Then: 

— ' — (7 , Mon ^ 

(1) The oo-category Cat^ has an initial object C . 

(2) The underlying oo-category Cj^j is equivalent to the oo-category of spectra. 

(3) Let D® be an arbitrary monoidal oo-category. Suppose that: 

(i) The underlying oo-category T) = is stable and presentable. 

{ii) The functor Sqo — >■ 2D determined by the unit object ofT) {see Corollary S.17.6) is an equivalence 
of oo- categories. 

{in) The bifunctor ig) : D x D — > D preserves small colimits in each variable. 

Then there exists an equivalence of monoidal oo-categories C® — > D®. Moreover, the collection of such 
equivalences is parametrized by a contractible Kan complex. 

-cr.Mon -Lyr.cr 

Proof. In view of Remark 4.2.4, we can identify Cat^.^ with the oo-category of algebra objects of Cat,^ 

(T,Mon ^ 

Proposition 1.4.3 implies that Gat^ has an initial object C^. This proves (1). Moreover, Proposition 

„ -CT,® 

1.4.3 also asserts that the underlying oo-category G = is equivalent to the unit object of (Cat^^ 
which is the oo-category of spectra (Proposition 4.2.3); this proves (2). 

Suppose that D*^ is a monoidal oo-category satisfying (i), {ii), and {Hi). Since 6** is an initial object of 

(T,Mon ^ ^ 

Gat^ , there exists a monoidal functor / : C — > D , unique up to a contractible space of choices. We 
claim that / is an equivalence of monoidal oo-categories. According to Remark 1.1.13, it will suffice to show 
that / induces an equivalence /[ij : G T> = D^j of ordinary underlying categories. Corollary S.17.6 implies 
that /[I] is determined, up to equivalence, by tne image of the sphere spectrum S G G. Since S is the unit 
object of C, /[I] carries S to the unit object of D. Condition {ii) now implies that /[ij is an equivalence, as 
desired. □ 

It follows from Corollary 4.2.6 that the oo-catcgory Soo admits an essentially unique monoidal structure, 

which may be characterized by the following properties: 

(j) The bifunctor (g) : Sqo x §oo §oo preserves small colimits separately in each variable. 

{ii) The unit object of $oo is the sphere spectrum S. 

Wc will refer to this monoidal structure on §oc a-s the smash product monoidal structure. From the 
uniqueness, we conclude that the smash product monoidal structure on §^ is equivalent to any monoidal 
structure obtained via the constructions described in (51) or (52) above. 

Proposition 4.2.7. The forgetful functor Mod§^{Gat^ ) — > Cat^.^ is fully faithful, and induces an equiv- 
alence Mod$^ {Gat ^ ) ^ Cat^^ 
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In other words, every presentable stable oo-category is tensored over Soo in an essentially unique way. 
Proof. Corollaries 2.4.4 and 4.2.6 imply that the forgetful functor Modg^ 



Lyr.cr 

.(Cat^ ) 



Cat^ is an equiv- 

alence of oo-categories. To complete the proof, we must show that the inclusion Mods^(eatoo ) C 

Mods^ {Q&iryo ) is also an equivalence of oo-categories. In other words, we must show that if a presentable 
cxD-category 6 is tensored over §oo (in a colimit-preserving fashion), then 6 is stable. 

We first show that 6 is pointed. Let ® : §oo x C — > 6 be the action of §oo on C. Let S G §oo denote 
the sphere spectrum, let G §oo be a zero object, and lot a : 5 ^ be a morphism. Let le € C be a final 
object. Then wc obtain an induced map le =i S* ® le ^ le- Since the functor • ® C preserves colimits, 
the tensor product 00 le is an initial object of 6. We now apply Remark S.2.2 to conclude that C is pointed. 

We have a pushout diagram 

S >0 







■S[l]. 



We therefore obtain an associated pushout diagram 

5(g)* ^Oi 



Oi 



■S[l 



in the oo-category Fun(e, 6). It follows that tensor product with S[l] can be identified with the suspension 
functor S : 6 C. Consequently, the suspension S : C ^ C is an equivalence: a homotopy inverse is given 
by tensor product with S[—\] G Scxa. Corollary S.10.12 implies that C is stable, as desired. □ 

Remark 4.2.8. Let C be a small stable oo-category. Then the oo-catcgory Ind(C) is a presentable stable 
oo-category, so we may regard Ind(C) as tensored over §oo in an essentially unique way such that the tensor 
product functor 

: Soo X Ind(e) Ind(e) 

preserves colimits separately in each variable. Let C' C Ind(C) denote the essential image of the Yoneda 
embedding j : 6 — » Ind(C), so that j induces an equivalence of C with C'. Let §^ denote the full subcategory 
of Soo spanned by the finite spectra (see §S.9). We observe that is generated under finite colimits by the 
collection of n-spheres {<S'[n]}„gz- Moreover, the operation 

S[n] (g) • : Ind(e) ^ Ind(e) 



can be identified with the shift functor C i— 
S.8.3), we conclude that the tensor product 



C[n]. Since C' is a stable subcategory of Ind(C) (Proposition 
§ induces a functor 

s^ ® e' ^ e' . 



We observe that the full subcategory S^ C Soo is closed under tensor products and contains the imit object 
S G Soo, and therefore inherits a monoidal structure (Proposition 1.3.1). Using the same argument, one 
can show that C' inherits the structure of an oo-category tensored over S^. Identifying C with C' via the 
Yoneda embedding j, wc conclude that every (small) stable oc-catcgory C can be regarded as tensored over 
the oo-category of finite spectra, in such a way that the tensor product 

8) : s^ X e ^ e 

preserves finite colimits in each variable. With a bit more effort, one can prove an analogue of Proposition 
4.2.7 in this context. 
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Remeirk 4.2.9. Proposition 4.2.7 and Remark 4.2.8 have analogues in the setting of pointed oo-categories: 

(1) The oo-category of pointed spaces admits an (essentially unique) monoidal structure such that the 
tensor product <8) : 8* x 8* ^ preserves colimits separately in each variable. 

(2) The forgetful functor Mods.(Cat^ ) — > Cat,^ is fully faithful, and its essential image consists of 
pointed presentable oo-categories. 

(3) Let C be a pointed oo-catcgory which admits finite colimits, and let 8^" C 8, denote the full subcategory 
of 8* spanned by the finite pointed spaces (see §S.9). Then 8^" is a monoidal subcategory of 8*, and 
C admits the structure of an oo-category tensored over S^'' in such a way that the tensor product 

: 8^" X e e 

preserves finite colimits in each variable. 

We conclude with the following counterpart to Corollary 4.2.6: 

Proposition 4.2.10. Let N(A)°p be a monoidal oo-category which satisfies conditions (i) through 

{Hi) of Corollary 4-2.6 {so that C*^ is equivalent, as a monoidal co-category, to the smash product monoidal 
structure on Soo)- Let q : — > 6® be an oo-category left-tensored over C®. Then q is equivalent [as an 
object of CatMod) to the canonical action of 6® on itself, if and only if the following conditions are satisfied: 

(1) The underlying oo-category M = M^j is equivalent to the oo-category Soq. 

(2) The tensor product functor : C x M — »■ M m colimit-preserving in each variable. 

Proof. The necessity of (1) and (2) is clear. For the converse, we invoke the equivalence CatMod ~ 
Mod(Cat(x>) of Corollary 2.6.6. In virtue of assumption (2), we can identify both q : — > 6® and 
the canonical action of 6 on itself with objects of Modg® (Cat^^ ). Combining Corollary 4.2.6 with Propo- 

LTr -Lyr.CT 

sition 4.2.7, we deduce that the forgetful functor Mode»(Catoo ) Cat^ is an equivalence. It therefore 
suffices to prove that the underlying oo-categories C and M are equivalent, which follows from (1). □ 

Warning 4.2.11. Given a pair of objects X,Y E hSoo, the smash product of X and Y is usually denoted 
by X A F. We will depart from this convention by writing instead X (3 F for the smash product. 

4.3 Associative Ring Spectra 

In this section, we will introduce the theory of A^o -ring spectra, or, as we will CclU them, A.qq -rings. Roughly 
speaking, an Aoo-ring is to an ordinary associative ring as a spectrum is to an abelian group, or as a homotopy 
type is to a set. In particular, if we restrict our attention to discrete Aoo-rings, then we recover classical ring 
theory (Proposition 4.3.13). 

A large portion of classical (noncommutative) algebra can be generalized to the setting of j4(x,-rings; we 
will see some examples in the next few sections. For the time being, we will concern ourselves only with the 
definition and basic formal properties. 

Definition 4.3.1. An A^o-ring is an algebra object of the oo-category of 8oo (endowed with its smash 
product monoidal structure). We let 2too denote the oo-category Alg(Soo) of Acxj-rings. 

Let R be an Aoc-ring. We will generally not distinguish notationally between R and its underlying 
spectrum. In particular, for each n G Z, we let 7r„i? denote the nth homotopy group of the underlying 
spectrum. We observe that 7r„ii can be identified with the set 7roMapg^(S'[n],i?), where S denotes the 
sphere spectrum. Since S is the identity for the smash product, there is a canonical equivalence S <Si S c:^ S; 
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using the fact that (g) is exact in each variable, we deduce the existence of equivalences S[n]<SiS[m] ~ S[n+m] 
for all n, TO € Z. The composition 

Maps_^ (5 [n],i?) x Ma,p^^{S[m], R) Map§_^(S'[n] S[m],RiSiR) -> Mapg^{S[n + m], R) 

determines a map of abelian groups 7r„-R <8> tt^-R — * i^n+mR- It is not difficult to sec that these maps 
endow tt,:R = 7r„i? with the structure of a graded associative ring, which depends functorially on R. In 
particular, ttqR is an ordinary associative ring, and each 7r„i? has the structure of a Tro-R-bimodulc. 

Let : Soo ^ S be the 0th space functor. If R is an vloo-ring, we will refer to X — n°°R as the 
underlying space of R. The underlying space X is equipped with an addition X x X ^ X (determined 
by the fact that it is the 0th space of a spectrum) and a multiplication X x X ^ X (determined by the 
map R^ R R); these maps endow X with the structure of a ring object in the homotopy category !K of 
spaces. However, the structure of an ^oo-ring is much richer: not only do the ring axioms on X hold up to 
homotopy, they hold up to coherent homotopy. 

The functor : SIqo — > § is not conservative: a map of yloo-rings f : A ^ B which induces a homotopy 
equivalence of underlying spaces need not be an equivalence in Stoo- We observe that / is an equivalence 
of yloo-rings if and only if it is an equivalence of spectra; that is, if and only if TTn{f) ■ i^n-A i^nB is an 
isomorphism of abelian groups for all n G Z. However, ^l°°{f) is a homotopy equivalence of spaces provided 
only that 7r„(/) is an isomorphism for n > 0; this is generally a weaker condition. 

Example 4.3.2. Let C be a stable oo-category, and let X G 6 be an object. Then it is possible to extract 
from C an Aoo-ring spectrum Ende(-^) with the property that 7r„ Ende(-'i^) — Extg"(X, X) for all n G Z, 
and the ring structure on 7r*Ende(X') is given by composition in the triangulated category hC. We will 
describe the argument in the case where C is presentable. According to Proposition 4.2.7, the oo-category 
C is naturally left-tensored over §cx)- Proposition 2.1.12 implies that C is also enriched over §005 so that 
there exists a morphism object M.ovq{X,X). Proposition 2.7.3 implies that Ende(X') = M.ovq{X,X) can be 
lifted to a final object of the monoidal (X3-category Soo[^], and therefore inherits the structure of an algebra 
object. The identification of the homotopy groups of Ende(X) follows from the homotopy equivalence 
Mapg^(S'[n],Ende(X)) ~ Mape(6'[n] X, X). 

Remark 4.3.3. Combining the uniqueness assertion of Corollary 4.2.6 with Theorem 1.6.16, we conclude 

that 2too is equivalent to the underlying oc-category of strictly associative monoids in any sufficiently nice 
monoidal model category of spectra (see Example 1.6.18). With minor modifications, the same argument 
can be applied to the model of spectra described in [7] (though Theorem 1.6.16 does not quite apply in its 
present form). 

Remark 4.3.4. Combining the uniqueness assertion of Corollary 4.2.6 with the construction (52) of §4, we 
conclude that 2too can be identified with the oo-category of colimit-preserving monads on §00 . 

Recall that a spectrum X is said to be connective if ~ for n < 0. 

Lemma 4.3.5. The t-structure on the oo-category Soc determined by the class of connective objects is 
compatible with the smash product monoidal structure {in the sense of Definition 1.3.10). In other words, 
the full subcategory S^"" C %^ spanned by the connective objects is closed under smash products and contains 
the unit object. Consequently, the monoidal structure on determines a monoidal structure on S™"". 

Proof. It follows from the results of §S.18 that §?^"" is the smallest full subcategory of §00 which contains 
the sphere spectrum S G §00 and is stable under colimits and extensions. Let C be the full subcategory of 
Soo spanned by those spectra X such that, for all Y G S™"^", X ®Y \s connective. We wish to prove that 
gconn g g Since the smash product preserves colimits separately in each variable, we conclude that 6 is 
closed under colimits and extensions in Sqo- It will therefore suffice to prove that G 6. This is clear, since 
S is the unit object of Stx,. □ 
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We will say that an Aoo-ring R is connective if its underlying spectrum is connective. We let 2t™"" 
denote the full subcategory of 2loc spanned by the connective objects. Equivalently, we may view 21^""^ as 
the oo-category Alg(§™'^") of algebra objects in connective spectra. 

When restricted to connective Aoo-rings, the functor detects equivalences: if / : A ^ i? is a 
morphism in 21^""^ such that (/) is an equivalence, then / is an equivalence. We observe that the functor 
Qoo . gjconn ^ § jg a composition of a pair of functors Alg(S^"'') ^ S;^"" ^ S, both of which preserve 
geometric realizations (Corollary 1.5.11 and S.9.16) and admit left adjoints. It follows from Theorem 3.4.5 
that 21^"'^ can be identified with the oo-catcgory of modules over a suitable monad on §. In other words, we 
can view connective ^oo-rings as spaces equipped with some additional structures. Roughly speaking, these 
additional structures consist of an addition and multiplication which satisfy the ring axioms, up to coherent 
homotopy. 

Definition 4.3.6. Let R be an j4(x,-ring. A connective cover of i? is a morphism (p : R' R oi ^oo-rings 
with the following properties: 

(1) The Aoo-ring R' is connective. 

(2) For every connective ^oo-ring R" , composition with ^ induces a homotopy equivalence 

Mapgi^ {R", R') ^ Map2i„ [R", R). 

Remark 4.3.7. In the situation of Definition 4.3.6, we will generally abuse terminology and simply refer to 
R' as a connective cover of R, in the case where the map (f) is implicitly understood. 

Proposition 4.3.8. (1) Every A^-ring R admits a connective cover. 

(2) An arbitrary map <f> : R' ^ R of Aoo -rings is a connective cover of R if and only if R' is connective, 
and the induced map -KnR' i^nR is an isomorphism for n > 0. 

(3) The inclusion 21™"" C 2l(x) admits a right adjoint G, which carries each A^o-ring R to a connective 
cover R' of R. 

Proof. Combine Lemma 4.3.5, Proposition 1.3.1 and Remark 1.3.3. □ 

Recall that an object X of an oo-category C is said to be n-truncated if the mapping spaces Mape(y, X) 
are n-truncated, for every F G C (see §T.5.5.5). Proposition 1.5.15 implies that the cx)-categories 2too and 
2^conn g^j.g \yQ^]^ presentable, so that we have a good theory of truncation functors. 

Proposition 4.3.9. Let R be a connective A^-ring and let n be a nonnegative integer. The following 
conditions are equivalent: 

(1) As an object of 21^"", R is n-truncated. 

(2) As an object of §^"", R is n-truncated. 

(3) The space fl°°{R) is n-truncated. 

(4) For all m > n, the homotopy group TimR is trivial. 

Proof. The equivalence (3) ^ (4) is easy (Remark T.5.5.5.4), and the equivalence (2) <^ (3) was explained 
in Warning S.6.9. The implication (1) (2) follows from Proposition T. 5. 5. 5. 16, since the forgetful functor 

gj^conn _^ §™"" prcscrves small limits (Corollary 1.5.3). 

We now prove that (2) =^ (1). Assume that R is n-truncated as a spectrum. Let T : (21^"")°^ S 
be the functor represented by R. Let 6 C 21^"" be the full subcategory of 2t™"" spanned by those objects 
B such that T{B) is n-truncated. We wish to prove that 6 = 2tji2"". Since T preserves limits (Proposition 
T. 5. 1.3.2) and the class of n-truncated spaces is stable under hmits (Proposition T.5.5.5.5), we conclude 
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that e is stable under small colimits in 2t™"". Let F be a left adjoint to the forgetful functor a™™ §™™ 
(Theorem 1.4.2). Proposition 3.4.9 implies that 6 is generated under colimits by the essential image of F. 
Consequently, it will sufBce to show that F{M) e 6, for every M £ S^""^. Equivalently, we must show that 
the space Mapgioonn(F(M), R) ~ Mapgoonn(M, R) is n-truncated, which follows from (2). □ 

Remark 4.3.10. An ^^o-ring R is n-truncated as an object of SIqo if and only if it is equivalent to zero 
(since the oo-category Sqo has no nontrivial n-truncated objects). 

Let T<„ : S;;^"" S^"" be the truncation functor on connective spectra, and let T<'f : 21™"" 21™"" 
be the truncation functor on connective Aoo-rings. Since the forgetful functor 9 : 2t™"" — > S^'^" preserves 
n-truncated objects, there is a canonical natural transformation a : t<„ o9 ^ 6 o r<^^. Our next goal is to 
show that a is an equivalence. 

Proposition 4.3.11. Let §™™ be the oo-category of connective spectra, endowed with the sm.ash product 
monoidal structure, and let (§^"")<n be the oo-category of n-trunca,ted objects o/§™"". Then: 

(1) The localization functor T<n : S^"^" S^"^" compatible with the smash product monoidal structure, 
in the sense of Definition 1.3.4- 

(2) The smash product monoidal structure on §oo>o induces a monoidal structure on (§J^^"'^)<n o-nd an 
identification Alg((S™"")<„) ~ 4i^2t™"". 

Proof. Assertion (1) is a special case of Proposition 1.3.12. Assertion (2) follows from (1) and Proposition 
4.3.9. □ 

In other words, if i? is a connective ^oo-ring, then the ring structure on R determines a ring structure 

on T<nR for all n > 0. 

Definition 4.3.12. We will say that an AoQ-ring is discrete if it is connective and 0-truncated. We let St^^'^ 
denote the full subcategory of 21cxd spanned by the discrete objects. 

Since the mapping spaces in Ql^'' are 0-truncated, it follows that 21^^*^ is equivalent to the nerve of an 
ordinary category. We conclude this section by identifying the relevant category. 

Proposition 4.3.13. The functor R i— > ttq-R determines an equivalence from 21^^^^ to the {nerve of the) 

category of associative rings. 

Proof. According to Proposition 4.3.11, we can identify 21^'^'^ with the oo-category of algebra objects of the 
heart S^, which inherits a monoidal structure from Sqo in view of Proposition 1.3.12 and Lemma 4.3.5. 
Proposition S.9.13 allows us to identify §^ with (the nerve of) the category of abelian groups. Moreover, 
the induced monoidal structure on §^ has ttoiS ~ Z as unit object, and the tensor product functor (g) 
preserves colimits separately in each variable. It follows that this monoidal structure coincides (up to 
canonical equivalence) with the usual monoidal structure on given by tensor products of abelian groups. 
Consequently, we may identify Alg(S^) with the (nerve of the) category of associative rings. □ 



4.4 Modules over ^oo-R-ings 

Let R be an Aoo-ring. In this section, we will describe the associated theory of R-module spectra, or simply R- 
modules. This can be regarded as a generalization of homological algebra: if R is an ordinary ring (regarded 
as a discrete Aoo-ring via Proposition 4.3.13), then the homotopy category of i?-module spectra coincides 
with the classical derived category of R (Proposition 4.4.7); in particular, the theory of i?- module spectra is 
a generalization of the usual theory of i?-modules. 

For any Aoo-ring R, the cxD-category Modij of i?-modules is stable (Proposition 4.4.3), so its homotopy 
category hModn, is triangulated. According to a result of Schwede and Shipley (Theorem 4.4.9), a large 
variety of stable oo-categories have the form Mod/?, for appropriately chosen R. In particular, hModn, is 
generally not equivalent to the derived category of an abelian category. 
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Definition 4.4.1. Let R be an ^oo-ring. We let Modfl denote the oo-category Modfl(Soo); we will refer to 

Mod/j as the co- category of (left) R-modules. 

Wc will generally not distinguish between an i?-modulc M and the underlying spectrum. In particular, 
the homotopy groups 7r„M are defined to be the homotopy groups of the underlying spectrum. The action 
map i? (g) M — !■ M induces bilinear maps 7r„_R x TTmM TTn+m.M, which endow 7r*M with the structure of 
a graded left module over tt^R. We will say that M is connective if its underlying spectrum is connective; 
that is, if TTnM ~ for n < 0. 

Remark 4.4.2. Roughly speaking, if we think of i? as a space equipped with the structure of an associative 
ring up to coherent homotopy, then an i?-module can be thought of as another space which has an addition 

and an action of i?,, up to coherent homotopy in the same sense. This intuition is really only appropriate 
in the case where R and M are connective, since the homotopy groups in negative degree have no ready 
interpretation in terms of underlying spaces. 

Our first goal is to prove that the oo-catcgory of modules over an Aoo-ring is stable. This is a consequence 
of the following more general assertion: 

Proposition 4.4.3. Let G be an oo-category equipped with a monoidal structure and a left action on an oc- 
category M. Assume that M is a, staMe oo-ca,tegory, and, let R G Alg(C) be such that the functor M R®M 
is exact. Then Mod/i(M) is a stable oo-category. Moreover, if is an arbitrary stable oo-category, then 
a functor K Modfl(M) is exact if and only if the composite functor K — > Modfl(M) — > M is exact. In 
particular, the forgetful functor Modii(M) —^Mis exact. 

Proof. This is a special case of Proposition 2.3.6. □ 

If i? is a connective Aoo-ring, the homotopy groups of an i?-module M can be interpreted in terms of an 
appropriate t-structurc on Mod/j. 

Notation 4.4.4. If R is an ^oo-ring, we let Mod^° be the full subcategory of Mod/j spanned by those 
i?-modules M for which 7r„M ~ for n < 0, and Mod^° the full subcategory of Moda spanned by those 
ii- modules M for which 7r„M ~ for n > 0. 

Notation 4.4.5. Let R be an Aoo-ring, and let M and A'' be left ii-modules. We let Ext^(M, AT) denote 
the abelian group ttq Mapjy^g^^{M, N[i]). 

Proposition 4.4.6. Let R be a connective Aoo-ring. Then: 

(1) The full subcategory Mod^° C Mod/j is the smallest full subcategory which contains R {regarded as an 
R-module in the natural way; see Example 2.LT) and is stable under small colimits. 

(2) The subcategories Mod^*^, Mod^*^ determine an accessible t-structure on Modn {see ^S.18). 

(3) The t-structure described in (2) is both left and right complete, and the functor ttq determines an 
equivalence of the heart Mod^ with the {nerve of the) ordinary category of woR-modules. 

(4) The subcategories Mod^^jMod^*^ C Modn are stable under small products and small filtered colimits. 

Proof. According to Proposition S.18.1, there exists an accessible t-structure (Mod^,Mod^) with the fol- 
lowing properties: 

(a) An object M e Mod^ belongs to Mod^ if and only if Ext^(i?, M) ~ for i < 0. 

{b) The oo-catcgory Mod^ is the smallest full subcategory of Mod/? which contains the object R and is 
stable under extensions and small colimits. 
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Corollary 4.5.14 implies that R (regarded as an object of Modi?) corepresents the composition Modi? 

= Modf. 



§00 ^ § . It follows that Mod^ = Mod^°. Because the forgetful functor Mod/^ §^0 preserves small 



colimits (Corollary 2.3.7), we conclude that Mod^° is stable under extensions and small colimits. Since R 
is connective, R G Mod^ , so that Mod^ C Mod^°. Let C be the smallest full subcategory of Modi? which 
contains R and is stable under small colimits, so that 6 C Mod^. We will complete the proof of (1) and (2) 
by showing that 6 = Mod|". 

Let M G Mod^'^. We will construct a diagram 

M(0) M(l) ^ M(2) ^ ... 

in (Mod/j) /j^ with the following properties: 

(z) Let i > 0, and let K{i) be a kernel of the map M{i) M. Then TTjK{i) ~ for j < i. 

(ii) The i?-module M{0) is a coproduct of copies of R. 

{Hi) For i > 0, there is a pushout diagram 

F\i] ^ 



M{i) ^ M{i + 1), 

where is a coproduct of copies of R. 

We begin by choosing M(0) to be any coproduct of copies of R equipped with a map M(0) — > M which 
induces a surjection 7roM(0) — » ttqM; for example, we can take M(0) to be a coproduct of copies of i? indexed 
by TTo-M. Let us now suppose that the map / : M{i) — > M has been constructed, with K{i) = ker(/) such 
that ■KjK{i) ~ for j < i. We now choose F to be a coproduct of copies of R and a map g : F[i] K{i) 
which induces a surjection -kqF -KiK{i). Let h denote the composite map F[i] K{i) M{i), and let 
M{i + 1) = coker(/i). The canonical nullhomotopy of K{i) M{i) — > M induces a factorization 

M{i) M{i + l) C M 

of /. We observe that there is a canonical equivalence ker(/') ~ coker(5i), so that nj ker(/') ~ for j < i. 

Let M(oo) be the colimit of the sequence {M{i)}, and let K be the kernel of the canonical map M{oo) — > 
M . Then K can be identified with a colimit of the sequence {/■ir(?')},>o. Since the formation of homotopy 
groups is preserves filtered colimits, we conclude that TTjK ~ co\iimTjK{i) ~ 0. Thus M(oo) ~ M, so that 
M e e as desired. 

Assertion (4) follows from the corresponding result for Soo, since the forgetful functor Mod/j Soo 
preserves all limits and colimits (Corollaries 2.3.5 and 2.3.7). Since Modn — >■ §00 is a conservative functor, 
an i?-module M is zero if and only if 7r„M is zero for all n e Z. It follows from Proposition S.7.3 that Modij 
is both right and left complete. 

M I— > TToM. It is easy to see that F preserves colimits, and that the restriction of F to Mod^ is an exact 
functor. We wish to prove that Fo = F\ Mod^ is an equivalence. We first show that the restriction of Fq 

is fully faithful. Fix N G Mod^, and let 2) be the full subcategory of Mod^° spanned by those objects 
M for which the map ttq Map^yj^^j^ (M, iV) }ioin{F {t<o M ), F{N)) is bijective, where the right hand side 
indicates the group of 7roi?-module homomorphims. It is easy to see that D is stable under colimits and 
contains R. The first part of the proof shows that D = Mod^*^. In particular, Fo is fully faithful. 

It remains to show that Fq is essentially surjective. Since Fq is fully faithful and exact, the essential 
image of Fq is closed under the formation of cokernels. It will therefore suffice to show that every free left 
7roi?-module belongs to the essential image of Fq. Since Fg preserves coproducts, it will suffice to show that 
ttqR itself belongs to the essential image of Fq. We now conclude by observing that Fo{t<oR) — ttqR. □ 



Let F be the functor from Mod^° to the (nerve of the) ordinary category of left 7roJ?-modules, given by 
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Let i? be a connective Aoo-ring, let A be the abelian category of modules over the (ordinary) ring ttqR. 
Then A has enough projective objects, so we can consider the derived oo-catcgory D~ (A) as described in 
§S.13. Part (3) of Proposition 4.4.6 determines an equivalence N(^) ~ Mod^. Applying Corollary S.16.12, 
we deduce the existence of an (essentially unique) right t-exact functor 6 : 'D~{A) — > Mod^. 

Proposition 4.4.7. Let R be a connective A^-ring, and let 6 : 'D~{A) Mod^ be as described above. The 
following conditions are equivalent: 

(1) The Aao-ring R is discrete. 

(2) The functor 6 is fully faithful, and induces an equivalence of 'D~{A) with the oo-category of right 

bounded objects of JAoAr. 

Proof. Let P ^ A he projective object corresponding to the free i?-modulo on one generator. Then, for 
M G 2)~(j^), we have a canonical isomorphism Ext^-(y^)(P, M) ~ ttqM. If (2) is satisfied, then we deduce 
the existence of a canonical isomorphisms 

Ext2j(6'(P), M) ~ TToM ~ Ext?j(i?, M) 

for M G Mod^°. Thus 0{P) and R are isomorphic in the homotopy category hModR. Since 9{P) is discrete, 
we conclude that R is discrete, which proves (1). 

For the converse, let us suppose that R is discrete. Let us regard (the nerve of) yi as a full subcategory 
of both D^{A) and Mod^^. For M,N €A, let Ext^(M,7V) denote the abelian group ttq Mapi,-(y^)(M, iV) 

(in other words, Ext^(M, N) is the classical Yoneda Ext-group computed in the abelian category A). We 
claim that canonical map Ext^(M, N) Ext^(M, N) is an isomorphism. For z < 0, both sides vanish. The 
proof in general goes by induction on i, the case i = Q being trivial. For i > 0, we choose an exact sequence 

K ^ P ^ M 

in A, where P is a free 7roi?-module. We have a commutative diagram of abelian groups with exact rows 



Ext7^(P,iV) 



Ext^-i(P,7V) 



Ext7' (i^,iV) 



Ext^ (M,iV) 



•Ext^(P,7V) 



i>2 



1p3 



■Ext'^(M, N) 



■Ext*^(P,7V). 



We wish to show that 1/13 is an isomorphism. Since ijji and ijj2 are bijective by the inductive hypothesis, 
it will suffice to show that Ext^(P, A^) 2± ~ Ext^(P, A). The first equivalence follows from the fact that 
P is a projective object of A. For the second, we observe that as an object of Moda, P coincides with a 
coproduct of copies of R (in virtue of assumption (1)). Consequently, Ext^(P, A') can be identified with a 
product of copies of ir^iN, which vanishes since i > and A G Mod^°. 

Now suppose that M gA, and consider the full subcategory 6 C [A) spanned by those objects A^ for 
which the canonical map Ext^-(^^(M, A') Ext^(^(M), ^(A')) is an isomorphism for alH G Z. Applying 

the five lemma to the relevant long exact sequences, wc conclude that 6 is stable under extensions in T)^ (A). 
The above argument shows that 6 contains the heart of T>~{A); it therefore contains the full subcategory 
V^'{A) of bounded object of D"(yi). 

Now let C' C T)~{A) spanned by those objects M having the property that for every N G T>''{A), the 
canonical map Ext^-(-^-|(M, A^) Ext]^ {0{M), 6 (N)) is an isomorphism for i G Z. Repeating the above 

argument, we conclude that 'D''{A) C 6'. In particular, the restriction 9\ ^^{A) is fully faithful. 

We claim that the essential image of 6\ T)^{A) consists of precisely the bounded objects of Mod_R. Let 
M G Modi? be a bounded object. We wish to prove that M belongs to the essential image of 9. Without 
loss of generality, we may suppose that M G Mod^". Since M is bounded, we have also M G Mod^" for 
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some n > 0. Wc now work by induction on n. If n = 0, then M belongs to the heart of Mod^ and the result 
is obvious. If n > 0, then we have a distinguished triangle 

T>„M ^ M ^ r<„_iM ^ T>„M[1]. 

Since is exact and fully faithful, it will suffice to show that t>„M[— n] and r<„_iM belong to the essential 
image of 6, which follows from the inductive hypothesis. 

The preceding argument shows that 9 induces an equivalence D^{A) Mod^ between the full subcate- 
gories of bounded objects. We now conclude by observing that both D~ (A) and Modi? are left-complete. □ 

Remark 4.4.8. Let R and A be as in Proposition 4.4.7. The abelian category A also has enough injective 

objects. The proof of Proposition 4.4.7 can be repeated, without essential change, to obtain an identification 
of D^{A) with the cxD-category of left bounded objects of Mod_R. In other words, we may view Mod_R as 
a candidate for an unbounded derived oo-category of i?-modules. Using a completeness argument, it is not 
difficult to show that this coincides with the usual unbounded derived category of ii-modules; we will not 

pursue this point further. 

We conclude this section by addressing the following question: given an oo-category 6, under what 
conditions does there exist an ^oo-ring R and an equivalence C Mod/j? Of course, there might be several 
candidates for R. For example, if R is a discrete ring, then the module categories (in the ordinary or derived 
sense) of R and M2{R) are equivalent, where M2{R) denotes the ring of 2 x 2 matrices with coefficients in 
R. To eliminate this ambiguity, we should specify an object C e 6 which is the hypothetical preimage of 
R G Mod/j under the functor 9. In this case, we have the following theorem of Schwede and Shipley: 

Theorem 4.4.9. [Schwede-Shipley [33]] Let Q he a stable oo-category. Then 6 is equivalent to Modfl, for 
some -ring R, if and only if there exists an object C e C satisfying the following conditions: 

(1) The oo-category C is presentable. 

(2) The object C £ Q is compact. 

(3) The object C generates 6 in the following sense: if D G G has the property that Extg (C, D) for all 
neZ, then £» ~ 0. 

Proof. Suppose first that C ~ Mod/?. Then (1) follows from Corollary 2.3.8. To prove (2) and (3), we take 
C to be i? itself, regarded as an i?-module as explained in Example 2.1.7. Corollary 4.5.14 implies that R 

corepresents the composite functor Mod^ — > §oo §, which preserves filtered colimits in virtue of Corollary 
2.3.7. This proves (2). If ExtjvtodB ^) - '^-i^ vanishes for all i e Z, so that D ~ 0. This proves (3). 

Conversely, suppose that C satisfies conditions (1), (2), and (3) for an appropriately chosen object C G C. 
Applying Corollary S.17.6, we deduce that there is a colimit-preserving functor F : Sqo C, determined 
up to equivalence by the requirement that F{S) ~ C, where S denotes the sphere spectrum. Applying the 
adjoint functor theorem (Corollary T.5.5.2.9), we deduce that F admits a right adjoint G. We now apply 
Theoream 3.2.10 to extend the functor F to a strong adjunction diagram s G ADat(Soo, 6)- By restrction, s 
determines a monad T G Alg(End(Soo))- 

Let Endo(Soo) be the full subcategory of End(Soo) spanned by those functors which preserve colimits. 
Then Endo(§oo) is closed under composition. We let Endf (Sqo) denote the corresponding full (monoidal) 
subcategory of End®(S(x>), and let 

Eiuio (§oo) = End®(§oo) ^End»{S^) End^(§oo)- 

The composition Qn : Q —>■ §oo ^ S, — » § can be identified with the composition of a shift functor from C 
to itself (an equivalence of oo-categories) and the functor corepresented by C G 6. Since C is assumed to be 
compact, we conclude that gn preserves filtered colimits. Since the forgetful functor ~ S^,/ § detects 
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filtered colimits, we conclude that f2°° " oG preserves filtered colimits. Since So© is defined as the homotopy 
inverse limit of a tower 

n „ n „ 
. . . — > — > 

of continuous functors, we conclude that G itself preserves filtered colimits. Since G is exact, it preserves all 
colimits. It follows that T can be identified with an algebra object of Endo(Soo). 

Invoking Remark 3.3.4 and Corollary 3.3.6, we obtain a functor 9 : & ^ ModT(Soo)- Assumption (3) 
implies that G is conservative. Since G preserves geometric realizations, Corollary 3.4.8 implies that 6 is an 
equivalence. Proposition 4.2.10 implies that the tensored oo-category 



End^(§oo) ^ End^(§„o) ^ N(A)°f 

is equivalent (in CatMod) to the standard left action of So© on itself, where Sqo is endowed with the smash 
product monoidal structure. It follows that we can identify T with an Aoo-ring R, and that there is an 
equivalence ModT(§oo) — Modi{(Soo). Composing this equivalene with 6, we obtain the desired result. □ 

Remark 4.4.10. Let 6 be a presentable stable oo-category containing an object C. The Aoo-ring R ap- 
pearing in the proof of Theorem 4.4.9 can be identified with the ^oo-ring Ende(C) constructed in Example 
4.3.2. 

4.5 Balanced Pairings and the Bcir Construction 

Let A be an associative ring. If M is a right A-module and A'' is a left i?-module spectrum, then we can 
define an abelian group M ®a N. The functor (M, N) ^ M ®a N preserves colimits in separately in each 
variable. Moreover, if F is a colimit-preserving functor F from left (right) A-modules to abelian groups, then 
F{A) inherits a right (left) ^-module structure, and there is a canonical isomorphism F{N) ~ F{A) ®a N 
{F{M) ~ M Our goal in this section is to obtain an analogous picture, where we allow A to be 

an ^oo-ring and M and N to be module spectra over A. 

We will begin with a much more general situation: a monoidal cxD-category 6, an oo-category M which 
is right-tensored over C, an oo-category which is left-tensored over 6, and a pairing Mx'N ^ D which is 
balanced in a suitable sense. Given this data, we will define a relative tensor product functor 

Mod^(M) X ModA(H) ^ © 

for every algebra object A £ Alg(e) (see Definition 4.5.1). We will proceed to establish some of the basic 
properties of the relative tensor product; In particular, we will prove a "base change" or "push-pull" formula, 
which asserts that ii f : A ~^ B is a map of algebras, M is a (right) i?-module and is a (left) A-module, 
then there is a canonical equivalence M N c:i M {B ®a N), where B ®a N is the -B- module induced 
from A'' (see Proposition 4.5.13 for a more precise formulation). 

The principal example of interest to us arc when M or Jvf (or both) coincide with the original monoidal 
oo-category 6. In this case, there are canonical examples of balanced pairings 

Mxe^M, exK^K; 

see Definition 4.5.5 (in §4.6, we will specialize further to the case where 6 is the oo-category of spectra, with 
the smash product monoidal structure). 

To begin, let us suppose that C is a monoidal oo-category, and that A is an algebra object of C. We will 
let Mod;^(C) denote the oo-category of left A-modulcs in C. as defined in §2.1. As explained in Remark 2.1.5, 
we have an entirely dual theory of right modules; we let Mod2(C) denote the oo-category of right modules 
over A. We wish to define a functor 0^ : Mod^(e) x Mod^(e) 6. 

Fix objects M G Mod^(e), N e Mod^(e). We will abuse notation by identifying M and iV with the 
underlying object of the oo-category 6. Using the monoidal structure on 6, we can form the tensor product 
M ® N. This should be regarded as a "first approximation" to M ®a N. We will have a natural map 
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a : M ®N ^ M ®a N. We do not expect a to be an equivalence; rather, M 0^ N should be obtained from 
M ^ N hy forcing the two natural actions of A to coincide. To be more precise, consider the diagram 

/ 
g 

where / is given by the right action of A on M, and g is given by the left action of A on N. Wc should 
expect a o / 2± a o (7. In other words, we expect that a should factor through the coequalizer of the maps / 
and g. In classical category theory, we can define M (g)^ N to be this coequalizer. However, in the setting of 
higher category theory, we are not yet done. Namely, we should not expect an equality a o f = a o g; rather, 
we expect a homotopy h : ao f ^ ao g. Consider now the diagram 

/' 

M ^ A^ A^ N M ^ N . 

g' 

where, as before, /' is obtained using the action of A on M (twice) and g' is obtained using the action of A 
on N (twice). The homotopy h can be used to obtain two different homotopies between a o f and a o g': 
first by applying h to each copy of A individually, and second by applying h together with the observation 
that /' and g' factor through the map M (E) A(E) A(g) N ^ M (g) A ^ N determined by the algebra structure 
on A. In order to obtain the correct relative tensor product M (^a N, we need to guarantee that these two 
homotopies coincide, up to a higher homotopy. Of course, this leads to still higher obstructions which need 
to be taken under consideration. 

To efficiently organize all of the relevant data, it is useful to consider a simplicial object Ba.YA{M, N),, 
which may be informally described as follows: 

(1) For each n > 0, the object Bar^(M, 7V)„ e C is given by the tensor product M0A0...0A0iV, 
where n factors of A appear. 

(2) If I = 0, the face map di : Bar^(M, iV)„ Bar^(M, N)n-i is given by the right action of A on M. If 
i = n, di is given by the left action of ^ on Af. If < i < n, then di is given by the algebra structure 
on A, applied to the i and {i + l)st factors. 

(3) For < i < ri, the degeneracy map Si : Bar/i(M, A^)„ Bar^(A'/, iV)„+i is given by the composition 

M(8)^(g)...(g)^(8)iV~M(g)^(g)...(8>l(g)...(g)A(g)Ar^M(g)A(g)...(g)A(8>...(g)A®A'' 
where the second map is given by the unit map of the {i + l)st factor of A. 

We can then define M (E)a N to be the geometric realization of the simplicial object Bar^(Af, N),. The 
functor {M,N) 1— *• | BarA(M, A''),! is called the (two-sided) bar construction. We now recast the preceding 
discussion in more formal terms. 

Definition 4.5.1. Let p : 6*^ ^ N(A)°p be a monoidal 00-category. Let q : M** 6® be an 00-category 
which is right-tensored over C®, and let q' : 'N® — > C® be an 00-category which is left-tensored over C. A 
balanced pairing is a functor F : M*^ Xg» Jvf® D with the following property: let (a, (3) be a morphism in 
M® X (o» 7^*^ such that a is a (p o g)-coCartesian morphism in M*^ and /3 is a (p o q'')-coCartesian morphism 
in K®. Then F{a,P) is an equivalence in D. 

Under these conditions, we let Bar, denote the composition 

Mod^(M) XAig(e) Mod^(N) C Fun(N(A)°P,M® Xg® K®) ^ Fun(N(A)''P, D). 

We wiU refer to Bar, as the two-sided bar construction. If A G Alg(e), M e Mod2(M) and N e Mod^(K), 
we will denote the image of (M, A'') under Bar, by Ba,y: a{M, N),. 
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Suppose now that D admits geometric realizations for simplicial objects. We then define the relative 
tensor product functor to be the composition 

Mod^(M) XAig(e) Mod^(K) Fun(N(A)°f , D) X D, 

where the second arrow is a geometric reaUzation functor (that is, a left adjoint to the diagonal embedding 
D Fun(N(A)°P,D)). 

Remark 4.5.2. In the situation of Definition 4.5.1, we can identify objects of Mod^(M) XAig(e) Mod^(7sr) 
with triples (M, A, N), where A is an algebra object of 6, M is a right A- module, and iV is a left ^-module. 
In this case, we will denote the image of (M, A, N) under the relative tensor product functor by M (E)a N. 

Remark 4.5.3. Let M® ^ 6® 2^ 'N^ be as in Definition 4.5.1, and let F : M® x e«/M® ^ D be a 
balanced pairing. Let M = 3Vt^j, K = Tsf^j. Then the inclusion M^j Xg» C M x JN" is an equivalence 

of oo-categories, so that F the restriction of F to the inverse image of [0] € A determines a functor 
Fo ; Mx?^ ^ D, well-defined up to equivalence. We will denote this hmctor by Fq{M,N) = {M,N). 
Likewise, the restriction of F to the inverse image of [1] € A determines a functor Fi rMxCxN— >D 
Moreover, since F carries coCartesian morphisms to equivalences in D, we have natural equivalences 

Fo{M ® C, iV) ~ Fi{M, C, N) ~ Fo(M, C (E> N), 

which we can view as a compatibility condition on (, ): 

^ : {M ®C,N) {M,C®N). 

The restriction of F to the inverse image of the remainder of N(A)°^' can be viewed as expressing the 
compatibility of 7 with the associative tensor product on the 00-category C. 

Let C be a monoidal cxD-category, let M be an cxD-category which is right-tensored over C. Our next goal 
is to show that the prescription (M, C) = M ®C can be extended to a balanced pairing M® Xg® 6®'^ ^ M. 

Proposition 4.5.4. Let & he a monoidal 00-category with unit object 1q, let M he an 00-category which is 
right-tensored over C, let D be an arbitrary 00-category, and let 

Fun'(M® xe» e®'^,2)) C Fun(M® Xg® e®'^,D) 

denote the full subcategory spanned by the balanced pairings. Then the functor 

F^{le,*) 

induces an equivalence of oo-categories Fun'(M® Xg® G^'^jT)) —>■ Fun(M,D). 

Proof. We will use the theory of marked simplicial sets described in §T.3.1. However, we make a slight 
departure from the notation employed there: given a coCartesian fibration of simplicial sets p : X ^ S, 
we let X'' denote the marked simplicial set (X, £), where £ is the set of p-coCartesian edges of X. This 
notation is potentially ambiguous, since it depends not only on X but also on the map p. In practice, we 
will have either S ~ N(A)°p or 5 ~ A*^ (in the latter case, X is an 00-category and £ is the collection of all 
equivalences in X). 

Let us introduce a bit of notation. Let q : M® ^ ^ N(A)°^' exhibit M = M^j as right-tensored over 
e = e^j. Let K denote the fiber product Xg® Q^'^. Let a : x N(A)°p ^ N(A)°p be defined as in 
Example 2.1.3. We define a simplicial set M®'^ equipped with a map M®'^ —>■ N(A)°^' via the formula 

HomN(A)<.p(-ft^,M®'^) = HomJ^(^)„p(Ai x K,M^) 
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where x K maps to N(A)°p via the composition x K ^ A'^ x N(A)°p N(A)°p, and 

Hom;^(^)„p(A^ X K,M®) C HomN(A)''f (A^ x K,M^) 

denotes the subset consisting of those maps f : A^ x K which carry each edge x {k} to a 

g-coCartesian edge of M®. 

Let N(A')°*' denote the oo-category N(A)°p, regarded as an object of (SetA)/ n(a)°p via the map : 
a|{0} xN(A)°P, and let Mf denote the fiber product M® Xn(a)°p N(A')°p. Restriction determines a functor 
M®'^ Mf. Regard Mf as a simpHcial set over N(A)°p via the composition Mf ^ N{A')°p ~ N(A)°p. 

Let 3^ denote the fiber product M*^ Xg^ 6®'^. We observe that Fun'(?vf,'D) and Fun(M, D) can be 
identified with Map^(?^^ D^) and Map^(M\ D''), respectively. In view of Proposition T.3.1.3.3, it will suffice 
to show that the map M~{le}xMcexM:^ ^[o] C Jsf induces an equivalence of marked simplicial sets 

C'NK Corollary T. 2. 3.4.4 implies that the restriction maps 7^ ^ M'^'^ Mf . arc trivial Kan fibrations. 
Consequently, it will suffice to prove that the composition V:M~{le}xMcexM~ (Mf )[o] C Mf 
induces a marked equivalence M*" (Mf )''. 

Let F : N(A)°^' — > Catoo classify the coCartesian fibration q. According to Proposition T.3.3.5.2, the 

marked simphcial set (Mf can be identified with the cofimit of diagram N(A')°p N(A)°f Catoo • 
Lemma T.6.1.3.16 implies that this colimit is equivalent to ^"([0]) ~ M. We now observe that the composition 
of this equivalence with the map tp is given by the functor M i— > le (8) M, which is equivalent to idjvc and 
therefore an equivalence. □ 

Definition 4.5.5. Let 6 be a monoidal oo-category with unit object Ig, let M be an oo-category which is 

right-tensored over C. A canonical balanced, pairing is a balanced pairing M® Xe« e®'-^ M whose image 
under the equivalence described in Proposition 4.5.4 is equivalent to the identity functor id^vt G Fun(M,M). 

In other words, a canonical balanced pairing is a balanced pairing for which the induced functor (le, •) : 
M ^ M is equivalent to the identity. 

Remeirk 4.5.6. In the situation of Proposition 4.5.4, composition with a canonical balanced pairing 

M® xe« e®'^ ->M 

induces a homotopy inverse to the equivalence Fmi'(M® Xg® Q^t^ ^ ■p^ ^ Fun(M, D). 

Remark 4.5.7. If M is instead right-tensored over 6, then we have a dual notion of a canonical balanced 
pairing Q'^'^ Xg» M® —>■ M. We note that this leads to two different definitions of a canonical balanced 
pairing g®'^ Xg® C®'^ —>■ G. However, these two notions coincide, since the functors 

C^{le,C), C^iCU) 

are equivalent to one another. 

Proposition 4.5.4 is really a special case of the following more general result (applied to a canonical 
pairing Cat^'^ Xgatoo Cat^'^ ^ Catoo): 

Proposition 4.5.8. Let G be a monoidal oc-category, M an oo-category right-tensored over G, A an algebra 
object ofG, D an oo-category which admits geometric realizations, F : M® Xg® C®''^ — *■ D a balanced pairing, 
and 

: Mod2(M) X Mod^(C) D 
the relative tensor product functor. Then the canonical map 

(f): (M,le) ^ (M,^) ~BarA(M,^)i ^ | BarA(M, ~ M (8>a A 

determines an equivalence between • ®a A and (•, le) {regarded as functors from ModA(M) to M). 
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Proof. Let K, M®'^, and Mf be defined as in the proof of Proposition 4.5.4, and let F' denote the compo- 
sition Mf A M®'^ ^ K ^ D . Define subcategories A" C A' C A as follows: 
(i) Every object of A is an object of A'; an object [n] G A belongs to A" if and only if n > 0. 

(m) a morphism a. : [m] [n] of A belongs to A' if and only if a(m) = n. If m,n> 0, then a belongs to 
A" if and only if a~^{n} = {m}. 

We have an equivalence of categories A ~ A", given by [n] i-^ [n] * [0]. 

Observe that N(A')°p contains [0] as a final object (in fact, as a zero object). Let denote the 
fiber product N(A')°^' Xn(a)op M®, and let 5oo : N(A')''p be the projection. Lemma T.6.1.3.16 and 

Proposition T.3.3.5.2 imply that the inclusion (Mf )^ C (M^)^ is an equivalence of marked simplicial sets. It 
follows that F' extends to a map F : — * D, where F carries goo-coCartesian morphisms to equivalences 
in D. 

The simplicial object Bar^(M, A), can be identified with the composition 

N( A)°f ~ N{A")"P ^ Mf ^ D . 

It follows that B&ia{M, A), extends to a functor U : N(Aoo)°^ ^ M® ^ D . Lemma T.6.1.3.16 implies that 
U determines an equivalence 

M(S)AA^\BaTAiM,A), \ ^ ;7([0]) 2±f'(M([0])). 

Wc note that there is a qoo-coCartcsian edge joining (Af([0]), Ig) e M x 6 ~ M^j to Af([0]) in M® . Since 

F carries goo-coCartesian edges to equivalences in D, we conclude that the map (j) is an equivalence, as 
desired. □ 

Corollary 4.5.9. Let M® ^ ^ be as m Definition 4.5.1, let : M® x g® ^ D &e a balanced 
pairing. Suppose that D admits geometric realizations. Let A G Alg(e), M G ModA(M), A^o G T^, o,nd let 
N e ModA(3Nf) be a free A-module generated by Nq. Then the composite map 

(M, No) (M, N) = Bar a{M, N), \ Ban a{M, N),\c^M<»aN 

is an equivalence in T). 

Proof. Using Corollary 2.6.7, we can choose a map of oo-categories F : e®'^ of oo-categories left- 

tensored over C®, such that F carries the unit object of C to A'o S 3\f. In view of Proposition 2.4.2, we may 
identify A^ with the image under F of A, regarded as a left A-module over itself as in Example 2.1.7. We 
may therefore reduce to the case where K® = 6®'^, and A^o = le G C. The desired result now follows from 
Proposition 4.5.8. □ 

Wc now establish some formal properties enjoyed by the two-sided bar construction and the relative 
tensor product. 

Proposition 4.5.10. Let M® ^ 6® ^ Ji® be as in Definition 4.5.1, let J' : M® Xg® ^ D 6e a balanced 

pairing. Let K be a simplicial set and let A £ Alg(C). Suppose that: 

(i) The oo-categories T> and 3\f — 3\f^j admit K -indexed colimits. 
{a) The oo-category T> admits geometric realizations for simplicial objects. 
{Hi) For each M G M, the pairing {M, •) : K — > 2) preserves K-indexed colimits. 

Then for each M G Mod^(M), the relative tensor product functor M (g)^ • : Mod^([N') — > D preserves 
K-indexed colimits. 
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Proof. In view of Lemma T.5.5.2.3, it will suffice to show that for every n > 0, the functor 

TV Bar A (M, N), 

preserves iC-indexed colimits. We now observe that there is canonical equivalence Bar^ (M,iV), ~ (M ® 
A®", N) of functors N — > D. The desired result now follows from (Hi). □ 

Let ^ e® ^ ?sf® be as in Definition 4.5.1, and let : Xg® ^ D be a balanced pairing. Let 
A be an algebra object of 6, and let 

6i:Mod^(M) ^M, 9' : Mod^CN) 

denote the forgetful functors. We observe that, for every M G Mod5(M) and N G Mod^(K), we have a 
canonical map 

{9{M), e'{N)) ~ BarA(M, N), ^ \ BarA(M, N),\c^M^aN. 

Proposition 4.5.11. Let ^ be as in Definition 4.5.1, let F : XgsK® ^ "D be a 

balanced pairing. Suppose that D admits geometric realizations for simplicial objects, and let A be an initial 
object o/Alg(C) (see Proposition 1.4.3). Then for every M G Mod^(M), N G Mod^ (3Nf), the natural map 
(j) : {0{M), 0'{N)) M ®aN is an equivalence in T). 

Proof. The relative tensor product M ®a N is defined as the geometric realization of the simplicial object 
BaxA{M,N), : N(A)°p D. Since N(A)°p is weakly contractiblc, Corollary T.4.4.4.10 impHcs that (j) is an 
equivalence provided that BarA(M, N), carries each morphism in A to an equivalence in D. Unwinding the 
definitions, we see that each of these morphisms can be identified with the map 

(6'(M), A®™ (g) e{N)) {e{N),A'^" ® 9{N)) 

determined by a map of linearly ordered sets [to] — *■ [n] . The desired result now follows easily from the fact 
that A is a unit object of 6 (Proposition 1.4.3). □ 

Lemma 4.5.12. Let C be an oo-category equipped with a monoidal structure, and let M be an oo-category 
which is left-tensored over 6. Suppose that M admits geometric realizations, and that for each C G 6 the 
functor C®» preserves geometric realizations. Let f : A A' be a morphism in Alg(C). Then the associated 

functor 6 : M.odA' (M.) ModA(M) (see Corollary 2.3.3) admits a left adjoint. 

Proof. Apply Corollary 3.4.11 to the homotopy commutative diagram 

ModA'(M) ^ ModA(M) 




M, 

together with Proposition 2.4.2 and Corollary 2.3.7. □ 
Proposition 4.5.13 (Push-PuU Formula). Let 

^ .3^ 

be as in Definition 4-5.1, let F : Xg® — > D fee a balanced pairing. Suppose that: 
(i) The oo-categories D and Ji admit geometric realizations, 
{ii) For every C G C, the functor C (g) • : K ^ N preserves geometric realizations. 
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(iii) For every M G M, the pairing (M, •) : N ^ 2) preserves geometric realizations. 

Let Mod-'^(M) Alg(e) ^ Mod-^(3^) be the induced functors, and let 

a = {au, a', a^) : (M, A, N) (M', A', N') 

be a morphism in Mod"^(M) XA.ig(e) Mod^([N'). Suppose that aji is an r -Cartesian morphism o/Mod^(M) 
and ul is an r' -coC artesian morphism o/Mod^(!N'). Then a induces an equivalence M ®a N — > M' ®a' N' 
in T>. 

Proof. Let us first regard an : M ^ M' and a' : ^ — *■ ^' as fixed. Lemma 4.5.12 implies that r' is a 

coCartcsian fibration, so that for each G Modyi(!M) there exists an (essentially unique) r'-coCartesian 
morphism a/, : A — *• a[N lifting a' . Let Mod^(3Nf) C ModA(3^) denote the full subcategory spanned by 
those A-modules N for which the induced map M 0a N — » M' ®a' (o'A) is an equivalence. Proposition 
4.5.10 implies that Mod^(?\r) is closed under geometric realizations in ModA(3Nf) (which admits geometric 
realizations in view of Corollary 2.3.7). Proposition 3.4.9 implies that ModA(3N') is generated, under geometric 
realizations, by the essential image of the functor (i\ : JAod-Aoi^) Modyi(^), where Aq denotes the initial 
object of Alg(C). Consequently, we may assume that N ~ (3\No. Let Mq denote the image of M under the 
forgetful functor ModA(M) ModA(,(M). We have a commutative triangle 



Mo (8>Ao No 



M^aN 




,N' 



in D. Consequently, to prove that ^ is an equivalence, it will suffice to prove that V'' and \p" are equivalences. 
In other words, we may reduce to the case where A is an initial object of Alg(C). The desired result now 
follows immediately from Proposition 4.5.11 and Corollary 4.5.9. □ 

Corollary 4.5.14. Let C, M, and f : A A' be as in Lemma 4.5.12, and let F : ModA(M) Mod^K^) 
be the left adjoint to the forgetful functor ModA'(M) Mod aCM.), and let : ModA'(M) ^ M 6e the 

F 

forgetful functor. Then the composition ModA(M) — *■ ModA'(^) ~^ ^ can he identified with the relative 
tensor product M ^ A' ^a M determined by a canonical balanced pairing Q^'^ Xg® —>■ M. 

Proof. According to Proposition 4.5.8, the forgetfid functor 9 can be identified with the relative tensor 
product A' (^A' •• Proposition 4.5.13 implies that A' 0^' F{M) is (canonically) equivalent to A' ®a M . Here 
we identify A' with its image in Mod2(e) under the forgetful functor Mod^,(e) ^ Mod^(e). □ 

Remark 4.5.15. Let C, M, and f : A ^ A' satisfy the hypotheses of Lemma 4.5.12. We will sometimes 
abuse notation by indicating the associated functor JAod^iJA) —> ModA'(M) by M i— > A' ^a M. This 
notation is partially justified by Corollary 4.5.14. 



4.6 Flat Modules 

Let A be a connective Atxj-ring. In this section, we will show that there is a good theory of flat and projective 
j4-modules, which reduces to the classical theory in the case where A is discrete. 

Definition 4.6.1. Let A be an ^oo-ring. We will say that a left ^-module M is free if is equivalent to a 

coproduct of copies of A (where wc view A as a left modide over itself, as in Example 2.1.7). We will say 
that a free module M is finitely generated if it can be written as a finite coproduct of copies of A. 

Suppose that A is connective. We will say that a map f : M ^ N of connective (left) A-modules is 
surjective if it induces a surjection of TroA-modules ttqM noN. 
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Warning 4.6.2. The terminologies introduced in Definitions 4.6.1 and 2.4.1 are not quite compatible with 
one another. Let M be a (left) module over an Aoo-i'ing A. Then M is free (in the sense of Definition 4.6.1) 
if and only if it is freely generated (in the sense of Definition 2.4.1) by a coproduct of copies of the sphere 
spectrum. If Mq is a general spectrum, then the left A-module A (g) Mq freely generated by Mq is typically 
not free in the sense of Definition 4.6.1. 

Remark 4.6.3. Using the long exact sequence of homotopy groups associated to an exact triangle, we 
conclude that a map f : M ^ N oi connective modules over a connective Aoo-ring is surjective if and only 
if ker(/) is also connective. 

Definition 4.6.4. Let ^4 be a connective Aoo-ring. We will say that a left A-module P is projective if it 
a projective object of the oo-category (Mod^)>o of connective left ^-modules, in the sense of Definition 
S.14.14. 

Remark 4.6.5. The terminology of Definition 4.6.4 is potentially ambiguous: a projective left A-module is 
typically not projective as an object of Mod^. However, there is little risk of confusion, since the oo-category 
Mod^ has no nonzero projective objects. 

Proposition 4.6.6. Let A he a connective Aoo-ring, and let P be a connective left A-module. The following 
conditions are equivalent: 

(1) The left A-module P is projective. 

(2) There exists a free A-module M such that P is a retract of M. 

Proof. Suppose first that P is projective. Choose a map of left ^-modules p : M ^ P, where M is free 
and the induced map ttqM — > ttqP is surjective (for example, we can take M to be a direct sum of copies 
of A indexed by the set ttqP). Invoking Proposition S.14.17, we deduce that p admits a section (up to 
homotopy), so that P is a retract of M. This proves (2). To prove the converse, we observe that the 
collection of projective left ^-modules is stable under retracts. It will therefore suffice to show that every 
free left A-module is projective. This follows immediately from the characterization given in Proposition 
S.14.17. □ 

Remeirk 4.6.7. It follows from the proof of Proposition 4.6.6 that, if ttqP is a finitely generated left module 
over ttqA, then we can choose M to be a finitely generated free j4-module. 

Corollary 4.6.8. Let A be a connective A^-ring. Then the oo-category (Mod^)>o is projectively generated 
(Definition S. 14-19). Moreover, the following conditions on a connective left A-m,odule P are equivalent: 

(1) The A-module P is projective, and ttqP is finitely generated as a woA-module. 

(2) The A-module P is a compact projective object of (Mod^)>o- 

(3) There exists a finitely generated free A-module M such that P is a retract of M. 

Proof. The first assertion and the equivalence (2) (3) follow by applying Corollary 3.4.12 to the compo- 
sition 

(Mod^)>o - §r" §, 

and invoking Example S. 14.20. The equivalence (1) <^=> (3) follows from Remark 4.6.7. □ 

Recall that, if M is a left module over an ordinary ring A, we say that M is flat if the functor N i-^ N®aM 
is exact. 

Definition 4.6.9. Let M be a left module over an ^oo-ring A. We will say that M is flat if the following 
conditions are satisfied: 
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(1) The homotopy group ttqM is flat as a left module over ttqA, in the classical sense. 

(2) For each n G Z, the natural map 7r„A ^ttoA ttq-M — > 7r„M is an isomorphism of abelian groups. 
Remeirk 4.6.10. Let ^4 be a connective j4oo-ring. Then every flat left j4-module is also connective. 

Remark 4.6.11. Let A be a discrete ^oo-ring. A left ^-module M is flat if and only if M is discrete, and 

ttqM is flat over ttqA (in the sense of classical ring theory). In other words, Definition 4.6.9 is compatible 
with the classical definition of flatness, if we identify discrete Ao^-rings and modules with the underlying 
classical objects. 

In order to use Definition 4.6.9 effectively, we need to understand the relationship between the relative 
tensor products constructed in §4.5 and the tensor products in classical noncommutative algebra. 

Notation 4.6.12. Let A be an ordinary associative ring, let M be a right A-module and N a left ^-module. 
Homological algebra associates to the triple (M, A, N) a collection of groups Tor^ (M, TV), given by the left 
derived functors of the (classical) tensor product ®a (see [38]). We observe that if A is a graded ring and the 
modules M and N are compatibly graded, then Tor^ (M, N) inherits a grading (as can be seen by performing 
homological algebra in the setting of graded A- modules). In this case, we will denote the qth graded piece of 
Tor^(M,7V) byTor^(M,7V),. 

Proposition 4.6.13. Let A be an Aao-ring, let M be a right A-module, and let N be a right A-module. 
We regard 7r*M and ^^.N as graded modules over the graded ring 7r*A. There exists a convergent spectral 
sequence with E2-page 

EP^" = Tor;*^(7r,M,^,7V), ^ TTp+,iM ®^ N). 

Proof. We will say that a left A-module P is quasi-free if P can be obtained as a direct sum of A-modules 
of the form A[n], where n € Z. We will say that a map of left A-modules P ^ N is quasi- surjective if the 
induced map 7r,P tt^N is a surjection of graded 7r,A-modules. We observe that for every left A-module 
N, there exists a quasi-surjection P ^ N, where P is quasi-free. For example, we can take P to be a direct 
sum ©^A[n], where ri ranges over TTnN. 
We now construct a filtered object 

...^g(-i)^Q(o)^g(i)^... 

in the oo-category (Mod^)/jv. We begin by setting Q{i) = for i < 0. Suppose that i > 0, and that the 
map f{i — 1) : Q{i ~1) ^ N has already been constructed. Choose a quasi-surjection P{i) —>■ coker /(i — 1), 
where P{i) is quasi-free, and form a puUback square 

Q{i) ^P{i) 

f{i) 

N coker f{i — 1) 

in the oo-category (Mod^)Q(i_i)/ (and therefore also in Mod^). We have a map of distinguished triangles 
Q{i - 1) ^ Q{i) ^ P(i) ^ P(i)[l] 

Q{i - 1)^ ^'"^^ > N > coker /(i - 1) > Q{i - 1)[1]. 

We have a quasi-surjective map 5(0) : P(0) ~ Q{0) N. For each i > 0, let 6{i) denote the composite 
map 

p(i + l)^Q(,)[l]^p(,)[l]. 
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We claim that the induced sequence of left tt* A- modules 

. . . ^ 7r*+iP(l) ^ 7r*P(0) ^ TT^N 

is exact. The exactness at 7r»iV is obvious. We will prove the exactness at TT^^iP{i) for i > 0; the proof for 
i = requires only simple changes of notation and is left to the reader. We first observe that the composition 
S{i) o 5{i + 1] factors through Q(i) P{i) Q(i — 1)[1], which is nullhomotopic. Now suppose that 
T) G TTnP{i) lies in the kernel of the map 7r„P(i) 7r„_iP(i — 1). Let r]o € iTn-iQii — 1) denote the image 
of T]. Using the exactness of the sequence 

nn-lQ{i - 2) ^ -JTn-lQ{i - 1) ^ -JTn-lP{i), 

we conclude that 770 is the image of some rn G 7r„_i(3(i — 2), such that the image of r]i in iTn-iN is zero. 
Using the exactness of the sequence 

7r„coker/(i - 2) ^ 7r„_i(3(z - 2) ^ iTn-iN 

and the assumption that the map P{i — 1) — *■ coker/(i — 2) is quasi-surjective, we conclude that 771 is itself 
the image of some 772 G 7r„P(i — 1). Since the composition P{i — 1) — > Q{i — 2)[1] Q(i — 1)[1] is null, we 
conclude that 770 = 0. The exactness of the sequence 

TT„Q{i - 1) ^ 7r„(5(i) 7r„P(i) Wn-iQii - 1) 

shows that 77 is the image of an element rj G 7r„(5(i). Moreover, we are free to modify rj by adding the image 
of any element in TTnQ{i — 1). Since the map TTnQ{i ^ 1) ^ T^nN is surjective, we may assume without loss 
of generality that the image of rj in 'KnN is zero. Using the exactness of the sequence 

7r„+i coker/(i) T:„Q{i) 7r„A^ 

and the assumption that the map P{i + 1) ^ coker/(i) is quasi-surjective, we conclude that rj is the image 
of an element of 7r„+iP(i + 1), as desired. 
Let Q{oo) be a colimit of the sequence 

...g(-l)^Q(0)^Q(l)^... 

in the oc-catcgory of left ^-modules. Applying Proposition S.11.13 to the above sequence (regarded as 
a filtered object of the 00-category of spectra), we conclude that there is a spectral sequence {EP''^,dr} 
which converges to 7r*(5(oo). The exactness statement established above shows that this spectral sequence 
degenerates at r = 2, with 

EP'i = l^ if P 7^0 

^ [TTgN if 75 = 0. 

It follows that the natural map Q{oo) ^ iV is an equivalence, so that we can identify N with a colimit of 
the sequence Q. 

Proposition 4.5.10 implies that M N can be identified with a colimit of the filtered spectrum 

. . . ^ M ®A (3(0) ^ M ®A (3(1) ^ . . . 

Applying Proposition S.11.13 again, we deduce the existence of another spectral sequence 

E^'" = np+g{M ®A P{p)) 7rp+g(M 0^ N). 

To complete the proof, it suHices to observe that since each P{p) is quasi-free, the natural map 7r*M (^Tr.A 
■Kt,P{ji) — *■ 77* (M ®A P{p)) is an isomorphism. It follows that the £2'"^ term of the above spectral sequence 
can be identified with the homologies of the complex 

. . . TT^M ®^_,A 7r,+ iP(l) TT*M (S)^,A 7r*P(0), 

which coincide with the Tor-groups Tor^*'^(7r*M,7r*7V). □ 
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Remark 4.6.14. In the situation of Proposition 4.6.13, the -Bi-page of the spectral sequence depends on 
the choice of the filtered object 

...Q(-l)^Q(0)^g(l)^... 

However, one can show that the i?2-page is independent of this choice, and is functorially determined by the 
triple {M,A,N). 

Corollary 4.6.15. Let A be an Aoo-ring, M a right A-module, and N a left A-module. Suppose that A, M, 
and N are discrete. Then there exists a canonical isomorphism 

7r„(M N) ~ Tor^''^(7roM, ttoN). 

Corollary 4.6.16. Let A he an A^-ring, M a right A-module, and N a left A-module. Suppose that N is 
flat. For each n the canonical homomorphism 

e : 7r„M 0^0^ -kqN TTr,{M N) 

is an isomorphisms of abelian groups. 

Proof. If N is flat, then Torp*'^(7r*M, 7r*A^) vanishes for p > 0, and is isomorphic to 7r*M 'E)ttoA ttqA^ for 
p — 0. It follows that the spectral sequence of Proposition 4.6.13 degenerates at the i^2-page and yields the 
desired result. □ 

Corollary 4.6.17. Let A be a connective A^-ring, M a connective right A-module, and N a connective left 

A-module. Then: 

(1) The relative tensor product M ®a N is connective. 

(2) There is a canonical isomorphism 7ro(M (g)^ A'') ~ ttqM ^t^qA t^o^^ in the category of abelian groups. 

Proof. This follows from the spectral sequence of Proposition 4.6.13, since -Bf' vanishes for p < or g < 0, 

while £;2'° ~ TToM ®^„A T^oN. □ 

Our next goal is to prove an analogue of Lazard's theorem, which characterizes the class of flat modules 
over a connective Aoo-ring. 

Lemma 4.6.18. Let A be an Aoo-ring. 

(1) The Aoo-ring A is flat, when viewed as a left module over itself. 

(2) The collection of flat A-modules is stable under coproducts, retracts, and filtered colimits. 

(3) Every free A-module is flat. If A is connective, then every projective A-module is flat. 

Proof. Assertions (1) and (2) are obvious, and (3) follows from Proposition S.14.17. □ 

Theorem 4.6.19 (Lazard's Theorem). Let A be a connective Aoo-ring, and let N be a connective left 
A-module. The following conditions are equivalent: 

(1) The left A-module N can be obtained as a filtered colim.it of finitely generated free modules. 

(2) The left A-module N can be obtained as a filtered colimit of projective left A-modules. 

(3) The left A-module N is flat. 

(4) The functor M ^ M iSir N is left t-exact; in other words, it carries (Mod5)<o into (§cx3)<o- 

(5) If M is a discrete right A-module, then M N is discrete. 
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Proof. The implications (1) (2) => (3) arc obvious. The implication (3) (4) follows from Corollary 
4.6.16, and (4) ^ (5) follows from Corollary 4.6.17. 

We next show that (5) => (3). Suppose that (5) is satisfied. The functor M M N is exact, and 
carries the heart of Mod^ into itself. It therefore induces an exact functor from the abelian category of right 
TTo^-modules to itself. According to Corollary 4.6.17, this functor is given by (classical) tensor product with 
the left TTo^-module -kqN. Prom the exactness we conclude that -kqN is a flat Tro^-module. 

Wc now prove that the natural map 4) : iTnA ^t^qA ttq-ZV tt^AT is an isomorphism for all n £ Z. For 
n < 0, this follows from the assumption that both A'^ and A are connective. If n = there is nothing to 
prove. We may therefore assume that n > 0, and we work by induction on n. Let M be the discrete right 
A- module corresponding to no A. The inductive hypothesis implies that Torp*"^(7r,M, tt, A)^ vanishes unless 
p = q = 01 q>n. These Tor-groups can be identified with the iJ2-terms of the spectral sequence of 
Proposition 4.6.13, which computes the homotopy groups of the discrete spectrum M (g)^ A'. Consequently, 
we have E]^ — iJ^'" — n^N. A simple calculation shows that i?^'" — coker(c/i), and that if (j) is surjective 
then E},'" — ker(0). To complete the proof, it suffices to prove that i?2 " — * for < i < 1. To see this, we 
observe that the vanishing of the groups i?2~'^'"~'~'"~ and for r > 2 implies that -E2" — -^^"5 ''^^i^ 

the latter is a subquotient of 7ri_|_„(M (i)A N), which vanishes in view of assumption (5). 

To complete the proof, it will suffice to show that (3) implies (1). Let 6 be the full subcategory of Mod^ 
spanned by a set of representatives for all free, finitely generated A-modules. Then 6 is small, and consists 
of compact projective objects of (Mod^)>o, which generate (Mod^)>o under colimits. It follows (see §S.14) 
that the inclusion 6 C Mod^ induces an equivalence CPs(C) (Mod/i)>o. Applying Lemma T. 5. 1.5. 5, we 
conclude that the identity functor from (Mod^)>o is a left Kan extension of its restriction to C. It follows 
that for every connective left A-module A^, the canonical diagram C/^ = C XjvtodA (^od^)/Af ~^ Mod^ has 
N as a colimit. To complete the proof, it will suffice to show that G/n is ffitered provided that A" is flat. 

According to Proposition T. 5. 3. 1.13, it will suffice to verify the following conditions: 

(i) For every finite collection of objects {Aj} of C/n, there exists an object A G C/at together with 
morphisms Aj — > A. 

(ii) For every pair X,Y G G/n^ every nonnegative integer n > 0, and every map 5" — > Mape^^(X, F) 
in the homotopy category J{, there exists a morphism Y — > Z in G/n such that the induced map 
Mape (X, Z) is nullhomotopic. 

Assertion (i) follows immediately from the stability of 6 under finite coproducts. We now prove (ii). 
Suppose given a pair of maps f : X N and g : Y ^ N, respectively. We have a homotopy fiber sequence 

Mape^,(/,5) ^ Mape(A,y) ^ Mapj^,^^{X,N). 

Since Mod^ is stable, Mapg^^ (/, is a torsor over Map-,y[Q^^(A, ker(5)). It follows that any map 5" — > 

Mapj^^^^{X,'kcT{g)) determines a homotopy class r] G Ext^^^^{X,'kei{g)). We wish to prove that there 
exists a commutative diagram 



Y ^Z 




N 



such that the image of r] in Ext^"j^(A', ker(/i)) vanishes. Arguing iteratively, we can reduce to the case 
where A ~ A, so that 77 can be identified with an element of 7r„ ker(g). 

Let 77' G TTnY denote the image of rj. Our first step is to choose a diagram as above with the property 
that the image of r]' in 7r„Z vanishes. We observe that rj' lies in the kernel of the natural map 7r„(5) : 
7r„y — > TTnN ~ TorQ°'^(7r„j4, ttqA'). The classical version of Lazard's theorem (see [19]) implies that ttqA' is 
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isomorphic to a filtered colimit of free left TroA-modules. It follows that there exists a commutative diagram 



P 




of left TTo^l- modules, where P is a finitely generated free module, and the image of rj' in 7r„A(g)7roA P vanishes. 
Using the freeness of P, we can realize h as ttq/i, where h : Z ^ N is a morphism of left j4-modules, and Z 

is a finitely generated free module with ttqZ ~ P. Similarly, we can realize k as TTak, where fc : K — > Z is a 
morphism of left A-modules. Using the freeness of Y again, we conclude that the diagram 




commutes in the homotopy category hModA, and can therefore be lifted to a commutative triangle in Modyi- 
By construction, the image of rj' in 7r„Z vanishes. Replacing Y by Z, we may reduce to the case where rj' = 0. 
We now invoke the exactness of the sequence sequence 

7r„+iiV Tin ker(5) 7r„y 

to conclude that r] is the image of a class 77" € iin+iN ~ iTn+iA ®T^f^A t^oN . Invoking Lazard's theorem once 
more, we deduce the existence of a commutative diagram of left TroA-modules 

Q 




where Q is a finitely generated free module, and rf is the image of some clemc^nt of Hn+iA ^-^aA N. Arguing 
as before, we may assume that the preceding diagram is induced by a commutative triangle of left A-modules 



Z 




Replacing Y by Z, we may assume that rj" lies in the image of the map Wn+iY — > iVn+iN. The exactness of 
the sequence 

Wn+lY TTn+lN 7r„ keT{g) 

now implies that 77 = 0, as desired. This completes the proof of the implication (3) => (1). □ 

We now study the behavior of flatness under base change. 

Proposition 4.6.20. Let f : A ^ B be a map of Aao-rings, let G : Mods — > Mod^ be the forgetful functor, 
and let F : Mod^ Mods be a left adjoint to G {given by M 1-^ B (g)^ M, in view of Corollary 4-5-14)- 
Then: 

(1) The functor F carries free {projective, fiat) A-modules to free {projective, flat) B-modules. 

(2) Suppose that B is free {projective, flat) as a left A-module {that is, G{B) is free, projective, or fiat). 
Then G carries free {projective, flat) B-modules to free {projective, fiat) A-modules. 
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(3) Suppose that, for every n > 0, the map f induces an isomorphism 7r„A — > 7r„_B. Then F induces an 
equivalence of categories Mod^ Mod'^; here Mod^ denotes the full subcategory o/Mod^ spanned 
by the flat left A-modules, and Mod^ is defined likewise. 

Proof. Assertions (1) and (2) are obvious. To prove (3), we first choose A' to be a connective cover of A (see 
Proposition 4.3.8). We have a homotopy commutative triangle of oo-categories 

Mod^ 



Mod^, 

It therefore suffices to prove the analogous assertion for the morphisms A' ^ A and A' B. In other words, 
we may reduce to the case where A is connective. 

Since A is connective, the oo-category Mod^ admits a t-structure. Let F' denote the composite functor 

(ModA)>o C ModA Mods • 

Then F' has a right adjoint, given by the composition t>qoG. Assertion (1) implies that F' preserves flatness, 
and a simple calculation of homotopy groups shows that G' preserves flatness as well. Consequently, F' and 
G' induce adjoint functors 

Mod^^%^Mod^- 

G 

It now suffices to show that the unit and counit of the adjunction are equivalences. In other words, we must 
show: 

[i) For every flat loft A-modulc M , the unit map M t>qB ®a M is an equivalence. For this, it suffices 
to show that HiM ~ TTiTyoB ®a M is an isomorphism for i G Z. If i < 0, then both groups vanish, 
so there is nothing to prove. If i > 0, then we must show that tTjM ~ '!Ti{B 0^ M), which follows 
immediately from Corollary 4.6.16 and the assumption that tt^A ~ iTiA. 

{ii) For every flat left _B-module A^, the counit map B ^at>qG{N) ^ is an equivalence. In other words, 
we must show that for each j G Z, the map ^^{3 (Si a t>oG{N)) — > WjN is an isomorphism of abelian 
groups. Since G{N) is flat over A, Corollary 4.6.16 implies that the left side is given by -k^B^t^^at^oN. 
The desired result now follows immediately from our assumption that N is flat. 

□ 

In general, if M is a flat left ^-module, then "global" properties of M as an A-module are often controlled 
by "local" properties of ttqM, viewed as a module over the ordinary ring ttqA. Our next pair of results 
illustrates this principle. 

Lemma 4.6.21. Let A be an A^-ring, and let f i A/ — > N be a map of flat left A-modules. Then f is an 
equivalence if and only if it induces an isomorphism ttqM — > woN. 

Proof. This follows immediately from the definition of flatness. □ 

Proposition 4.6.22. Let A be a connective Aoo-ring. A fiat left A-module M is projective if and only if 
■kqM is a projective module over ttqA. 

Proof. Suppose first that ttqM is freely generated by elements Let P = Uie/ let / : P — > M 

be a map represented by {rii}i^i. By construction, / induces an isomorphism ttqP — > ttqM. Lemma 4.6.21 
implies that / is an equivalence, so that M is free. 
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In the general case, there exists a free TToA-module Fg and a direct sum decomposition Fq ~ TVg © -kqM. 
Replacing Fq by ©n>o-Po if necessary, we may assume that A^o is itself free. The projection map Fq ttqM 
is induced by a map g : F ^ M oi left A-modules, where F is free. Then g induces a surjection ttqF ~ Fq ^ 
■kqM. Using the flatness of M, we conclude that the maps 

are also surjective. Let iV be a kernel of <?, so that we have a commutative diagram 



TTj-A 'S'woA T^qN >- TTiA ^ttqA 



0- 



■TTiF- 



■mM- 



■0. 



Using the flatness of F and M, we deduce that the upper row is short exact, and that the maps (f) and 
(/)" arc isomorphisms. The snake lemma implies that (p is an isomorphism; moreover, ttqN is isomorphic to 
the kernel of a surjection between flat TToA-modulcs, and is therefore itself flat. It follows that is a flat 
j4-module. Since ttoN is free, the first part of the proof shows that TV is itself free. 

Let p : N ^ F denote the natural map. Since ttqAI is projective, the inclusion n^N C ttqF is split. Since 
F is free, we can lift this splitting to a morphism q : F —>■ N. Then q o p : N ^ N induces the identity map 
from ttqN to itself. Since N is free, we conclude that there is a homotopy q op ~ idw. It follows that iV is a 
direct summand of F in the homotopy category hC. Consequently, M ~ coker(p) can be identified with the 
complementary summand, and is therefore projective. □ 



4.7 Finiteness Properties of Rings and Modules 

In this section, we will discuss some finiteness conditions on the oo-categories of modules over an ^oo-ring 
R. We begin by introducing the definition of a perfect i?-module. Roughly speaking, an i?-module M is 
perfect if it can be obtained by gluing together finitely many (possibly shifted) copies of R, or is a retract of 
such an i?-module. Alternatively, we can describe the class of perfect i?-modules as the compact objects of 
the cxD-category Modi? (Proposition 4.7.2). 

In general, the condition that an i?-module be perfect is very strong. For example, if i? is a discrete 
commutative ring and M is a finitely generated (discrete) module over R, then M need not be perfect 
when viewed as an object of the stable oo-category Modij. In general, this is true if and only if i? is a 
regular Noetherian ring. To remedy the situation, we will introduce the weaker notion of an almost perfect 
i?-module. This notion has a much closer relationship with finiteness conditions in the classical theory of 
rings and modules. In particular, we will show that a left i?-module M is almost perfect if and only if each 
WiM is a finitely presented left module over noR, and niM ~ for i <C (Proposition 4.7.19), at least when 
R itself satisfies a suitable finiteness condition (that is, when R is left coherent in the sense of Definition 
4.7.15). 

Definition 4.7.1. Let A be an Aoc-ring. We let Mod^''"''^* denote the smallest stable subcategory of Mod^ 
which contains A (regarded as a left module over itself) and is closed under retracts. Similarly, we let 
Mod^'^'*'^^ denote the smallest stable subcategory of Mod^ which contains A and is closed under retracts. 
We wiU say that a left (right) A-module M is perfect if it belongs to Mod^'"*""^ (Mod^'"*""^). 

Proposition 4.7.2. Let A be an Aoo-ring. Then: 

(1) The oo-category Mod^ is compactly generated. 

(2) An object of Mod^ is compact if and only if it is perfect. 
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Proof. The compact objects of ModA form a stable subcategory which is closed under the formation of 

retracts. Moreover, Proposition 2.4.2 implies A G Mod^ corepresents the composition Mod^ — > Soc §, 
where both maps preserve filtered colimits. It follows that A is compact as an A-module. This proves that 
every perfect object of Mod^ is compact. 

According to Proposition T. 5. 3. 5. 11, the inclusion / : Mod^''^'^'^* C Mod^ induces a fully faithful functor 
F : Ind(Mod^''"''^') Mod^. To complete the proof, it will suffice to show that F is essentially surjective. 
Since / is right exact, F preserves all colimits (Proposition T. 5. 5. 1.9), so the essential image of F is stable 
under colimits. If F is not essentially surjective, then Proposition S.18.1 implies that there exists a nonzero 
N £ Mod;^ such that Map^yf^jt (iV', iV) ~ * for all N' belonging to the essential image of F. In particular, 

taking N' = A[n], we conclude that 7r„A^ ~ *. It follows that is a zero object of Mod^, contrary to our 
assumption. □ 

Proposition 4.7.3. Let A be an Aoo-ring. The relative tensor product functor 

®A ■■ Mod^ X Mod^ Soo 

induces fully faithful emheddings 

e : Mod^ ^ Fun(Mod^, S<x>) 0' : Mod^ ^ Fun(Mod2, Soo)- 

A functor f : Mod^ — > §oo (/" : Mod;^ — »■ Soo) belongs to the essential image of 6 {6') if and only if f (/') 
preserves small colimits. 

Proof. Let C be the full subcategory of Fun(Mod^, Soo) spanned by those fimctors which preserve colimits. 
Proposition T.5.5.3.8 implies that C is presentable, and Proposition 4.5.10 implies that factors through C. 
We will show that 6 induces an equivalence G : Mod^ 6; the analogous assertion for left modules follows 
by the same argument. 

Proposition 4.7.2 implies that Mod^ is equivalent to the oo-category Ind(Mod^'''°'^^). It follows from 
Propositions T.4.2.3.11, T.5.5.1.9 and S.5.1 that 6 is equivalent to the oo-category Fun'^''(Mod^'P''''^ Soo) of 
exact functors from Mod^'^'^'^^ to spectra. In particular, for every perfect left ^-module N, evaluation on K 
induces a functor 6 — » Soo that preserves all small limits and colimits. 

Let G' : G ^ Soo be given by evaluation on A, regarded as a (perfect) left module over itself. If a : f ^ f 
is a natural transformation of functors from Mod^'^'^'^^ to Soo, then the full subcategory of hMod^'''°'^^ spanned 
by objects C such that a{C) : fiC) f'{C) is an equivalence is a triangulated subcategory of hMod^'^"^ 
which is stable under retracts. If follows that G" is conservative: if G'{a) is an equivalence, then a is an 
equivalence. Since G' preserves small limits, we deduce also that G" detects small limits: if p : — ^ 6 is 
such that G" op is a limit diagram in Soo, then p is a limit diagram in C. Similarly, G' detects small colimits. 

The composite functor G' o G : Mod^ Soo can be identified with the forgetful functor, in view of 
Proposition 2.4.2. It follows that G' oG preserves all limits and colimits (Corollaries 2.3.5 and 2.3.7). Since 
G" detects small limits and colimits, we deduce that G preserves small limits and colimits. Corollary T.5.5.2.9 
implies that G and G" admit left adjoints, which we will denote by F and F' . 

Choose unit and counit transformations 

wrid^GoF, v.FoG^id. 

We wish to prove that u and v are equivalences. Since G' o G detects equivalences, the functor G detects 
equivalences, so that v is an equivalence if and only if G{v) :GoFoG— >Gisan equivalence. Since G{v) 
has a section determined by u, it will suffice to prove that 7i is an equivalence. 

Let e' be the full subcategory of 6 spanned by those objects / G C for which the map u{f) : f {GoF){f) 
is an equivalence. Since G and F preserve small colimits, we deduce that C' is stable under shifts and colimits 
in C. Proposition 3.4.9 implies that C is generated, under geometric realizations, by the essential image of 
F'. Let S'^ C Soo be the inverse image of C' under F' . Since F' is a colimit-preserving functor, we deduce 
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that 8^ C is closed under shifts and colimits. Since Soo is generated under coUmits by the objects S[n], 
where n e Z and S £ §00 denotes the sphere spectrum, it will suffice to show that S e 8^. 

Proposition 2.4.2 allows us to identify {F o F'){S) with S (g) A ~ A, regarded as a left module over itself. 
Proposition 4.5.8 implies that (G o F){F'{S)) can be identified with the forgetful functor Jq : 3Vtod^ — > 800 • 
We are reduced to proving that the unit map 5 ^ A ~ /o(^) induces an equivalence F'{S) ~ /o in 6. 

Applying Proposition S.10.10, we can identify 6 with the full subcategory D C Fun(Mod^'P'''* , S) = 
CP(Mod^''"''^^'°^) spanned by those functors which preserve finite limits. Under this equivalence, /o corre- 
sponds to the composition Mod^'^*"^ C Mod^ Sqo §, while F'{S) corresponds to the image of * € § 

under the composition S §00 G — T> which is the left adjoint to the the functor D ^ 8 given by 
evaluation at A G Mod^'^'''^'. To complete the proof, it will suffice to show that the imit 1 G ttqA exhibits 

the composite functor Mod^ §00 ^ 8 as corepresented by A G Mod^. In other words, we must show 
that for every M G Mod^, the canonical map MslPj^^^l{A,M) — > Q°°M is a homotopy equivalence. Using 
Proposition 2.4.2, we can reduce to the case where A is the unit object of Alg(8oc)- In view of Corollary 
2.4.4, we are reduced to proving that if M G 800, then the canonical map Mapg^ (5*, M) i}°°M is an 
equivalence, which is clear (since S ~ by definition). □ 

Remark 4.7.4. Proposition 4.7.3 admits the following generalization. Suppose that A and B are ^00-rings. 

Then the 00-category of colimit preserving ftmctors from Mod^ to Mod^ is equivalent to an oc-catcgory of 
A-B-bimodules. A precise formulation (and proof) of this statement require some elaboration on the ideas 
presented in this section. For a proof in the language of model categories, we refer the reader to [33] . 

Proposition 4.7.5. Let A be an Aao-ring, and let M be a left A-module. The following conditions are 
equivalent: 

(1) The left A-module M is perfect. 

(2) The left A-module M is a compact object of Mod^ . 

(3) There exists a right A-module such that the composition Mod^ ^ § equivalent to 
the functor corepresented by M. 

Moreover, if these conditions are satisfied, then the object G Mod^ is also perfect. 

Proof. The equivalence (1) <^ (2) is a consequence of Proposition 4.7.2. Let 6 denote the full subcategory 
of Fun(Mod^, 800) spanned by those functors which are continuous and exact. Proposition 4.7.3 yields an 
equivalence of oo-categories Mod^ — > C. According to Proposition S.10.10, composition with n°° induces 
a fully faithful embedding G — > Fun(Mod^, 8), whose essential image C' consists precisely of those functors 
which are continuous and left exact. The functor co-represented by M is automatically left-exact, and is 
continuous if and only if M is compact. This proves that (2) <^ (3). 

Let j : (Mod^)°P Fun(Mod^,8) denote the dual Yoneda embedding, so that j restricts to a map 
j' : {'Mod^^°'^^)°P 6'. Composing j' with a homotopy inverse to the equivalence Mod^ ^6^6', we 
obtain a "dualization" map {Mod'^^^'^yp Mod^, which we will indicate by M M^. Let D C Mod^'P'^"^ 
be the full subcategory spanned by those objects M such that is perfect. We wish to show that 
T) = Mod;^'"^"''. The functor M 1-^ is exact, and Mod;^''^"''^ is a stable subcategory of Mod;^ which is 
closed under retracts. It follows that D is a stable subcategory of Mod^ which is closed under retracts. It 
now suffices to observe that ^4^ ~ A, so that A gD. □ 

Corollary 4.7.6. Let A be a connective A^-ring, and let M be a perfect left A-module. Then: 

(1) The homotopy groups vanish for m <C 0. 

(2) Suppose that iTmM ~ * for all m < k. Then WkM is a finitely presented module over ttqA. 
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Proof. We have an equivalence M ~ lim(r>_„ A/). Since M is compact (Proposition 4.7.2), we conclude 
that M is a retract of some T>-nM, so that iimM ~ * for m < — n. This proves (1). To prove (2), we 
observe that the inclusion of the heart of MocIa into (ModA)>o preserves filtered colimits, so the right adjoint 
T<o : (ModA)>o Mod^""^ preserves compact objects. It now suffices to observe that the compact objects 
in the ordinary category of TTo^-modules are precisely the finitely presented modules. □ 

In the situation of Proposition 4.7.5, wc will refer to as a dual of M. We next prove that this notion 
of duality determines an anticquivalcncc between the oo-categories Mod^'P°'* and Mod^'P^""'. 

Lemma 4.7.7. Let C and T> be oo-categories, and let F : C x Ti ^ E> be a bifunctor. The following conditions 
are equivalent: 

(1) The induced map f : G ^ Fun(D, S) = y(D°^) is fully faithful, and the essential image of f coincides 
with the essential image of the Yoneda embedding — > CP(D°^) . 

(2) The induced m.ap /' : D ^ Fun(e, §) = J'(C°*') is fully faithful, and the essential image of f coincides 
with the essential image of the Yoneda embedding — > '3'{C"^). 

Proof. Let 

Ge : e X ^ §, Gd : X H ^ § 

be the maps used in the definition of the Yoneda embeddings (see §T.5.1.3). Then (1) is equivalent to the 

existence of an equivalence a : D"^ — > C such that the composition xD— ^CxD^Sis homotopic to 

Gd- If /3 is a homotopy inverse to a, then the composition C x C x 2) ^ S is homotopic to Ge, which 

proves (2). The converse follows by the same argument. □ 

We will say that a functor FiCxD^Sisa perfect pairing if it satisfies the hypotheses of Lemma 4.7.7. 
In this case, F determines an equivalence between 6 and T)°^, well-defined up to homotopy. The proof of 
Proposition 4.7.5 yields the following: 

Proposition 4.7.8. Let A be an A^o-ring. Then the bifunctor 

Mod^'P"'''' x Mod^'P"'' ^ §oo § 

is a, perfect pairing. 

Remark 4.7.9. Let A be an j4oo-ring. It follows from Proposition 4.7.8 that the oo-category of right A- 
modules is formally determined by the oo-category of left A-modules. Namely, Mod^ is equivalent to the 
oo-category of Ind-objects of (Mod^'P'''^^)''^, where Mod^'P*"^^ is the oo-category of compact objects of Mod^. 

Let A be an Aoo-ring, and let M be a left A-module. Roughly speaking, M is perfect if it can be 
obtained from the zero module through a finite process of attaching copies of A and forming retracts. This 
is a very strong condition which is often violated in practice. For example, suppose that A is a commutative 
Noetherian ring (viewed as a discrete Aoo-ring), and that M is a discrete ^-module, such that woM is finitely 
generated over A in the sense of classical commutative algebra. In this case, we can choose a resolution 

...^ P2^ Pi^ Po^ noM 

where each Pj is a free ^-module of finite rank. However, we cannot usually guarantee that P„ ~ for 
n 3> 0; in general this is possible only when A is regular ([6]). The module M is not generally perfect as an 
A-module spectrum (see Example 4.7.27 below). Nevertheless, the fact that we can choose each Pi to be of 
finite rank imposes a strong finiteness condition on M, which we now formulate. 

Definition 4.7.10. Let C be a compactly generated oo-category. We will say that an object G G 6 is 

compact to order n if t<„(G) is a compact object of t<„ C (see §T.5.5.5 for an explanation of this notation). 
We will say that G G 6 is almost compact if it is compact to order n for all n > 0. 
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Lemma 4.7.11. Let G be a compactly generated oo-category, let C be an object of C, and let m < n be 
integers. If C is compact to order n, then C is compact to order m. If C is compact, then it is compact to 
order n for all integers n. 

Proof. Corollary T.5.5.6.4 implies that the oo-categories T<m C and r<„ C are compactly generated and stable 
under filtered colimits in G, so that T<m 6 is stable under filtered colimits in t<„ C. The desired conclusion 
now follows from Proposition T.5.5.6.2. □ 

Definition 4.7.12. Let A be a connective Aoo-ring. We will say that a left A-module M is almost perfect 
if there exists an integer k such that for all n > 0, M G (ModA)>fe and is compact to order n as an object 
of {ModA)>k- We let Mod^^'''^^ denote the full subcategory of Mod^ spanned by the almost perfect left 
j4-modules. 

Proposition 4.7.13. Let A be a connective A^o-ring. Then: 

(1) The full subcategory Mod^^*"^^ C Mod^ is closed under translations and finite colimits, and is therefore 

a stable subcategory of Modyi . 

(2) The full subcategory Mod^'^'"^^ C Mod^ is closed under the formation of retracts. 

(3) Every perfect left A-module is almost perfect. 

(4) The full subcategory (Mod^**'^^)>o C Mod^ is closed under the formation of geometric realizations of 
simplicial objects. 

(5) Let M be a left A-module which is connective and almost perfect. Then M can be obtained as the 
geometric realization of a simplicial left A-module P, such that each Pn is a free A-module of finite 
rank. 

Proof. Assertions (1) and (2) are obvious, and (3) follows from Proposition 4.7.2. To prove (4), it suffices to 
show that the collection of compact objects of T<„(ModA)>o is closed under geometric realizations, which 
follows from Lemma S.16.8. 

We now prove (5). In view of Theorem S.12.8 and Remark S.12.10, it will suffice to show that M can be 
obtained as the colimit of a sequence 

D{0) ^ D{1) ^ D{2) ^ ... 

where each coker(/„)[— n] is a free A-module of finite rank; here we agree by convention that /o denotes the 
zero map — > £)(0). The construction goes by induction. Suppose that the diagram 

D{0) ^ . . . ^ D{n) M 

has already been constructed, and that N = keT{g) is (n — l)-connected. Part (1) implies that N is almost 
perfect, so that the bottom homotopy group TTnN is a compact object in the category of left TToA-modules. 
It follows that there exists a map (3 : Q[n] N, where Q is a free left A-module of finite rank, and /? induces 
a surjection woQ — > 7r„A/'. We now define D{n + 1) = coker(/3), and construct a diagram 

D{0) ^ . . . ^ D{n) D{n + 1) ^ M. 
Using the octahedral axiom, we obtain a distinguished triangle 

Q[n] ^ ker(ff) ^ Vev{g') ^ Q[n + 1], 

and the associated long exact sequence of homotopy groups proves that ker(g'') is n-connected. 

In particular, we conclude that for fixed m, the maps TrmD{n) T^mM are isomorphisms for n ^ 0, so 
that the natural map lim£)(n) ^ M is an equivalence of left A-modules, as desired. □ 
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Using Proposition 4.7.13, we can give the following characterization of the oo-category of (connective) 

almost perfect modules over a connective j4oo-ring. 

Corollary 4.7.14. Let A be a connective Aoc-ring, let C denote the full subcategory o/Mod^ spanned by those 
connective left A-modules which are connective and almost perfect, and let C° C C denote the full subcategory 
of Q spanned by the objects {A^}n>o- Let D be an arbitrary co-category which admits geometric realizations 
for simplicial objects, and let Funcr(C, D) be the full subcategory o/Fun(e, D) spanned by those functors which 
preserve geometric realizations of simplicial objects. Then the restriction functor 'Funcr{G,D) Fun(e°,D) 
is an equivalence of oo- categories. 

Proof. Let C' be the smallest full subcategory of J'(C°) which contains the essential image of the Yoneda 
embedding and is stable under geometric realizations of simplicial objects, and let j : C° 6' be the 
Yoneda embedding. Using Remark T.5.3.5.9, we conclude that composition with j induces an equivalence 
Funo-(C',D) — * Fun(C°,I') for any oo-category D which admits geometric realizations of simplicial objects. 
In particular, the inclusion 6° C C extends (up to homotopy) to a functor F : G' ^ G which commutes with 
geometric realizations. To complete the proof, it will suffice to show that F is an equivalence of oo-categories. 
Using the fact that each A" is a projective object of (ModA)>o, we deduce that F is fully faithful. Part (5) 
of Proposition 4.7.13 implies that F is essentially surjective. □ 

For a general connective Aoo-ring A, the t-structure on Mod/i does not restrict to a t-structure on the 
full subcategory Mod^'^'''* . Roughly speaking, one would expect the heart of Mod^'^'''* to be equivalent to 
the ordinary category of finitely presented TTo^-modules. In general, this is not an abelian category. We can 
correct this defect by introducing an appropriate hypothesis on A. We begin by recalling a definition from 

classical algebra. 

Definition 4.7.15. An associative ring R is left coherent if every finitely generated left ideal of R is finitely 
presented (as a left ii-module). 

Example 4.7.16. Every left Noetherian ring is left coherent. 

For completeness, we include a proof of the following classical result: 
Lemma 4.7.17. Let R he a left coherent ring. Then: 

(1) Every finitely generated submodule of R"^ is finitely presented. 

(2) Every finitely generated submodule of a finitely presented left R-module is finitely presented. 

(3) If f : M N is a map of finitely presented left R-modules, then ker(/) and coker(/) are finitely 
presented. 

Proof. We first make the following elementary observations, which do not require the assumption that R is 
left coherent: 

(a) Suppose / : M ^ iV is an epimorphism of left ii-modules. If M is finitely generated and A'' is finitely 
presented, then ker(/) is finitely generated. 

(6) Let M' ^ M ^ M" ^ be a short exact sequence of left i?-modules. If M' and M" are finitely 

presented, then M is finitely presented. 

We now prove (1) using induction on n. When n = there is nothing to prove. Suppose that n > and 
that M C i?" is finitely generated. Form a diagram 

> M' ^ M ^ M" ^ 



*- ^ i?" ^ R ^ 
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where the vertical maps are mononiorphisms. Then M" can be identified with a finitely generated left ideal 
of R. Since R is left coherent, we conclude that M" is finitely presented. Using (a), wc deduce that M' is 
itself finitely generated. The inductive hypothesis now implies that M' is finitely presented, so that we can 
use (6) to conclude that M is finitely presented. 

We next prove (2). Suppose that / : M ^ TV is a monomorphism, where A'" is finitely presented and M 
is finitely generated. Choose an epimorphism g : R" ^ N , and form a pullback diagram 

K ^i?" 



M ^N. 

Then K can be identified with the kernel of the induced map i?" N/M, and is therefore finitely generated. 
Part (1) implies that K is finitely presented. The induced map — > M is an epimorphism, whose kernel is 
isomorphic to kcr(g) and is therefore finitely generated. It follows that M is finitely presented, as desired. 

We now prove (3). It is clear that coker(/) is finitely presented (this does not require the left coherence 
of R). We next show that ker(/) is finitely presented. The image of / is a finitely generated submodule of 
iV, and therefore finitely presented by (2). Consequently, we may replace N by im(/), and thereby reduce to 
the case where / is an epimorphism. We now apply (a) to deduce that ker(/) is finitely generated. Invoking 
(2) again, we conclude that ker(/) is finitely presented as desired. □ 

Definition 4.7.18. Let A be an ^oo-ring. We will say that A is left coherent if the following conditions are 
satisfied: 

(1) The Acx3-ring A is connective. 

(2) The associative ring ttqA is left coherent (in the sense of Definition 4.7.15). 

(3) For each n > 0, the homotopy group 7r„A is finitely presented as a left module over ttqA. 

Proposition 4.7.19. Let A he an Aoo-ring and M an A-module. Suppose that A is left coherent. Then M 

is almost perfect if and only if the following conditions are satisfied: 

(i) For m < 0, tt^M = 0. 

(m) For all m G Z, 7r„iM is finitely presented as a iTQA-module. 

Proof. Without loss of generality, we may assume that M is connective. Suppose first that M is almost 
perfect. We will prove by induction on n that 7r„M is finitely presented as a Tro^-module. If n = 0, this 
simply reduces to the observation that the compact objects of the ordinary category of left TTo^-modulcs are 
precisely the finitely presented TTo^-modules. In particular, we can choose a finitely generated free A-module 
P and a map a : P — > M which induces a surjection ttq-P — > ttqM. Since A is coherent, the homotopy 
groups Tr„iP arc finitely presented TTo^-modulcs. Let K = kcr(Q:). Then K is connective by construction, 
and almost perfect by Proposition 4.7.13. The inductive hypothesis implies that WiK is finitely presented 
for < i < n. 

We have a short exact sequence 

coker(7r„/i' 7r„P) — > 7r„M ker(7r„_iii' 7r„_iP) 0. 

Using Lemma 4.7.17, we deduce that the outer terms are finitely generated, so that 7r„M is finitely generated. 
Applying the same reasoning, we conclude that WnK is finitely generated, so that coker(7r„if — > 7r„P) is 
finitely presented. Using the exact sequence again, we conclude that 7r„M is finitely presented. 

Now suppose that the connective left A- module M satisfies condition (m). Wc will prove that M can be 
obtained as the geometric realization of a simplicial left A-module P, such that each P„ is a free A-module 
of finite rank. As in the proof of Proposition 4.7.13, it will suflace to show that M is the colimit of a sequence 

£)(0) ^ £)(1) ^ D(2) ^ . . . 
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where each coker(/„)[— n] is a free A-module of finite rank. Supposing that the partial sequence 

£1(0) ^ . . . ^ D{n) M 

has been constructed, with the property that ker((j() is (n — l)-connected. If 7r„ker((;) is finitely generated 
as a ttq A- module, then we can proceed as in the proof of Proposition 4.7.13. To verify this, we observe that 
D{n) is almost perfect and therefore satisfies {ii) (by the first part of the proof). We now use the exact 
sequence 

coker(7r„+iZ)(n) 7r„+iM) 7r„ ker(g') ker(7r„£'(n) 7r„M) — > 
to conclude that 7r„ ker(g') is finitely presented. □ 
Proposition 4.7.20. Let A be a connective A^-ring. The following conditions are equivalent: 

(1) The Aao-ring A is left coherent. 

(2) For every left A-module M, if M is almost perfect, then t>qM is almost perfect. 

(3) The full subcategories Mod^'^'"^' fl Mod^*' and Mod^'"^"^* n Mod^" determine a t-structure on Mod^'"''^' . 

Proof. The implication (1) =^ (2) follows from the description of almost perfect modules given in Proposition 
4.7.19. The equivalence (2) <^ (3) is obvious. We will show that (3) ^ (1). 

Suppose that (3) is satisfied. We note that the first non-vanishing homotopy group of any almost perfect 
A-module is a finitely presented module over ttqA. Applying (2) to the module A[— n], we deduce that i^nA 
is a finitely presented Tro^-module. To complete the proof, it suffices to show that ttqA is left coherent. 

Let R = ttqA, and regard i? as a discrete left A-module. Using condition (3), we deduce that R is almost 
perfect. Let / C i? be a finitely generated left ideal. Then / is the image (in the classical sense) of a map 
f : R"' ^ R. Then ker(/) (taken in the oo-category Mod^) is almost perfect. We have a short exact sequence 

^ 7roker(/) ^ i?" ^ 7 ^ 0. 

Since ker(/) is almost perfect, condition (3) implies that ttq ker(/) is finitely generated, so that / is finitely 
presented as a ttq A-module. This completes the proof of (1). □ 

Remeirk 4.7.21. Let A be a left coherent Aoo-ring, and regard Mod^^'*'^^ as endowed with the t-structure 
described in Proposition 4.7.20. Then Mod^''*"^^ is right bounded and left complete, and the functor M ^ 
TToM determines an equivalence from the heart of Mod^'''^^ to the (nerve of the) category of finitely presented 

left modules over ttqA. 

We conclude with a few remarks about the interaction between finiteness and flatness conditions on 
modules. 

Proposition 4.7.22. Let A be a connective A^-ring, and let M be a connective left A-module. The following 
conditions are equivalent: 

(1) The left A-module M is a retract of a finitely generated free A-module. 

(2) The left A-module M is flat and almost perfect. 

Proof. The implication (1) ^ (2) is obvious. Conversely, suppose that M is flat and almost perfect. Then 
■kqM is a left module over ttqA which is finitely presented and fiat, and therefore projective. Using Proposition 
4.6.22, we deduce that M is projective. Choose a map f : P ^ M, where P is a free module of finite rank 
and the induced map TrgP ^ ttqM is surjective. Since M is projective, the map / splits, so that M is a 
summand of P in hC. This proves (1). □ 

In particular, if an almost perfect left A-modulc M is flat, then M is perfect. We conclude with a mild 
generalization of this statement, where the flatness hypothesis is relaxed. 
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Definition 4.7.23. Let ^ be a connective Aoo-ring. We will say that a left ^-module M has Toy -amplitude 
< n if, for every discrete right A-module N, the homotopy groups 'iTi{N ®a M) vanish for i > n. We will 
say that M is of finite Tov-amplitude if it has Tor-amplitude < n for some integer n. 

Remark 4.7.24. In view of Theorem 4.6.19, a connective left A-module M has Tor-amplitude < if and 
only if M is flat. 

Proposition 4.7.25. Let A be a connective Aao-ring. 

(1) If M is a left A-module of Tor -amplitude < n, then M[k] has Tov-amplitude < n + k. 

(2) Let 

M' ^ M ^ M" ^ M'[l] 

be a distinguished triangle of left A-modules. If M' and M" have Tov-amplitude < n, then so does M. 

(3) Let M be a left A-module of Tov-amplitude < n. Then any retract of M has Tov-amplitude < n. 

(4) Let M be an almost perfect left module over A. Then M is perfect if and only if M has finite Tov- 
amplitude. 

Proof. The first three assertions follow immediately from the exactness of the functor N t-^ N (^^a M. It 
follows that the collection left A-modules of finite Tor-amplitude is stable under retracts and finite colimits, 
and contains the module A[n] for every integer n. This proves the "only if" direction of (4). For the converse, 
let us suppose that M is an almost perfect of finite Tor-amplitude. Wc wish to show that M is perfect. 
We first apply (1) to reduce to the case where M is connective. The proof now goes by induction on the 
Tor-amplitude n of M. If n = 0, then M is flat and we may conclude by applying Proposition 4.7.22. We 
may therefore assume n > 0. 

Since M is almost perfect, there exists a free left A-module P of finite rank and a distinguished triangle 

M' ^P^M ^ M'[l] 

where / is surjective. To prove that M is perfect, it will suffice to show that P and M' are perfect. It is 

clear that P is perfect, and it follows from Proposition 4.7.13 that M' is almost perfect. Moreover, since / 
is surjective, K is connective. We will show that M' is of Tor-amplitude < n — 1; the inductive hypothesis 
will then imply that M is perfect, and the proof will be complete. 

Let iV be a discrete right A-module. We wish to prove that Hk {N ®a K) — for k >n. Since the functor 
N iS)A • is exact, we obtain for each an exact sequence of homotopy groups 

nk+i{N <^A M)^7rk{N (^a M') ^ TTk{N (E)a P)- 

The left entry vanishes in virtue of our assumption that M has Tor-amplitude < n. Wc now complete the 
proof by observing that TTk{N ^a P) is a finite direct sum of copies of tt^A^, and therefore vanishes because 
fc > n > and N is discrete. □ 

Remeirk 4.7.26. Let A be a connective A^-v'mg, and let 6 be the smallest stable subcategory of Mod^ 
which contains all finitely generated projective modules. Then C = Mod^*^'^^ The inclusion C C ModJ^""^^ 
is obvious. To prove the converse, we must show that every object M e Mod^*^"^^ belongs to 6. Invoking 
Corollary 4.7.6, we may reduce to the case where M is connective. We then work by induction on the 
(necessarily finite) Tor-amplitude of M . If M is Tor-amplitude zero, then M is flat and the desired result 
follows from Proposition 4.7.22. In the general case, we choose a finitely generated free A-module P and a 
map f : P ^ M which induces a surjection -kqP -kqM (which is possible in view of Corollary 4.7.6). As 
in the proof of Proposition 4.7.25, we may conclude that ker(/) is a connective perfect module of smaller 
Tor-amplitude than M, so that the ker(/) e C by the inductive hypothesis. Since P G 6 and 6 is stable 
under the formation of cokernels, we conclude that M e S as desired. 
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Example 4.7.27. Let A be a discrete ^oo-ring, let Mod^ C Mod^ be the full subcategory consisting of 
bounded-above objects, and let let M e Mod^. Using an inverse to the functor 9 of Proposition 4.4.7, we 
can identify any M G Mod^ with a (bounded above) complex P, of projective left 7roj4-modules. It follows 
from Remark 4.7.26 that M is perfect if and only if P, can be chosen to have only finitely many terms, each 
of which is finitely generated over ttqA. 
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